Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 






SCIENCE CENTER LIBRARY 

HORACE APPLETON HAVEN, 

OF* PORTSMOUTH, N. H. 

ICISH Of IMS.) 



1 



1 



^/ 



MATHEMATICAL TEXTS 
FOR COLLEGES 

EDITED By 

PERCEY F. SMITH, Ph.D. 

PROFESSOR OF MATHEMATICS IN THE SHEFFIELD 
SCIENTIFIC SCHOOL OF YALE UNiyERSITT 



THE ELEMENTS OF 



ANALYTIC GEOMETRY 



BY 
PERCEY F. SMITH, Ph.D. 

PBOFE880B OF MATHBMA.TIC8 IN THB SHEFFIELD SCIBNTIFIO SOHOOL 

Tale Univebstty 



AND 



ARTHUR SULLIVAN GALE, Ph.D. 

Fayerweather Professor of Mathkmatics in 
The University of Rochester 



• • * 



GINN AND COMPANY 

BOSTON • NEW YORK • CHICAGO • LONDON 
ATLANTA • DALLAS • COLUMBUS • SAN FRANCISCO 



V ^ ft- 



JAN 23 1924 







f-'-O' 



Ck>PYRlGHT, 1904, BT 

ABTHUB SULLIVAN OALK 



ALL BIOHT8 KESKB.TMSD 



G21.1 



Qe gtten«niii >teg< 

GINN AND COMPANY • PRO- 
PRIETORS • BOSTON • U.S.A 



PEEFACE 

In preparing this volume the authora have endeavored to write 
a drill book for beginners which presents the elements of the 
subject in a manner conforming with modem ideas. The scope 
of the book is limited only by the assumption that a knowledge 
of Algebra through quadratics must suffice for any investigation. 
This does not mean a treatise on conic sections. In fact, the 
authors have intentionally avoided giving the book this form. 
Conic sections naturally appear, but chiefly as illustrative of 
general analytic methods. A chapter is devoted to their study, 
but the numerous properties of these curves are developed inci- 
dentally as applications of methods of general importanca 

The subject-matter is rather more than is necessary for the 
usual course of sixty exercises. It has been made so intentionally, 
to permit of choice on the part of the teacher, and also in order 
to include all topics strictly elementary in the sense defined 
above. The table of contents will show topics not usually treated. 
For example, in discussing the nature of the locus of the general 
equation of the second degree (Chapter XII), invariants are 
introduced; Again, three chapters are devoted to the simple 
transformations in the plane. After mastering the entire book, 
the student is assured of an acquaintance with all that is funda- 
mental in modem Analytic Euclidean Geometry. 

Attention is called to the method of treatment. The subject is 
developed after the Euclidean method of definition and theorem, 

« • a 
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iv PREFACE 

without, however, adhering to formal presentation. The advan- 
tage is obvious, for the student is made sure of the exact nature 
of each acquisition. Again, each method is summarized in a rule 
stated in consecutive steps. This is a gain in clearness. Many 
illustrative examples are worked out in the text. 

Emphasis has everywhere been put upon the analytic side, 
that is, the student is taught to start from the equation. He is 
shown how to work with the figure as a guide, but is warned not 
to use it in any other way. Chapter III may be referred to in 
this connection. 

The same methods have been used uniformly for the plane and 
for space. In this way the extension to three dimensions is made 
easy and profitable. 

Acknowledgments are due to Dr. W. A. Granville for many 
helpful suggestions, to Professor E. H. Lockwood for suggestions 
regarding some of the drawings, and to Mr. L. C. Weeks for 
assistance in proof reading. 

New Haybn, Connecticut 
December, 1904 
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CHAPTER I 

REVIEW OF ALGEBRA AND TRIGONOMETRY 

1. Numbers. The numbers arising in carrying out the opera 
tions of Algebra are of two kinds, real and imaginary. 

A real number is a number whose square is a positive number. 
Zero also is a real number. 

A pure imaginary numher is a number whose square is a nega^ 
five number. Every such number reduces to t he sq uare root of 
a negative number, and h ence has the form h V— 1, where 5 is a 
real number, and (V— 1)* = — 1. 

An imaginary or complex number is a number which may be 
written in the form a -f 6 V— 1, where a and b are real numbers, 
and b is not zero. Evidently the square of an imaginary number 
is in general also an imaginary number, since 

(a^h y/Zriy = a" - 5» + 2aft V^, 

which is imaginary if a is not equal to zero. 

2. Constants. A quantity whose value remains unchanged is 
called a constant. 

Numerical or absolute constants retain the same values in all 
problems, as 2, — 3, V7, tt, etc. 

Arbitrary constants, or parameters, are constants to which any 
one of an unlimited set of numerical values may be assigned, and 
these assigned values are retained throughout the investigation. 

Arbitrary constants are denoted by letters, usually by letters from the 
flrat part of the alphabet. In order to increase the number of symbols at our 

1 



2 ANALYTIC GEOMETRY 

dispooal, it is ooayenient to use primes {aooents) or mbscnpts or both. For 
example : 

Uning primes, 

a' (read "a prime or a first ")i a^'(read **a double prime or a second"), 
a'''^(read *'a third"), are all different constants. 

Using subscripts, 

6, (read " 6 one "), 6, (read ** b two "), are different constants. 

Using both, 

C|^(read "c one prime"), V^(read "c three double prime")* an different 
constants. 

3. The quadratic. Typical form. Any quadratic equation 
may by transposing and collecting the terms be written in the 
Typical Form 

(1) Ax*-^Bx + C = 0, 

in which the unknown is denoted by x. The coefficients A, B, C 
are arbitrary constants, and may have any values whatever, 
except that A cannot equal zero, since in that case the equation 
would be no longer of the second degree. C is called the con- 
stant term. 

The left-hand member 

(2) Ax* -f J5aj -h C 

is called a quadratic, and any quadratic may be written in this 
Typical Form, in which the letter x represents the unknown. 
The quantity B* — i:AC is called the discriminant of either (1) 
or (2), and is denoted by A. 

That is, the discriminant A of a quadratic or quadratic equa- 
tion in the Typical Form is equal to the square of the coefficient 
of the first power of the unknown diminished by four times the 
product of the coefficient of the second power of the unknown 
by the constant term. 

The roots of a quadratic are those numbers which make the 
quadratic equal to zero when substituted for the unknown. 

The roots of the quadratic (2) are also said to be roots of the 
quadratic equation (1). A root of a quadratic equation is said 
to satisfy that equation. 



REVIEW OF ALGEBRA AND TRIGONOMETRY 8 

In Algebra it is shown that (2) or (1) has two roots, Xi and Xf, 
obtained by solving (1), namely, 



(3) 






Adding these values, we have 

(4) a;i + jr,=--. 
Multiplying gives 

(5) XrX^^Y 

Hence 

Theorem L The sum of the roots of a quadratic is equal to th& 
coefficient of the first power of the unknown with its sign changed 
divided by the coefficient of the second power. 

The product of the roots equals the constant term diifided by ths 
coefficient of the second power. 

The quadratic (2) may be written in the form 

(6) Ax^ + BX + C =*A(x - «i) (x - «,), 

as may be readily shown by multiplying out the right-hand 
member and substituting from (4) and (5). 

For example, since the roots of dz^ — 4z+l = are 1 and |, we have iden- 
tically 3z3 - 4z + 1 = 3 (z - 1) (z - i). 

The character of the roots Xi and or, as numbers (§ 1) when the 
coefficients A, B, C are real numbers evidently depends entirely 
upon the discriminant. This dependence is stated in 

Theorem IL If the coefficients of a quadratic are reed numhersj 
and if the discriminant be denoted by A, then 

when A is positive the roots are real and unequal; 
when A is zero the roots are real and equal; 
when A is negative the roots are imaginary, 

* The sign = is read " is identical with/' and means that the two expressions 
oonneeted hy this sign differ only inform. 
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In tHe three cases distinguished by Theorem II the quadratic 
may be written in three forms in which only real nurtibers appear. 
These are 



(7) 



' Ax^-^-Bx-^C = A (x—Xi) (x — a,), from (6), if ^is positive ; 
Ax^'\-Bx-\-C = A(X'— XiY, from (6), if ^ is zero ; 

KB \^ 4 AC ^'T 
x-ho"?) H T"T5 — h if ^ is negative. 



The last identity is proved thus : 

/ B B^ C B^\ 

adding and subtracting — ~— within the parenthesis. 

KB \« 4AC- B^l 
^ + 2 a) + 4^2 J' ^•"• 

4. Special quadratics. If one or both of the coefficients B and 
C in (1), p. 2, is zero, the quadratic is said to be speciaL 

Case I. C = 0. 

Equation (1) now becomes, by factoring, 

(1) Ax* -^Bx = x(AX'\-B) = 0. 

Hence the roots are aji = 0, Xj = — - • Therefore one root of 

a quadratic equation is zero if the constant term of that equation 
is zero. And conversely y if zero is a root of a quadratic, the con- 
stant term must disappear. For if a = satisfies (1), p. 2, by 
substitution we have C = 0. 

Case IL B = 0. 

Equation (1), p. 2, now becomes 

(2) ^x^ -h C = 0. 

From Theorem I, p. 3, ajj -h Xj = 0, that is, 

(3) «i = - ««. 
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Therefore, if the coefficient of the first power of the unknown 
in a quadratic equation is zero, the roots are equal numerically 
but have opposite signs. Conversely, if the roots of a quadratic 
equation are numerically equal but opposite in sign, then the 
coefficient of the first power of the unknown must disappear. For, 
since the sum of the roots is zero, we must have, by Theorem I, 
£ = 0. 

Case III. 5 = C = 0. 

Equation (1), p. 2, now becomes 

(4) Ax* = 0. 

Hence the roots are both equal to zero, since this equation 
requires that x* = 0, the coefficient A being, by hypothesis, 
always different from zero. 

5. Cases when the roots of a quadratic are not independent. 

If a relation exists between the roots Xi and x, of the Typical 

then this relation imposes a condition upon the coefficients A, 
By and C, which is expressed by an equation involving these 
constants. 

For example, if the roots are equal, that is, if Xi = x^, then 
^ - 4 ^ C = 0, by Theorem II, p. 3. 

Again, if one root is zero, then «!«, = ; hence C = 0, by 
Theorem I, p. 3. 

This correspondence may be stated in parallel columns thus : 

Quadratic in Typical Form 

Melation between the Equation of condition satisfied 

roots by the coefficients 

In many problems the coefficients involve one or more arbitrary 
constants, and it is often required to find the equation of condi- 
tion satisfied by the latter when a given relation exists between 
the roots. Several examples of this kind will now be worked out. 



6 ANALYTIC GEOMETRY 

Sz. 1. What mnflt be the yalue of the parameter k if zero is a root of 
the equation 

(1) 2»« - 6x + *« - 8ik - 4 = ? 

SofuUon. Here -4 = 2, B = - 6, C = *« - 8* - 4. By Case I, p. 4, zero 
is a root when, and only when, C = 0. 

.-. *«-8ik-4 = 0. 
Solving, * = 4 or - 1. Ans, 

Ex. 2. For what Talnes of k are the roots of the equation 

ita;8 + 2Aaj-4x = 2-8* 
real and equal ? 

SoltUum. Writing the equation in the Typical Form, we have 

(2) tofi + {2k- 4)x + (3* - 2) = a 
Hence, in this case, 

A = k, B = 2ik-4, C = 8*-2. 
Calculating the discriminant A, we get 

A = (2A;-4)«-4ik(3A:-2) 
= - 8ik« - 8 A: + 16 = - 8(ik« + * - 2). 

By Theorem II, p. 8, the roots are real and equal ir^en, and only when, 

A = 0. 

... jfca + A; - 2 = 0. 

Solving, * = -2orl. Ans, 

Verifying by substituting these answers in the given equation (2) : 
when A;=--2, the equation (2) becomes -2x2_8x-8=0, of -2(x+2)«=0; 
when k— 1, the equation (2) becomes x2-2x+l=0, or (x— 1)«=0. 

Hence, for these values of ife, the left-hand member of (2) may be trans- 
formed as in (7), p. 4. 

Bx. 3. What equation of condition must be satisfied by the constants 
a, 6, *, and m if the roots of the equation 

W (6» + a«in2) y« + 2 a^kmy + a^k* - a«6» = 

are equal ? 

SolutUm. The equation (8) ia already in the Typical Form ; hence 
-4 = 68 + (fim*, B = 2a»ikm, C = o^ifca - aW. 

By Theorem II, p. 8, the discriminant A must vanish ; hence 
A = 4a<*«m« - 4(&* + a*m^){a^k^ - cfil/^) = 0. 

Multiplying out and reducing. 
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Ex. 4. For what yaloes of k do the common solutioxui of the Bimultaneolu 
equations 

(4) 3x + 4y = *, 

(5) «a + y» = 26 
become identical ? 

Solutum, Solving (4) for y, we have 

(6) v = i(k-Sx). 

Substituting in (5) and arranging in the Typical Form gives 

(7) 26aC»-6to + ifc«- 400 = 0. 

Let the roots of (7) be Xi and x^. Then substituting in (6) will give the 
corresponding values yi and y^ of y, namely, 

(8) vx = H* - 3xi), Vi = }(* T- Sx,), 

and we shall have two common solutions (zi, yi) and (xs, y^) of (4) and (5). 
But, by the condition of the problem, these aoliUions must be identical. 
Hence we must have 
(0) xi = X2 and yi = y^. 

If, however, the first of these is true (xi = Xs), then from (8) y\ and 3/2 
will also be equal. 

Thenfiyre the two common solutions of (4) and (6) become identical wJien, 
and only wJien, the roots of the equation (!) are equal; that is, when the dis- 
criminant A of (7) vanishes (Theorem II, p. 3). 

.-. A = 86*8 - ioo(jk9 - 400) = 0. 
Solving, Jfc2 = 625, 

* = 25 or — 25. Ans, 

Ver0cation, Substituting each value of k in (7), 

when k=2b, the equation (7) becomes x^— 6x4-9=0, or (x— 3)*=0 ; .'. x=3 ; 
when k= —26, theequation (7) becomes x2+6x+0=0, or (x+3)*=0; .*. x= —8. 

Then from (6), substituting corresponding values of A; and x, 

» 

when k= 26 and x = 8, we have y = J(26 — 9)= 4 ; 
when ik = — 26 and x = — 3, we have y = J (— 26 + 9)= — 4. 

Therefore the two common solutions of (4) and (6) are identical for each 
of these values of *, namely, 

if Jk = 26, the common solutions reduce to x = 3, y = 4 ; 

if * = — 26, the common solutions reduce tox = ~8, y = — 4. 

Q.s.n 
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PROBLEMS 



1. Calculate the discriminant of each of the following quadratics, deter- 
mine the sum, the product, and the character of the roots, and write each 
quadratic in one of the forms (7), p. 4. 

(a) 2x3 - 6x + 4. (i) 5z« - X - 1. 

(b) x» - 9x - 10. (j) 7x« - 6x - 1. 

(c) l-x-x«. (k) 3x«-6. 

(d) 4x» - 4x + 1. (1) 2x» + X - 8. 

(e) 6x« + lOx + 6. (m) 2x2 + x + g. 

(f) 3x« - 6x - 22. (n) Ox^ - x - 6. 

(g) 2aJ« + 13. (o) 10x3 ^ eOx + 90. 
(h) 0x3 - 6x + 1. (p) 7x3 + 7x + J. 

9. For what real values of the parameter k will one root of each of the 
following equations have the value assigned ? 
One root to be zero : 

(a) 6x3 + 5Jfex-3&3 + 3 = 0. Ana. *^±1. 

(b) 2*-8x3 + 6x-&3 + 8 = 0. Ans. * = -! orS. 

(c) x3 + lOx + A;3 + 3 = 0. An8. None. 

(d) 10x3 -mx + 3ik3-8ik + 2 = 0. Ans. k = i±\ VlO. 
One root to he — fS: 

(e) x3-2fcc + 3 = 0. Ana. * = -}. 

(f) ifcx* - X + 3ifc3 _ 1 = 0. Ans. ik = - I or - 1. 

(g) ife^3 4.0x = Jfc3-l6. Ana. None, 
(h) ifcx3 + 2 fee = - 3. Ana. None. 

(i) 10X3 -7te + Jfc3 + 9 = 0. Ana. A: = - 7. 

8. For what real values of k and m will both roots of each of the following 
quadratic equations be zero ? 

(a) 6x3 + mx + fc- 5 = x. Ana. k — b^m:=\. 

(b) x3 + (Sfc - m)x + ifc3 _ 4 = 0. Ana. fc = ± 2, m = ± 6. 

(c) 2x3 H- (m3 + l)x + *» = 0. Ana. None. 

(d) x3 + (m3 + 2 fc - 3m)x + 4* - 6m = 0. Ana. Jfe = 0, m = 0. 

(e) «3 + („ii 4. ifca _ 5)^ 4. jfe _|. ^ _|. 1 -- 0. Ana. ik = 1, m = - 2. 

jfc = - 2, m = 1. 

4. For what real values of the parameter are the roots of the following 
equations equal ? Verify your answers. 

(a) ifcx3 - 8x - I = 0. Ana. Jfe = - J. 

(b) x3 - ftx + 9 = 0. Ana, k = ±Q. 

(c) 2fcu3^8te + 12 = 0. Ana k = ^. 

(d) 2 x3 + fcr - 1 = 0. Ana. None. 

(e) 6x« - 3x + 5*3 = 0. Ans. k = ±^. 
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(f)a^ + te + *« + 2 = 0. Am. None, 

(g) x« - 2te - Jk - J = 0. Am. it = - J. 

(h) x« + 2te + 26* + 36 - 4 = 0. Ans, 6 = - 4 or 1. 

(i) (m + 2)x« - 2mx + 1 = 0. ^rw. m =- 1 or 2. 

(j) (m2 + 4)a^ + 3« + 2 = 0. ^iw. None, 

(k) aj2 + (i _ 3)aj _ 1 - q. ^n«. None. 

(1) (ca - 8)y« - (2c - l)y + 1 = 0. ^iw. None, 

(m) aa;a + 2(a + 8)z + 16 = 0. ^n«. a = lor9. 

5. Derive the equation of condition in order that the roots of the following 
p ^nations may be equal. 

(a) mW + 2kmx- 2px = - jfc«. Ans. p (p - 2 Jfcm) = 0. 

(b) x« + 2mpx + 26p = 0. Ara. p (m^p - 26) = 0. 
^•c) 2mx« + 26x + a« = 0. -4rM. 6^ = 2a«m. 

(d) (1 + m2)x« + 26maj + (6« - r«) = 0. uItw. 6^ = t^(1 + m«). 

(e) (62-a2mS)y«-262Acy = a262m2-62*2. u4?w. a262m2(A:a-a«ni24.62)=0. 

(f) (^+m«5)x» + 26m5x + 625+C = 0. -4n«. 68^45 + m2BC+^C=0. 

6. For what real values of the parameter do the common solutions of the 
following pairs of simultaneous equations become identical ? 

(a) X + 2y = ]fc, x« + y» = 6. Ana. k = ±6, 

(b) y = mx — ly x* = 4 y. Ans. m = ± 1. 

(c) 2x - 3y = 6, X* + 2x = 8y. Ana. 6 = 0. 

(d) y = mx + 10, aJ« + y* = 10. Ana. m = ±S. 

(e) te + y - 2 = 0, x« - 8y = 0. Ana. None. 

(f) x + 4y = c, x^ + 2y« = 9. Ana. c = ± 9. 

(g) 35^ + y* - « - 2y = 0, X + 2y = c. -4/w. c = or 6. 
(h) x* + 4y2 — 8x = 0, mx-y-2m = 0. -4»w. None. 

(i) x* + y« - Jk = 0, 3x - 4y = 25. Ana. k = 25. 

(j) x« - y« + 2x - y = 3, 4x + y = c. -4n«. c = - 12 or 3. 

(k) 2xy - 3x - y = 0, y + 3x + * = 0. -4n«. A; = - 6 or 0. 

0) x* + 4y« - 8y = 0, X = c. Ana. c = ± 2. 

(m) x« + 4y« - 8y = 0, y = 6. Ana. 6 = 0, 2. 

(n) 2x« + 3y« = 36, 4x + 9y = *. Ana. A; = ±86. 

(o) ajs + xy + 2x + y = 0, y = -2x + 6. Ana. 6 = - 4 or 0. 

7. If the conmion solutions of the following pairs of simultaneous equations 
are to become identical, what is the corresponding equation of condition ? 

(a) 6x + ay = 06, y^ = 2px. Ana. ap (2 6^ + ap) = 0. 

(b) y = mx + 6, Ax* + By = 0. Ana. B{mW - 4 6^) = 0. 

(c) y = m(x-a). By* + Dr = 0. Ana. D(4 am^B - D) = 0. 

(d) 6x + ay = a6, 2xy + c« = 0. Ana. ab{ab + 2c«) = 0. 

(e) ikx - y = c, Ax'^ + By* = C. Ana. c*AB - ifiBC -AC = 0. 

(f) X cos a + y sin a = p, x^ + y* = »*. Ana. jp^ = r^. 
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6. Variables. A variable is a quantity to which, in the same 
investigation, an unlimited number of values can be assigned. 
In a particular problem the variable may, in general, assume any 
value within certain limits imposed by the nature of the problem. 
It is convenient to indicate these limits by inequalities. 

For example, if the variable x can assume any yalue between — 2 and 5, that 
is, if X most be greater* than — 2 and less than 5, the simoltaneoas inequalities 

x>-2,x C5, 
are written in the more compact form 

-2<a;<5. 

Similarly, if the conditions of the problem limit the values of the variable x to 
any negative number less than or equal to — 2, and to any positive number greater 
than or equal to 5, the conditions 

a!< — 2oraj = — 2, and a; > 5 or jb = 5 
are abbreviated to z < — 2 and x >5. 

7. Variation in sign of a quadratic. In many problems it 
is important to determine the algebraic signs of the results 
obtained by substituting in a quadratic different values for 
the variable unknown, that is, to determine the algebraic signs 
of the values of a quadratic for given values of the variable. 
The discussion of this question depends upon the definitions of 
greater and less already given, the precise point necessary being 
the statement : 

If a is a given real constant and x a real variable, then 

^^^ r when ac < a, a; — a is a negative number ; 

[when fic > a, a; — a is a positive number. 

By the aid of this statement and the identities (7), p. 4, we 
easily prove 

•The meaning of greater and leM for real numbers (§ 1) is defined as follows : a is 
greater than h when a - Ms a positive number, and a Is less than h when a - 6 Is negative. 
Hence any negative number is less than any positive number ; and if a and 6 are both 
negattve, then a is greater than h when the numericiU value of a Is le99 than the numer- 
ical Talue of 6. 

Ihus 3 < 6, but - 3 > -5. Ther^ore changing signs throughout an inequality reverses 
ihe ineqwUity sign. 
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Theorem IIL If the discriminant of a quadratic is positive, the 
value of the quadratic* and the coefficient of the second power 
differ in sign for all values of the variable lying between the roots, 
and agree in sign for all other values. 

If the discriminant is zero or negative, the value of the quadratic 
and the coefficient of the second power always agree in sign. 

Proof Denoting the variable by x, and writing the quadratic 
in the Typical Form, (1), p. 2, we have, by (7), p. 4, 

Case I. -4a:^ + J5a; 4- C = i4 (a; — aii) (a — «,) if A is positive. 
Case II. At^ -fBa:-hC = ^(a:— aji)' if A is zero. 

Case IIL Aa^^ + Bx + C s^f/g-h^j 4- ^^^^^^ if A 

is negative. L \ / J 

Consider these cases in turn. 

Case I. Since the roots are unequal, let Xi<x^, Then, by 
(1), we have at once 

(x — ajj) (x — jTj) is negative when Xx<x< sc,, 
since x — Xi is positive, and x — x, is negative ; 

(x — Xi) (x — Xj) is positive when x < Xj or x > x„ 
since x — x^ and x — x, are both negative or both positive. 

Therefore the quadratic has the sign of — ii in one case, and 
of A in the other. 

Case II. Since (x — Xi)" is positive (p. 1), the sign of tha 
quadratic agrees with that of .4. 

Case IIL Since A is negative, 4-4C — B^ = — Ais positive ; 
hence the expression within the brackets is always positive, and 
the sign is the same as that of A, q.b.d. 

For example, consider the quadratic 

Here A = 9-8 = + l, ^ = 2, and the roots are \ and 1. 

... 2«3-8< + l=2(t-i)(«-l). 

•It ii awnmed that all the nmnben inyoWdd are rtxd. Also, sinee the Talue of the 
qnndratfc \% sero for a ralne of the variable equal to a root, any such value of the 
variable is excluded. 
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If now any real number be substituted for t in the quadratic, it will be 
found that 

when J<t <1, the quadratic 2«» - 3t + KO; 

when «<Jor<>l, the quadratic 2 1« - 3 1 + 1 > 0. 
Again, consider the quadratic in r, 

Here A = 16 - 108 = - 92, and -4 = 8. Hence, by Theorem III, if any 
real number whatever be substituted for r, the result will always be a posi- 
tive number. 

ApplicatwM of Theorem IIL The following examples illustrate appli- 
cations of Theorem III. 

Ex. 1. Determine all real values of the variable for which the following 
radicals are real. 

(a) V3-2x-x2 ; (b) V2ya-|-3y + 9. 

Solution, Consider the quadratic under the radical. 

In (a), A = 4 -H 12 = 16, .<1 = — 1, and the roots are 1 and — 3. 

Applying Theorem III, 

when — 8<x<l, the quadratic 3 — 2 x — x* > ; 

when X < — 3 or X > 1, the quadratic 3 — 2 x — x^ < 0. 

Since under the condition of the problem the given quadratic must be 
either positive or zero, we have — 3<x<l. Arts. 

In (b), A = 9 - 72 = - 63, and A = 2. Hence, by Theorem III, the quad- 
ratic is positive, and therefore the square root is real for every real value 
of y, Ans. 

Ex. 2. For what values of the parameter k are the roots of the equation 

(2) fcx« + 2ifcx-4x = 2-3ifc 
(a) real and unequal ? (b) imaginary ? 

Solution. Writing the equation in the Typical Form, 

*x2 -I- (2A; - 4)x + 3Jfc - 2 = 0, 
we find 

(3) A = B« - 4 AC = - 8(ifca + Jk - 2). 

(See Ex. 2, p. 6.) 
By Theorem II, p. 3, 

(a) the roots are real and unequal if - 8 (ifc^ + * - 2) > ; 

(b) the roots are imaginaiy if - 8 (fc« + Jk - 2) < 0. 
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Applying Theorem in to the quadratic 

* 

we have, since A = 04 + 612 = 576, ^ = — 8, and the roots are — 2 and 1, 

when -2<ifc<l, the quadratic - 8(fc« + fc - 2)>0; 

when ik< - 2 or *>!, the quadratic - 8(*« + k- 2)<0. 

Hence 

(a) the roots of (2) are real and unequal if — 2 < i(e < 1 ; 

(b) the roots of (2) are imaginary ifXc< — 2orik>l. Ana. 

Ex. 3. Show that the simultaneous equations 

(4) y = mx + S 

(6) 4x« + 2/2 4.6x-16 = 

have two real and distinct common solutions for every real value of m. 

Solution, Substituting the value of y from (4) in (5), and arranging the 
result in the Typical Form, we get 

(6) (4 + m2)x2 + (6m + 6)x - 7 = 0. 

Calculating the discriminant of (6), we find, neglecting the positive factor 4, 

(7) 16ma + 18m + 37. 

Applying Theorem III, p. 11, to the quadratic (7), 

A = 324 - 64 • 37 is negative, A = 16. 

Therefore the quadratic (7) has a positive value for every real value of m, 
and hence the roots of (6) are, by Theorem II, p. 3, always real and unequal. 
That is, (6) always has two real roots, Xi and Xa, and from (4) we find the 
corresponding real values of ^, namely, yi and yz, so that the equations 
(4) and (5) have two real and distinct common solutions, (xi, yi), (x^, ^s)t 
for every value of m. q.e.d. 

PROBLEMS 

1. Write inequalities to express that the values of the variable named are 
limited as stated. 

(a) X has any value from to 6 inclusive. 

(b) y has any positive value. 

(c) t has any negative value. 

(d) X has any value less than — 2 or greater than — 1. 

(e) r has any value from — 3 to 8 inclusive. 

(f) z has any negative value, or any positive value not less than 8. 

(g) X has any value not less than — 8 nor greater than 2. 
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2. Determine the sign of each of the quadratics of the first problem on 
p. 8 for all values of the variable. 

• 

8. Determine all real values of the variable for which the square root of 
the quadratics of problem 1, p. 8, are real. 

4. Determine all real values of the parameter for which the roots of each 
equation of problem 4, p. 8, are (a) real and unequal ; (b) imaginary. 

6. In problem 6, p. 9, find all real values of the parameter in each case 
such that the two common solutions are (a) real and unequal ; (b) imaginary. 

6. Determine the algebraic sign of the value of the cubic 

2(a; + l)(x~2)(x-4) 

for any value of the variable. 

Hint. In this case the roots are - 1, 2, 4 in the order of magnitude. Henoe, when 
x<—lt each factor is negative [(1), p. 10] and the cuhic is negative, etc. 

An8. Forx< -1, cubic <0; — l<aj<2, cubioO; 2<a5<4, cubic <0; 
4 < Xf cubic > 0. 

7. Determine the sign of the value of each of the following quantics for 
any value of the variable. • 

IlinL From Algebra we know that any quantic with real ooefflcients may be 
resolved into real factors of the first and second degrees. The sign of each factor for 
any value of the variable may then be determined by (1), p. 10, and Theorem III, p. 11. 
It is well first to arrange the real roots of the quantic in the order of magnitude, and 
then it is necessary to consider only values of the variable less than any root, lying 
between each successive pair, and greater than any root, as In problem 0. 

(a) (X + 1) (2 xa- 4 X + 7). (f) (x^ - 9) (x» - 16) (x^ - 26). 

(b) (x3-2x-8)(x«-4x«). (g) (3x«-12)(2-x)(3-2x)(6x+4). 

(c) (3x + 8)(x2-4x + 4)(x«-l). (h) (x - l)a(3 + 2x)(4- 6x)(6-x)« 

(d) (2 x* -h 3) (x« - 4) (X* - 1). (i) 7 (x« - 4) (9 - x«) (16 - x«). 

(e) (2x + 3) (X - 1) (X + 2) (X - 8). (j) (x« - 8) (2x^ - 8) (3x« - 27). 

(k) (2x + 8)a(9--3x)(7-6x)(12-Ux). 

8. Infinite roots. Consider the quadratic equation 

(1) Ax^-{'BX'\-C = 0, 

whose roots are Xi and «« [(3), p. 3]. 
Then the equation 

(2) Cx*'{-Bx + A=0, 
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obtained from (1) by reyersing the order of the coefficients, has 

the roots* — and — * that is, the reciprocals of the roots of (1). 
Xi x^ 

Let us now fix the values f of B and C, but allow A to dimin- 
ish indefinitely in numerical value, that is, allow A to approach 

zero. Then, in (2), since — (Theorem I, p. 3) is the product of 

the roots, this product must also approach zero. Therefore one 
root of (2) must approach zero ; and hence its reciprocal, that is, 
one root of (1), must increase indefinitely. 

Again, let us in (1) and (2) fix the value t of C only, and 

assume that both B and A approach zero. Then, in (2), both the 

B A 

sum, — - > and the product, -; > of the roots approach zero, and 

hence both roots also approach zero. Hence their reciprocals, 
the roots of (1), must increase indefinitely. 
This reasoning establishes 

Theorem IV. If the coefficient of the second power in a quadratic 
equation is variable and approaches zero as a limit, then one root 
of the equation becomes injinite.t Jf the coeffiment of the first 
power is also variable and approaches zero aa a limit, then both 
roots become infinite. 

Ex. 1. What value must the variable k approach as a limit in order that 
a root of the equation 

8aj« + 2ifcx - ifcajcs - 3 - 2fcc« = 
may become infinite ? 

Schdion. Arranging the equation in the Typical Form, we have 

(*« + 2*: - 3)a^ - 2te + 8 = 0. 

Iffc» + 2fc — 3 = 0, then one root must become infinite. Hence k most 
approach 1 or — 8. Ans, 

• This theorem Is demonstrated In Algebra and may be easily Terffled thus : 

The equation whose roots are — and — \»(x- ^ (x - — ^=s 0. 

x^ a-, \ a?i/\ x^ 

Multiplying out and reducing, this becomes a:,ar, • «* - (x^ + a;,) • x + 1 -> 0. 

C B 

By Theorem I, p. 3, x,ar,» - . X| + x,-~ -, and substitution of these Talues and 

multiplication by A glTes (2). ^ ^ 

t We give C a value different from zero. 

X A variable whose numerical value becomes greater than any assigned number is said 
to '* become infinite." 
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Ex. 2. What values must k and m approach in order to make both roots 
of the equation 

(6« - aama)x« - 2a'^kmx - a*ifc« - a^da = 

become infinite ? 

Solution, By Theorem IV we must have 

6« - a«m2 = 0, or m = ± -, 
and 2 a^km = 0, or Jb = 0. 

Hence m must approach + - or — ? and k must approach zero. Ana. 



PROBLEMS 

1. What real value must the parameter approach as a limit in each of the 
following equations in order to make a root become infinite ? 

(a) to^ - 8x + 5 = 0. (d) (m* - 4)aj« - 3x + 8 = 0. 

(b) (k^ - l)xa + 6x - 6 = 0. (e) (c^ - 8)y« + 2cy - 6 = 0. 

(c) 2x« - 3x + A;2x2 + 5 = jfcaja. (f) 262y2 _ 3y - Sfty* + 2 = - 2y« 

2. What real values must the parameters k and m approach in order that 
both roots of each of the following equations may become infinite ? 

(a) mW + (2A; - m + l)x + 6 = 0. 

(b) (m3~8m + 2)y2 4.(3fc_2m)y + 2 = 0. 

(c) (m2 + ifca _ 25)<8 + (m - 7 ifc + 26)« + 8 = 0. 

(d) m%c« + Sifcx + kH^ - 4wix + 25x - 26x2 = 2. 

(e) (m« + 3)x2 + (2fc - 6)x + 8 = 0. 

9. Equations in several variables. In Analytic Geometry we 
are concerned chiefly with equations in two or more variables. 

An equation is said to be satisfied by any given set of values 
of the variables if the equation reduces to a numerical equality 
when these values are substituted for the variables. 

For example, a; = 2, |^ =— 3 satisfy the equation 

2a:a + 3y2=36, 
since 2 (2)« + 3 ( - 3)« = 35. 

Similarly, x = — 1, y = 0, 2 = — 4 satisfy the equation 

2z2-3ya + 22-18 = 0, 
since 2(- 1)2 - 3.0 + (- 4)2 - 18 = 0. 
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An equation is said to be algebraic in any number of variables, 
for example x, y, z, if it can be transformed into an equation 
each of whose members is a sum of terms of the form ax^y^z^, 
where a is a constant and m, n, 'p are positive integers or zero. 

Thus the equations a:* + ajV - «* + 2a; - 5 = 0, 

iB«y + 2a;aya= - y* + 5a:« + 2- a 
are algebraic. 

The equation x^ + y^ = a^ 

is algebraic. 

For, squaring, we get a + 2a;*y* + y = a. 

Transposing, 2 a;*y* = a — x — y. 

Squaring, ^zy= a^-\'X^-\-^ — 2ax — 2ay + 2xy. 

Transposing, x"^ + y^ — 2xy — 2ax — 2ay + a^ = 0. q.e.d. 

The degree of an algebraic equation is equal to the highest 
degree of any of its terms."*^ An algebraic equation is said to 
be arranged unth respect to the variables when all its terms are 
transposed to the left-hand side and written in the order of 
descending degrees. 

For example, to arrange the equation 

2x^ + 3y' + 6x'-2a;V-2 + x'«= x"^ - y^ 
with respect to the variables z', y', we transpose and rewrite the terms in the order 
a^-a^ + 2a;'«-2a:V + y^ + 6a;' + 3/-2 -0. 
This equation is of the third degree. 

An equation which is not algebraic is said to be transcendental. 

Examples of transcendental equations are 

y = sin «, y = 2«, log y = 3x. 

PROBLEMS 

1. Show that each of the following equations is algebraic; arrange the 
terms according to the variables «, y, or x, y, «, and determine the degree. 

(a) x2 + Vy-6 + 2x = 0. 

(b) aj' + y + 3aj = 0. 

(c) jcy + 3x* + 6x«y - 7«y« + 5x - 6 + 8y = 2xy«. 

(d) X + y + z + x^g-Sxy -2sfl = 6. 

(e) y = 2 + Vx«-2x-5. 

* The degree of any term Is the som of the exponents of the variables in that term. 
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(f ) y = X + 5 4- V 2a!^--6g + 8. 

(h) y = -4x + 5 + Vx^+lSiT^. 
8. Show tliat the homogeneous quadratic * 

may be written in one of the three forma below analogous to (7), p. 4, if 
the discriminant A = ^ — 4 ilC satisfies the condition given : 

Case I. ^x« + ^xy + Cya=^(x - Ziy)(x- fey), if A>0; 
Casb IL Ax^JtBzy + Cy^=A (x - lxy)\ if A = 0; 

Case m. Ax^ + Bxy + Cy«=^ ["(x + ^ \« . 4^C - B^ 



2^ 



y) + 



4-A« 



>],if 



A<0. 



10. Functions of an angle in a right triangle. In any right 
triangle one of whose acute angles is A^ the functions of A are 
defined as follows : 



. _ opposite side 

sin A — - y 

hypotenuse 

adjacent side 

cos i4 = -r^ — , 

hypotenuse 

opposite side 
tan A — . . . • i 9 
adjacent side 



hypotenuse 
CSC A = -^^ .^ — :t-» 
opposite side 

hypotenuse 
sec A = --^ — T~^^ 
adjacent side 

^ ^ adiacent side 
cot ^ = — ^ 




opposite side 

From the above the theorem is easily derived : 

S In a right triangle a side is equal to the 

product of the hypotenuse and the sine of the 

angle opposite to that side, or of the hypote- 

a nuse and the cosine of the angle adjacent to 

that side. 

A b c 11, Angles in general. In Trigonometry 
an angle XOA is considered as gen- 
erated by the line OA rotating from 
an initial position OX. The angle is 
positive when OA rotates from OX 
counterclockwise, and negative when 
the direction of rotation of OA is 
clockwise. 




*The coefficients A^B^C and the nnmbere 2,, U u^ supposed real 
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The fixed line OX is called the initial line, the line OA the 
terminal line. 

Measurement of angles. There are two important methods 
of measuring angular magnitude, that is, there are two unit 
angles. 

Degree measure. The unit angle is ^^^ of a complete revolu- 
tion, and is called a degree. 

Circular measure. The unit angle is an angle whose subtend- 
ing arc is equal to the radius of that arc, and is called a radian. 

The fundamental relation between the unit angles is given by 
the equation 

180 degrees = ir radians (tt = 3.14159 • • •). 
Or also, by solving this, 

TT 

1 degree = tj^ = .0174 • • • radians, 

180 
1 radian = = 67.29 • • • degrees. 

TT 

These equations enable us to change from one measurement to 
another. In the higher mathematics circular measure is always 
used, and will be adopted in this book. 

The generating line is conceived of as rotating around through 
as many revolutions as we choose. Hence the important result : 

Ang real nurriber is the circular measure of some angle, and 
conversely, any angle is measured by a real number. 

12. Formulas and theorems from Trigonometry. 

t * 1 1 1 

1. cot X = ; secx = ; cscx = — 



tanx C06X sinx 

sinx ^ C06X 

8. tanx = ; cotx = • 

cosx smx 

8. rin^x -f- coS^x = 1 ; 1 + tan^x = sec^x ; 1 + cot*x = cac^x. 

4. sin ( — x) = — sin X ; esc (— x) = — esc x ; 
co8(— x)=: cosx; sec (—x)= secx; 
tan (— x) = — tanx ; cot(— x) = — cot x. 
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i. ■ii(ir-x)= mix; ■n(« + x) = -«nx; 
eoi(ir-x) =--oo8x; co6(« + x) =— cosx; 
taui(3r-x)=:-taiix; un(jr + x)= faaix; 

•. «ii(- -x^ = coBX; sui/- + xj = cosx; 

c«( xj^sinx; cosf- + x j = — sinx; 

Uii(5-x) = cotx; tan(- +x^ = -coix. 

7. rin (2 * — x) = sin (- x) = — anx, etc 
t. sii(x + y) = sin X cosy + cos X sin y. 
9. sin (X — y) = sinx cosy — oosx sin y. 

10. cos(x + y) = cos X cosy — sinx sin y. 

11. cos(x — y)=: cos X cosy + sinx sin y. 

tanx + tany ,. . / v tanx — tany 

IS. tan(x + y) = —- 1*. tan(x - y) = 



1 — tanxtany 1 + tanxtany 

2tanx 



14. 8in2x = 28inxcosx; co62x = oo6*x — sln^x; tan2x = 



1 - tan«x 



. X /i~— C08X X /l +C08X ^ X /l — 



— C08X 



oosx 



16. TJieorem. Law of sines. In any triangle the sides are proportional 
to the sines of the opposite angles; 

^ K M 

that is, 



sin ^ sin £ sin C 

17. Theorem, Law of cosines. In any triangle the square of a side 
eqaals the sum of the squares of the two other sides diminished by twice the 
product of 'those sides by the cosine of their included angle ; 

that is. a« = 6» + c«-2 6ccosil. 

10. Theorem. Area of a triangle. The area of any triangle equals one 
half the product of two sides by the sine of their included angle ; 

that is, area = i a6 sin C = i &c sin^ = i ca sin B. 
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13. Natural values of trigonometric functions. 



Angle in 


Angle in 
Degrees 


Sin 


Cos 


Tan 


Cot 






.0000 
.0873 
.1746 
.2618 
.3491 
.4363 
.5236 
.6109 
.6981 
.7864 


0° 

6« 

10<» 

le*' 

20° 
25° 
30° 
35° 
40° 
45° 


.0000 
.0872 
.1736 
.2588 
.3420 
.4226 
.5000 
.5736 
.6428 
.7071 


1.0000 
.9962 
.9848 
.9669 
.9397 
.9063 
.8660 
.8192 
.7660 
.7071 


.0000 
.0876 
.1763 
,2679 
.3640 
.4663 
.6774 
.7002 
.8391 
1.0000 


00 

11.430 
6.671 
3.732 
2.747 
2.146 
1.732 
1.428 
1.192 
1.000 


90° 
85° 
80° 
76° 
70° 
66° 
60° 
66° 
60° 
46° 


1.6708 

1.4835 

1.3963 

1.3090 

1.2217 

1.1346 

1.0472 

.9699 

.8727 

.7864 






Coe 


Sin 


Ck>t 


Tan 


Angle in 
Degrees 


Angle in 
Radians 



Angle in 
Radians 


Angle in 
Degrees 


Sin 


Cos 


Tan 


Cot • 


See 


Cso 





0° 





1 





00 


1 


00 


n 
2 


90° 


1 





00 





00 


1 


n 


180° 





-1 





00 


-1 


00 


Sn 
2 


270° 


-1 





» 





00 


-1 


2« 


360° 





1 





00 


1 


00 
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Angle in 
Badians 


Angle in 
Degrees 


Sin 


Cos 


Tan 


Cot 


See 


Obo 





0° 





1 





00 


1 


00 


6 


30° 


1 
2 


V3 
2 


V3 
3 


V3 


2V3 
3 


2 


n 
4 


45*> 


V2 
2 


V2 
2 


1 


1 


V2 


V2 


8 


60«> 


V3 
2 


1 
2 


V3 


V3 
3 


2 


2V3 
3 


1C 

2 


90° 


1 





00 





00 


1 



14. Rules for signs. 



Quadrant 


Sin 


Cos 


Tan 


Ck>t 


Sec 


Cm 


First .... 


+ 


+ 


+ 


+ 


+ 


+ 


Second . 


+ 


— 


— 


— 


— 


+ 


Third. . . . 


— 


— 


+ 


+ 


— 


— 


Fourth . . , 


— 


+ 


— 


— 


4- 


— 



15. Greek alphabet. 



Letters 


Names 


Letters 


Names 


Letters 


Names 


A a 


Alpha 


I c 


Iota 


P/> 


Rho 


B^ 


Beta 


K K 


Kappa 


Z 0- f 


Sigma 


Pt 


Gamma 


A X 


Lambda 


T r 


Tau 


A a 


Delta 


Mm 


Ma 


r V 


UpsiloD 


E e 


Epailon 


N V 


Nu 


$ 


Phi 


z r 


Zeta 


H f 


Xi 


Xx 


Chi 


Hij 


Eta 





Omicron 


^^ 


Psi 


e 9 


Theta 


n T 


Pi 


w 


Omega 



CHAPTER II 

■ 

CARTESIAN COORDINATES 

16. Directed line. Let X^X be an indefinite straight line, and 
let a point O, which we shall call the origin be chosen upon 
it Let a unit of length be adopted and assume that lengths 
measured from to the right are positive, and to the left negative. 

-5 "4 -3 -2-1 O-hl-t 2 +3-1^4+5 «,ft 



X' "^ , X 1 

Then any real number (p. 1)) if taken as the measure of the length 
of a line OP, will determine a point P on the line. Conversely, 
to each point P on the line will correspond a real number, namely, 
the measure of the length OP, with a positive or negative sign 
according as P is to the right or left of the origin. 

The direction established upon X^X by passing from the origin 
to the points corresponding to the positive numbers is called the 
positive direction on the line. A directed line is a straight line upon 



whieh an origin, a unit of length, and a positive direction have 
been assumed. 

An arrowhead is usually placed upon a directed line to indicate 
the positive direction. 

If A and B are any two points of a directed line such that 

OA = a, OB=i h, 

then the length of the segment ^4^ is always given by ^ — a ; that 
is, the length of ^£ is the difference of the numbers correspond- 
ing to B and il. This statement is evidently equivalent to the 
following definition : 

23 
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The work of plotting points in a rectangular system is much 
simplified by the use of coordinate or plotting paper, constructed 
by ruling off the plane into equal squares, the sides being parallel 
to the axes. 

In the figure, p. 25, several points are plotted, the unit of length 
being assumed equal to one division on each axis. The method is 
simply this : 

Count off from along X'X a number of divisions equal to the 
given abscissa, and then from the point so determined a number 
of divisions equal to the given ordinate, observing the 

Rule /or signs: 

Abscissas are positive or negative according as they are laid off 

to the*right or left of the origin, Ordinates are 
^' ' positive or negative according as they are laid 

Seamd FSnt off ohoVC OT heloW the OXis of X. 

(-,f (^.-f Rectangular axes divide the plane into four 



X' 

nird 

r 



Fourth 



^ portions called quadrants; these are numbered 
(^,_) as in the figure, in which the proper signs of 
the coordinates are also indicated. 

PROBLEMS 

1. Plot accurately the points (3, 2), (3, - 2), (- 4, 3), (6, 0), (- 6, 0), 
(0, 4). 

2. Plot accurately the points (1, 6), (8, - 2), (- 2, 0), (4, - 3), (- 7, - 4), 
(- 2, 4), (0, - 1), ( V8, V2), (- V6, 0). 

8. What are the co5rdinates of the origin ? Ajia. (0, 0). 

4. In what qnadrants do the following points lie if a and b are positive 
numbers: (-a, 6)? (-a, -6)? (6, -a)? (a, 6)? 

6. To what quadrants is a point limited if its abscissa is positive? nega- 
tive ? its ordinate is positive ? negative ? 

6. Plot the triangle whose vertices are (2, — 1), (~ 2, 6), (- 8, — 4). 

7. Plot the triangle whose vertices are (- 2, 0), (5 Vs — 2, 6), (- 2, 10). 

8. Plot the qnadrilateral whose vertices are (0, ~2), (4, 2), (0, 6), 
(-4,2). 
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9. If a point moTes parallel to the axis of x, which of its cottrdiiiates 
remains constant ? if parallel to the axis oty? 

10. Can a point move if its abscissa is zero ? Where ? Can it move if its 
ordinate is zero? Where? Can it move if both abscissa and ordinate are 
zero? Where will it be? 

11. Where may a point be found tf its abscissa is 2? if its ordinate 
i8-8? 

18. Where do all those points lie whose abscissas and ordinates are equal ? 

18. Two sides of a rectangle of lengths a and b coincide with Uie axes of 
X and y respectively. What are the co5rdinates of the vertices of the rec- 
tangle if it lies in the first quadrant ? in the second quadrant ? in the third 
quadrant ? in the fourth quadrant ? 

14. Construct tl)e quadrilateral whose vertices are (— 3, 6), (— 8, 0), (8, 0), 
(8, 6). What kind of a quadrilateral is it ? 

15. Join (8, 5) and (- 8, - 6); also (8, - 5) and (- 8, 6). What are the 
coordinates of the point of intersection of the two lines ? 

16. Show that (x, y) and (x, — y) are symmetrical with respect to X'X; 
(X, y) and (- x, y) with respect to FT ; and (x, y) and (— x, — y) with respect 
to the origin. 

17. A line joining two points is bisected at the origin. If the co(5rdinates 
of one end are (a, — 6), what will be the coordinates of the other end ? 

18. Consider the bisectors of the angles between the coordinate axes. 
What is the relation between the abscissa and ordinate of any point of the 
bisector in the first and third quadrants ? second and fourth quadrants? 

19. A square whose side is 2 a has its center at the origin. What will be 
the coordinates of its vertices if the sides are parallel to the axes ? if the diago- 
nals coincide with the axes ? 

Ans. (a, a), (a, - a), (- a, - a), {- a, a); 

(a V2, 0), (- a V2, 0), (0, a V2), (0, - a V2). 

80. An equilateral triangle whose side is a has its base on the axis of x 
and the opposite vertex above X'X. What are the vertices of the triangle if 
the center of the base is at the origin ? if the lower left-hand vertex is at the 

o^^' ^n..(|,0).(-?,0),(0.^> 

(0, 0), («, 0), (?, i^). 
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19. Angles. The angle between two intersecting directed lines 

>M is defined to be the angle made by their positive 
^ directions. In the figures the angle between 
^ the directed lines is the angle marked ^. 
^^ If the directed lines are parallel, then the 
angle between them is zero or ir according as 
^ ^^ positive directions agree or do not agree. 
Evidently the angle between two directed 
lines may have any value from to tt inclusive. 
Keversing the direction of either directed line 
changes B to the supplement ir — $. If both directions are 
reversed, the angle is unchanged. 




^=0 



$ = 



When it is desired to assign a positive direction to a line 
intersecting X^X, we shall always assume the upward direction 
as positive (see figures). 




X X' 



Tk^ 



O 

f3) 



f£ 



El 



Theorem 1, If a and ft are the angles between a line directed 
upward and the rectangular axes OX and OY, then 

(I) cos )9 = sin a. 

Proof, The figures are typical of all possible cases. 



In Pig. 1, 
and hence 






cos 



P = QO%l— — a\=9ina. (by 6, p. 20) 
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In Fig. 2, 



and hence 



In Fig. 3, 



i8 = «-o^ 



cosp 



= C08^a-|j = 



sin a. 

(by 4 and 6, p. 19) 



IT 



,". cos )3 = 1 = sin a. 



Q.E.D. 



The positive direction of a line parallel to X'X will be assumed 
to agree with the positive direction of X'X, that is^ to the right. 



TT 



Hence for such a line a = 0, ^ "^ 'q ' ^^^ ^^^ relation (I) still 
holds, since 



IT 



cos p = cos 0=0 = sin = sin a. 



PROBLEMS 

1. Show that for lines directed downward cos /3 = — sin a. 

8. What are the values of a and /3 for a Ime directed N.E.? N.W. f S.E. ? 
S.W. ? (The axes are assamed to indicate the four cardinal points of the 
compass.) 

8. Find the relation between the or's and /3'8 of two perpendicular lines 

durected upward. ^^ a'-azz^i g^^s^^- 

2 2 

20. Orthogonal projection. The orthogonal projection of a point 
upon a line is the foot of the perpendicular 
let f aU from the point upon the line. 

Thus in the figure 

M is the orthogonal projection of P on X'X; 
N is the orthogonal projection of P on Y'Y\ JC 
P' is the orthogonal projection of P'on X'X. 

If A and B are two points of a directed 
line, and M and N their projections upon a 
second directed line CD, then MN is called the projection of AB 
upon Cn. 




I 
P 



80 



ANALYTIC GEOMETRY 



Theorem IL First theorem of projection. If A and B are points 
upon a directed line making an angle y with a second directed line 
CDy then the 

(II) projection of the length AB upon CD = AB cos y. 

Proof. In the figures let 

a = the numerical length of AB, 

I = the numerical length of AS or BT; 

then a and I a,Te positive numbers giving the lengths of the respec- 
tive lines, as in Plane Geometry. Kow apply the definition of the 
cosine to the right triangles ABS and ABT (p. 18). 

A 



B^ — ,r 






■!— ►■ 



B 



4- 



B 

r 



i4— iw 



(1) 

In Fig. 1, 



t » ft 
(5) (6) 



In Fig. 2, 



In Fig. 3, 



In Fig. 4, 



In Fig. 5, 
Hence 

In Fig. 6, 
Hence 



(2) (8) (4) 

Z = a cos BAS ^ a cos y, 
MN = l, AB = a. 
MN = AB cos y. 

I = a cos -4-57^ = a cos (w — y) 
= — a cos y, (by 5, p. 20) 

MN^l, AB=-a, 
MN = ABgos y. 

I = a cos A BT = a cos (tt — y) 
= — a cos y, 
MN=:-lf AB=:a. 
MN =^AB cos y. 

I =s a cos -452" = a cos y, 
2\fN = --l, AB=^^a, 
MN = AB cos y. 

y = 0, MN = l, AB = a. 
MN =:AB:=zAB cos (since cos = 1). 
MN == AB cos y. 

y = TT, 3/JV^ = — l) AB = a. 
MiV = — ^5 = AB cos TT (since cos w = — 1). 
AfiV = -4jB cos y. Q.E.u 
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Consider any two given points 

Then in the figare 

MiMj = projection of PiP, on Jt'-X, 
NxN^ = projection of P^P^ on VY. 
it 

5^; — -7jPir»i»yi) 




But by (1), p. 24, 

iJfiAf, = Oil/, — OATi = ac, — aji, 

Hence 

Theorem m. Given any two points P^ (ar„ y,), P, (ajj, y,) ; then 

a;, — a?i = priijection of JP^P, on X'X; 

.Vi — Vi = projection of r^JP^ on F'F. 

2L Lengths. We may now easily prove the important 

TheotemlV. The length I of the line T 

joining two points P^ (x^, yj), P, (a:,, y,) ^« 

w ^wcn fty ^A« formula ^^ 



(Ill) 






Proo/. Draw lines through Pj and -^^ ^ -^i 
P, parallel to the axes to form the 
right triangle Pi^P,. y' 

Then SP, = M^M, = x^-^x^ 

P,S = N,N^== y, -. y ,, 

and hence / = V(xx - a:,)« + (yi - y,)«. 



M,x 



(by III) 
(by III) 



Q.B.D 
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The method used in deriving (lY) for any positions of Pi and 
P] is the following : 

Construct a right triangle by drawing lines parallel to the axes 
through Pi and P^ The sides of this triangle are equal to the 
projections of the length P1P2 upon the axes. But these projec- 
tions are always given by (III), or by (HI) with one or both 
signs changed. The required length is then the square root of 
the sum of the squares of these projections, so that the change in 
sign mentioned may be neglected. A number of different figures 
should be drawn to make the method clear. 

Ex. 1. Find the length of the line joining the points (1, 3) and (—5, 5). 

Solution, Call (1, 3) Pi, and (- 5, 5) Pi. 

Then 

JCi = 1» yi = 3, and Xj = — 5, ys = 6 ; 

and substituting in (IV), we have 

I = V(l + b)'i + (8 - 6)2 = Vio = 2 Vio. 

It should be noticed that we are simply 
finding the hypotenuse of a right triangle 
whose sides are 6 and 2. 

Remark, The fact that formulas (III) and (IV) are true for all 
positions of the points Pi and P^ is of fundamental importance. 
The application of these formulas to any given problem is there- 
fore simply a matter of direct substitution, as the example worked 
out above illustrates. In deriving such general formulas, since 
it is immaterial in what quadrants the assumed points lie, it is 
most convenient to draw the figure so that the points lie in the 
first quadrant, or, in general, so that all the qitantities ass\imed 
as known shall be positive. 




PROBLEMS 



1. Find the projections on the axes and the length of the lines joining 
the following points : 

(a) (-4, - 4) and (1, 3). AtiS. Projections 6, 7 ,• length = V74. 

(b) (- V2, VS) and (V3, V2). 

Ans. Projections V3 + v^, v'S - VS; length =s VlO. 
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(c) (0, 0) and (^ , ?^ ) . Ana. Projections - , ? Vs ; length = a. 

\^ a / 2 2 

(d) (a + 6, c + a) and (c-\-(L,h'\- c), 
A-M. Projections c — 6, 6 — a ; length = V(6 — €)^^{^a — 6)*. 

8. Find the projections of the sides of the following triangles upon the 

(a) (0, 6), (1, 2), (3, -6). 

(b) (1,0). (-1, -5), (V 1,-8). 

(c) (o, 6), (6, c), (c, d). ^ 

8. Find the lengths of the sides of the triangles in problem 2. 

4. Work out formulas (III) and (IV), (a) if Xi = jb,; (b) if yi = yj. 

6. Find the lengths of the sides of the triangle whose vertices are (4, 3), 
(2. - 2), (- 3, 6). 

6. Show that the points (1, 4), (4, 1), (5, 6) are the vertices of an isosceles 
triangle. 

7. Show that the points (2, 2), (- 2, - 2), (2 Vs, - 2 VS) are the vertices 
of an equilateral triangle. 

8. Show that (3, 0), (6, 4), (- 1, 3) are the vertices of a right triangle. 

What is its area? 

• 

9. Prove that (~ 4, - 2), (2, 0), (8, 6), (2, 4) are the vertices of a paral- 
lelogram. Also find the lengths of the diagonals. 

10. Show that (11, 2), (6, - 10), (- 6, - 6), (-1,7) are the verticee of 
a square. Find its area. 

11. Show that the pohits (1, 3), (2, VS), (2, - VS) are equidistant from 
the origin, that is, show that they lie on a circle with its center at the origin 
and its radius VlO. 

15. Show that the diagonals of any rectangle are equal. 

18. Find the perimeter of the triangle whose vertices are (a, 6), (—a, 6), 
(-a, -6). 

14. Find the perimeter of the polygon formed by joining the following 
points two by two in order : 

(6, 4), (4, - 3), (0, - 1), (- 5, - 4), (- 2, 1). 

16. One end of a line whose length is 13 is the point (— 4, 8); the ordi- 
nate of the other end is 3. What is its abscissa ? Am. 8 or — 16. 

16. What equation must the coordinates of the point (x, y) satisfy if its 
distance from the point (7, — 2) is equal to 11 ? 
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17. What equation expresses algebraically the fact that the point (x, y) ia 
equidistant from the points (2, 3) and (4, 5)? 

18. If the angle XOY (Fig., p. 24) equals w, show that the length of the 
line joinwg Pi(xi, yi) and Pa(xs, ya) is given by 

I = V(xi - xa)a + (yi - ya)« + 2 (Xi - Xj) (yi - y,) cob «. 

19. If (tf = - , find distance between the points (— 3, 3) and (4, — 2). 

20. If »•= — , find the perimeter of the triangle whose vertices are (1, 3), 
(2, 7), (- 4, - 4). Ans. V^ + >^23 + Vi09. 

21. If « = -, find the perimeter of triangle (1, 2), (- 2, - 4), (3, - 6). 

Ans. 3 Vs + 2 V3 + V2e - 6V3 + V53 - Uvi. 

22. Prove that (6, 6), (7, - 1), (0, -2), (- 2, 2) lie on a circle whose 
center is at (3, 2). 

28. If w = — , find the distance between (V3, V2), (- Vi, Vs). 

Ana. Vio + V^. 

24. Show that the sum of the projections of the sides of a polygon upon 
either axis is zero if each side is given a direction established by passing 
continuously around the perimeter. 

22. Inclination and slope. The inclination of a line is the angle 
between the axis of x and the line when the latter is given the 

upward direction (p. 28). 

The slope of a line is the tangent of 
its inclination. 

The inclination of a line will be 
denoted by a, ai, a^, a\ etc. ; its slope 
-> by w, Tw-i, ma, m', etc., so that m = tan or, 
Wi = tan ai, etc. 

The inclination may be any angle 
from to TT inclusive (p. 28). The 
slope may be any real number, since the tangent of an angle in 
the first two quadrants may be any number positive or negative. 
The slope of a line parallel to X^X is of course zero, since the 
inclination is or tt. For a line parallel to F F the slope is infinite. 



l> 




r' 
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Theorem V. I%e slope m of the line passing through two points 
Pi («i* yi)> ^a(««» yt) « given by 



(V) 



«f» = 



flCj ^" flCj 




Proo/. 



M1M2 = a? J — a5i 

= PiPj cos a:. 



(by (III), p. 31) 
(by (II), p. 30) 



(1) 



Similarly, 



(2) 



.'. PiP% COS a = x, — asj. 

^1^2 = yi — yi 

= P1P2 COS /3. 
.•. PiPj COS ^ = y, — yi. 
But COS P = siaa. 

HencOi from (2), 
(3) PiP, sin a = y, - yj. 

Dividing (3) by (1), tana = m = ^' "" ^^ =:^^ "" ^^ 

ajj ^~ jCj 

Remark. Formula (V) may be verified by 
constructing a right triangle whose hypot- 
enuse is P1P29 as on p. 31, whence tan a 
(= tan Z 5PiP,) is found directly as the ratio 
of the opposite side, 5P, == yi — y^ to the 
adjacent side, PiS = a;, — x^* 



(by (III), p. 31) 
(by (II), p. 30) 

(by (I), p. 28) 



Q.B.D. 




* To oonstruct a line paising through a giren point Pi whose slope is a positire f rao- 

P, a nnlts above 5, and 
most lie to the left of P] 



tion -r , we mark a point S b units to the right of P^ and a point 

draw PiPf If the slope is a negatire fraetion, — | , then either 3 
or P, must lie below 8. 




nil 
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Theorem VL If two lines are parallel, their slopes are equal; if 
perpendicular, the slope of one is the negative reciprocal of the slope 
of the other, and conversely* 

Proof Let a^ and a, be the inclinations and rrii and m^ the 
slopes of the lines. 

If the lines are parallel, 0^ = a^ .*. m^ = m,. 
If the lines are perpendicular, as in the figure, 

a, = oTi + 2 ' or oTi = a, - -• 

= tan «! = tan ( or, — -^ | 

= — cot <T, (by 4 and 6, p. 19) 

1 

.'. m^ = • Q.B.D. 

77t2 

The converse is proved by retracing the steps with the assump- 
tion, in the second part, that a, is greater than a^. 



PROBLEMS 

1. Find the slope of the line joining (1, 3) and (2, 7). ulna. 4. 

2. Find the slope of the line joining (2, 7) and (- 4, — 4). Ans, ^, 

8. Find the slope of the line joining ( V3, V2) and (- V2, Vs). 

Arts. 2V6-6. 

4. Find the slope of the line joining {a '\- by c + a), (c + a* & + c). 

. b — a 

Ans. . 

c - b 

6. Find the slopes of the sides of the triangle whose vertices are (1, 1), 

(-1, -1), (Vs, -V3). i+Vs 1-V3 

1_V3 l+Vs 

6. Prove by means of slopes that (- 4, - 2), (2, 0), (8, 6), (2, 4) are the 
vertices of a parallelogram. 

7. Prove by means of slopes that (3, 0), (6, 4), (— 1, 3) are the vertices 
of a right triangle. 

8. Prove by means of slopes that (0, — 2), (4, 2), (0, 6), (— 4, 2) are the 
vertices of a rectangle, and hence, by (TV), of a square. 
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9. Proye by means of their slopes that the diagonals of the square in 
problem 8 are perpendicalar. 

10. Prove by means of Bloi)es that (10, 0), (6, 6), (5, — 5), (— 6, 6) are 
the vertices of a trapezoid. 

11. Show that the line joining (a, 6) and (c, — d) is parallel to the line 
joining (—a, — 6) and (- c, d). 

18. Show that the line joining the origin to (a, b) is perpendicalar to the 
line joining the origin to {—b, a). 

15. What is the inclination of a line parallel to Y'Y? perpendicular to 
Y'T? 

14. What is the slope of a line parallel to Y'Y? perpendicular to Y'Y? 

16. What is the inclination of the line joining (2, 2) and (-2, - 2)? 

AnB. -T* 

16. What is the inclination of the line joining (- 2, 0) and (~ 6, 8)? 

8^ 
Am, — • 

17. What is the inclinaUon of the line joinhig (8, 0) and (4, Vs) ? 

ulns. |. 

18. What is the inclination of the line joining (3, 0) and (2, Vs) ? 

2it 
Ans. — • 

19. What is the Inclination of the line joining (0, - 4) and (- VS, - 6) ? 

Ans.-' 

90. What is the inclination of the line joining (0, 0) and (- Vs, 1) ? 

. bre 
Arts. -T-' 
o 

91. Prove by means of slopes that (2, 3), (1, - 8), (8, 9) lie on the same 
straight line. 

99. Prove that the poinU (a, b + c), (6, c + a), and (c, a + b) lie on the 
same straight line. 

98. Prove that (1, 5) is on the line joining the points (0, 2) and (2, 8) 
and is equidistant from them. 

94. Prove that the line joining (3, - 2) and (6, 1) is perpendicular to the 
line joining (10, 0) and (18, - 2). 
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23. Point of division. Let Pi and P, be two fixed points on a 
directed line. Any third point on the line, as P or P*, is said 



A P Pt P' 

"to divide the line into two segments," and is called a point 
of division. The division is called internal or external according 
as the point falls within or without PiP,. The position of the 
point of division depends upon the ratio of its distances from Pi 
and Pf, Since, however, the line is directed, some convention 
must be made as to the manner of reading these distances. We 
therefore adopt the rule : 

If P is a point of division on a directed line passing through 

Pi and P„ then P is said to divide PiP^ into the segments P^P 

P P 
and PPf The ratio of division is the value of the ratio* —r — 
•~^ PP 

We shall denote this ratio by X, that is, ' 

If the division is internal, PiP and PP^ agree in direction and 
therefore in sign, and A. is therefore positive. In external divi- 
sion X is negative. The sign of X therefore indicates whether 
the point of division P is within or without the segment PiP^ ; 
and the numerical value determines whether P lies nearer Pi 
or Pf. The distribution of X is indicated in the figure. 

-2<\<o XfO \>o X— OD ~0D<X<-i 

Pi P. 

That is, X may have any positive value between Pi and Pj, any 
negative value between and — 1 to the left of Pi, and any nega- 
tive value between — 1 and — oo to the right of Pj. The value 
— 1 for X is excluded. 

• To aasist the memory In writing down this ratio, notice that the point of dirision P 
li written Uui in the numerator uidjlrst in the denominator. 
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Introducing co5rdinates., we next prove 

Theorem VIL Point of division. The coordincUes (x, y) of the 
point of division P on the line joining Pi(xiy y{), Pj(a;j, y,), such 
that the ratio of the segments is 



= ^ 



are given hy the formulas 
(VII) 



agx + Aopa Vx + Ay. 

fic = —1 — I — ; — > y ^ 



1 + A 



1 + A 



Proof Given 



X = 



PiP 
PP^ 




Let a be the inclination of the line P\Pt' 
upon the axis of x. 

Then, by the first theorem of projection [(H), p. 30], 

MxM = P^P cos a, 
Jl/Af, = PP, cos a. 

MM^~ PP^" ' 
M^M = x — X], 

3f JIf, = 0,-05. 



3f, Jf Jf,X 



Project Pi, P, P, 



Dividing, 
But 



(by hypothesis) 



(by (III), p. 31) 



Substituting, 



X — X 



Xa ^"~ X 



1 



= X. 



Clearing of fractions and solving for Xy 

Xt ^" AJXa 

X ^ — ^ *• 

l + \ 



Similarly, 



^ yi + Xyt 
1+X ■ 



Q.E.D. 



CoroUary. Middle point. TAe coordinates (x, y) of the middle 
point of the line joining Pi(a5i, yi), P^ix^, y^ are found hy taking 
the averages of the given abscissas and ordinates; that is, 

P P 
For if P is the middle point of PiP,, then X = —^ = 1. 
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Ex. 1. FindthepointPdividingP,<-l, -a),P,(3,0)lnther»tioX=-J. 
Solution. Applying (Vn>, ii = -l, yi=-i, 
x« = 3, vt = 0. 

1-1 i 
-6-}.0 _-8 

» — rrj--T — *■ 

Hence P io (- 2}, - 8). Aia. 
Ex. 2. Find the coordinates of the point of 
interBectlon of the medians ot a triangte whose 
vertices are (ii, vO, (ij, i/i), (*,, vi). 

SohdUm. By Plane Geometry we have to find 
the point P on the median AD such that /IP = I AD, that is, AP -.PD-.-.i-A, 
ot X = 2. 

By the Corollary, I) is [J (i, + i,), j (j^, + i/,)]. y^f«i.V.^ 

To find P, apply (VII), remembering that jlcorre 
■ponds to (Zi, ifi) and D to (zj, y,). 
■ Hj^ + i») 



This give 



1 + 2 




1 + 2 
.-. 1 = ^(1, + i, + j:,), v = S(J'i + V» + 
Hence the ahscissa of the intersection of the medians of a triangle is the 
average of Lbe abscissas of the vertices, and similarly for the ordinate. 

The tymmetry ot these answers is evidence that the particular median 
chosen is immaterial, and the/omiulaa tkerr^ore prove tAe/ocC o/ theifUertec- 
tioTKjfthe mediant. 

ntOBLEHS 

1. iind the coSrdhiates of the middle point of the line joining (4, — 6) 
and (-2, -4). Arts. (1, - E). 

5. Find the coordinates ot the mlddlepointof tlie line joining (a+(i,c+d) 

and {a~b, d — e). Am. {a, d). 

B. Find the middle points of the sides of the triangle whose vertices are 
(2, 3), {i, - 5), and (- 3, -0); also find ttie lengths ot the medians. 

4. Find the coardinatesof the point which divides the line joining (— I, 4) 
and (-6, -8) in the ratio 1:3. Ans. (-2,1). 

6. Find the coBrdinalcs of the point which divides the line joining 
(- 3, - 5) and (fl, 9) In the mUo 2 : 6. Atu. (- ), - 1). 
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6. Find the coordinates of the point which divides the line joining (2, 6) 
and (— 4f 8) into segments whose ratio is — |. Ana, {^22, 14). 

7. Find the coordinates of the point wliich divides the line joining 
(—3, — 4) and (6, 2) into segments whose ratio is — j. Ana. (—19, — 16). 

8. Find the coordinates of the points which trisect the line joining the 
points (- 2, - 1) and (3, 2). Ana. (- i, 0), «, 1). 

9. Prove that the middle point of the hypotenuse of a right triangle is 
equidistant from the three vertices. 

10. Show that the diagonals of the parallelogram whose vertices are (1, 2), 
(- 6, - 3), (7, - 6), (1, - 11) bisect each other. 

11. Prove that the diagonals of any parallelogram mutually bisect each 
other. 

18. Show that the lines joining the middle points of the opposite sides of 
the quadrilateral whose vertices are (6, 8), (— 4, 0), (— 2^ — 6), (4, — 4) bisect 
each other. 

18. In the quadrilateral of problem 12 show by means of slopes that the 
lines joining the middle points of the adjacent sides form a parallelogram. 

14. Show that in the trapezoid whose vertices are (— 8, 0), (—4, — 4), 
(—4, 4), and (4, — 4) the length of the line joining the middle points of the 
non-parallel sides is equal to one half the sum of the lengths of the x>arallel 
sides. Also prove that it is parallel to the parallel sides. 

16. In what ratio does the point (—2, 3) divide the line joining the points 
(- 3, 6) and (4, - 9) ? Ana. J. 

16. In what ratio does the point (16, 8) divide the line joining the points 
(-6,0) and (2, 1)? Ana. - |. 

17. Given the triangle whose vertices are (— 5, 3), (1, — 3), (7, 5); show 
that a line joining the middle points of any two sides is parallel to the third 
side and equal to one half of it. 

18. If (2, 1), (3, 3), (6, 2) are the middle points of the sides of a triangle, 
what are the coordinates of the vertices of the triangle ? 

Ana. (-1,2), (6,0), (7,4). 

19. Three vertices of a parallelogram are (1, 2), (-6, —3), (7, —6). 
What are the coordinates of the fourth vertex ? 

Ana. (1, - 11), (- 11, 6), or (13, - 1). 

80. The middle point of a line is (6, 4), and one end of the line is (6, 7). 
What are the coordinates of the other end ? Ana. (7, 1). 

81. The vertices of a triangle are (2, 3), (4, - 6), (- 3, - 6). Find the 
coordinates of the point where the medians intersect (center of gravity). 
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38. Find the area of the isosceles triangle whose vertices are (1, 5), (5, 1), 
(^9^ — 0) by finding the lengths of the base and altitude. 

' 38. A line ^B is produced to C so that BC=:i^B. If the points^ and B 
have the codrdinates (6, 6) and (7, 2) respectively, what are the coordinates 
ofC? Ans. (8,0). 

34. 8how that formula (VH) holds for oblique coordinates, that is, Z XOT 
may have any value. 

86. How far is the point bisecting the line joining the points (6, 5) and (3, 7) 
from the origin ? What is the slope of this last line ? ^ns.* 2VT3, }. 

24. Areas. In this section the problem of determining the area 
of any polygon the co5rdinates of whose vertices are given will 
be solved. We begin with 

Theorem yul The area of a triangle whose vertices are the 
origin, Pi(xi, yi), and Pa(«2> ya) « gioefi by the formula 

(VIII) Area of triangle OPiJP, = J(a;iy, — »iyi). 

PCx*v ) Proof In the figure let 

JiCxuVj ^ == -^ XOP„ 

P = Z. XOP„ 
6 = /. PiOP^ 
(1) .'. e = fi-a. 

By 18, p. 20, 

(2) Area A OP^P^ = i OPj • OP, sin 

= i OP,. OP. sin ()8-a) [by (1)] 

(3) = J OPi . OP^ (sin fioosa — cos fi sin a). 

But in the figure 

OP^ OP^ ^ OP^ OP^ 

sm a = — 7-^ = -^> cos a = --— i = — L. 

OP^ OP^ OP^ OPy 

Substituting in (3) and reducing, we obtain 

Area A OPyP^ = \ {x^^ — ^j^i)* Q.a.a 
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B>. L Find the area of the tiiuigle whose TertioMM«tbe origin, {—8,1), 
ud (- S, - 1). 

Bobaitm. Denole(-2,4)byPi,(-6,-l>l7Pt. 
Then 

a^ = -2, vi = 4,»,=-6,v» = -l. 

Snbttltuting in (vm), 

Area = j[-2--l-(-6). 4] = 11. 
Then Area = 11 unit scores. 

If, however, the formula <VI1I) U i^iplied tyj draoting (- 2, 4) by P„ and 
(- G, - 1) bjr Pi. the result wOl be - 11. 
like two flgorea are aa follows ; 




(1) 

The cases ot positive and negative area are distinguished 1^ 

Tbeorem IX. Paisinff around the periTiieter in the order of f&e 
Vffrtiee& O, P„ P„ 

if the area it on the left, ae in Fiff. 1, then (VIII) give* a pari- 
tive reevit ; 

tf the area ia on the right, at in Fig. S, then (VIII) givet a 
negative result. 

Proof. When the area is on the left aa in Fig. 1, then in (1), 
p. 42, we have /3 > a, and henee $ is positive. Therefore sin $ 
is positive and the product in (2), „ „ 

p. 42, which gives the area of OP,Pj, X — -^tl p \~~~~^-^^P 
is also positive. But when the area VVb*,,-^^ ^Vt-"'^ 
is on the right, as in Fig. 2, we have q^ 0^ 

/J < «, and hence B is negative. Then f " f ^) 

sin & is negative, and hence also the produit in (2), p. 42, which 
gives the area of O/",/",. q.e.d. 

Fonnula (VIII) is easily applied to any polygon by regarding 
its area as made np of triangles with the origin as a conunoB 
vertex. Consider any triangle. 
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Theorem X. The area of a triangle whose vertices are Pi (ajj, yi), 
Pi (aJa, J/i), Pz (xj, y,) is given by 

(X) Area A PiPjPg=| (a5iyt-a?,yiH-a?ay8-a?8yi+«syi-a5iys)- 

This formula gives a positive or negative result according a^ the 

area lies to the left or right in passing 
around t/ie perimeter in the order PyP^P^. 

Proof Two cases must be distin- 
guished according as the origin is 
within or without the triangle. 

Pig. 1, origin within the triangle. 
By inspection, 

(6) Area A PiPjPj = A OP^P^ + A OP^P^ -f- A OP^P^ 

since these areas all have the same sign. 

Fig. 2, origin without the triangle. By inspection, 

(6) Area A P^P^P^ = A OP^P^ + A OP^P^ + A OPjPi, 

since OP^P^ OP^P^ have the same sign, but OP^P^ the opposite 
sign, the algebraic sum giving the desired area. 

By (VIII), A OP^P, = \,(x,y, - x^,), 

A OP^P^ = J («^3 - argys), A OPj^P^ = J {x^^ - x^^). 

Substituting in (5) and (6), we have (X). 
Also in (5) the area is positive, in (6) negative. 
An easy way to apply (X) is given by the following 

"Rvld for finding the area of a triangle. 

First step. Write down the vertices in two columnsy 
abscissas in one, ordinates in the other, repeating the 
coordinates of the first vertex. 

Second step. Multiply ea^h abscissa by the ordinate of the next 
row, and add results. This gives x^y^ 4- x^^ -\- x^y^. 

Third step. Multiply each ordinate by the abscissa of the next 
row, and add results. This gives y^x^ -\- y^^ + y^^. 

Fourth step. Subtract the result of the third step from that of 
the second step, and divide by 2. This gives the required area, 
jiamely, formula (X). 



Q.B.D. 



Xl 


Vi 


Xa 


Vi 


Xz 


ys 


Xl 


Vi 
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It is easy to show in the aame manner that the rule applies to 
any polygon, if the following caution be observed in the first step i 

Write down the coordinates of the vertices in an order agreeing 
with that established by passing continuously around the perimeter, 
and repeat the coordinates, of the first vertex. 

Ex. 2. Find the area of the quadrilateral whose verticca are (1, 6), 
(-3, -4), (2, -2), (-1,8). 

Solution. Plotting, ve have the figure from which 
we choose the order of the verticea as indi- , . 

cated by the arrowB. Following the rule ; _ i g 

First step. Writa down the verticcB in — 8 — 4 
order. 2 — 2 

Second step. Multiply each ahsci«sa 
b; the ordinals of the next row, and add. This gives 

1 X 3 + (- 1 X - 4) + (- 8 X - 2) + 2 X 6 = 26. 

Third step. Multiply each ordinate by the abscissa 
of the next row and add. This gives 

6 X -1 + 3 X - 3 + (- 4 X 2) + (- 2 X 1) s= - 26. 

Fourth step. Subtract the rpsult of the third step 

from the result of the second step, and divide by 2. 

25 + 25 „. . 
.'. Area = — = 25 unit squaies. An*. 

The result has the positive sign, since the area is on the left. 



1. Find the area of the triangle whose vertices are (2, 3), (1, 6), <— 1, —2 



fi. Fiud the area of the triangle whose vertices are (0, 0), (xi, yi), (zi, yi). 
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6. Find the area of the triangle wfaoee Tertices are (a, 1), (0, 6), (c, 1). 

(a-c)(6-l) 
2 

7. Find the area of the triangle whoee verticeB are (a, 6), (5, a), (c, - c). 

Afu. i(a«-6«). 

S, Find the area of the triangle whoee yertices are (3, 0), (0, 3 Vs), (6, 3 VS). 

An^ 9V3. 

0. Prove that the area of the triangle whoee Tertices are the points 
(2, 3), (6, 4), (— 4, 1) 18 zero, and hence that these points all lie on the same 
straight line. 

10. Prove that the area of the triangle whose vertices are the points 
(a, h + c), (&, c + a), (c, a + &) is zero, and hence that these points all lie on 
the same straight line. 

11. Prove that the area of the triangle whose vertices are the points 
(Oy c •\- a)^ (— c, 0), (— a, c — a) is zero, and hence that these points all lie 
on the same straight line. 

12. Find the area of the quadrilateral whose vertices are (—2, 3), 
(-3, -4), (5, -1), (2, 2). Ans. 31. 

13. Find the area of the pentagon whose vertices are (1, 2), (3, — 1), 
(6, - 2), (2, 6), (4, 4). Ans, 18. 

14. Find the area of the parallelogram whose vertices are (10, 5), (—2, 6), 
(-6, -3), (7, -3). Ans, 96. 

10. Find the area of the quadrilateral whose vertices* are (0, 0), (6, 0), 
(9, 11), (0, 3). Ans, 41. 

16. Find the area of the quadrilateral whose vertices are (7, 0), (11, 9), 
(0, 6), (0, 0). A-M. 69. 

17. Show that the area of the triangle whose vertices are (4, 6), (2, — 4), 
( - 4, 2) is four times the area of the triangle formed hy joining the middle 
points of the sides. 

18. Show that the lines drawn from the vertices (3, - 8), (- 4, 6), (7, 0) 
to the medial point of the triangle divide it into three triangles of equal area. 

19. Given the quadrilateral whose vertices are (0, 0), (6, 8), (10, - 2), 
(4, — 4) ; show that the area of the quadrilateral formed by joining the 
middle points of its adjacent sides is equal to one half the area of the given 
quadrilateral. 
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25. Second theorem of projection. 

Lemma L If M^ M^ Af, are any three points on a directed line^ 
then in all eaees 



t 



Mr 



M, 



+ 



Ml 



M. 



Proof. Let O be the origin. 
By (1), p. 24, Jf.Jlf, 

Adding, M^M^ + M^M^ 
But by (1), p. 24, M^M^ 



: OA/a - OM^ 

: OM, - OAfi. 
: 03/ , - OAf 1. 



Q.B.D. 



This result is easily extended to prove 

Lemma IL If Mi, Af„ 3fj, • • •, 3f,_i, Af^ are any n points on a 
directed line, then in all cases 

MiM^ = JfjA/, -h AfjAf, 4- 3f,ilf4 H h Af,-i3f„ 

^^6 lengths in the riffht-hand member being so ivritten that the 
second point of each length is the first point of the next. 

The line joining the first and last points of a broken line is 
called the closing line. 




^f-L- 



CMiMt 




MtD O M^MtMt 



M^D 



(1) 



Pt 



(2) 



Thus in Fig. 1 the closing line is PiPg ; in Fig. 2 the closing 
line is PiPg. 
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Theonm XL Seoond tbeoran of ptoJecUon. If each ttgmmt of a 
broken line be given tke dinetian determined in patsin^ eontinuouati/ 
from one extremity to the other, then the algebraic sum of the pro- 
jeetioru of the tegmenti upon ant/ directed line equals the projection 
of the doling line. 

Proof . The proof results immediately from tlie Lemmas. For 
in Fig. 1 

Jf,lf, = projection of PiP* ; 
M^Mx = projection of P^ij 
Jf,3/t = projection of closing line P\P^ 

But by Lemma I 

M^Mt + M^M, = MiMf, 

and the theorem follows. 
Similarly in Fig. 2. q.b.p. 

Corollary. If the sides of a closed polygon be given the direction 
ettalilithed by passing continuously around the peritneter, the sum 
of tke projections of the sides upon an^ directed line is zero. 

For the closing line is now zero. 

Iz. 1. Find the projectjon of the line joining the origin and <6, 8) upon 
a line paadng through (— G, 0) whose 
inclination la - ■ 

Solution. In the flgore, applying the 
second theorem of projection, 
proj. of OP OD AB 

= proj. ot OU + proj. at MP 

= 0JfC08j+ifPC0Bj 

Qty first theorem of projection, p. 30) 
= Jv^ + }V2 = 4V^. Ant. 
The eBgentlal point in the solution of problems like Ex. 1 ia tlie replacing 
of the given lioe, by meoiiB ot Theorem XI, bj a broken line with two eeg- 
menta which are parallel to the axea 
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Sx. 2. find the perpendicular distance from the line pusing throuf^ 
(4, 0), whose inclioation is — i to ihe 
point (10, 2). ^ 

Solution. In the Qgnre draw OC 
perpendicular to the given line AB. 

ZXAS = ^, or 120°. 
.-. Z XOS = 30°, Z 80r = flO°. 
Beqaired the peipendicular dla- 
tonce BP. 

Project the broken line OMP upon 
OC. Then, hf the second theorem of 
projection, 

proj. of OP = proj, of OM + ptoj. of UP 

= OMcoii^XOS + MPcmZ80y 
= I0.iV3 + 2i 
<1) = 1 + 6 Vs. 

But in the flgura 

proj. of 0P= OS + ST 

=s OA cos XOS + BP 
<2) = 4 - i V3 + BP. 

From (1) and (2), 

BP + 2 V3 = 1 + 6 V3. 

BP = 1 + 3 v^. Ana. 

PROBLEMS 

1. Fonr points lie on the axis of absciEsas at diHtances of 1, S, 6, and 10 
respectively from the origin. ITind PiPt by Lemma II. 

8. A broken line joins continuously the poinis <— I, 4), (3, 6), (0, - 2), 
(8, 1), (1, — I). Show that the second theorem ot projection holds when the 
segments are projected on the X-azie. 

' S. Show by means of a figure that the projection of the broken line join- 
ing the poinis (1, 2), (5, i), <- 1, - 4), {H, - 1), and (1, 2) upon any line Is 

4. Find the projection of the line joining the points (2, 1) and (5, S) upon 
a line passing through the point ( — 1, 1) whose inclination Is -r ■ 

3V3 + 2 
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CHAPTER III 

THE CURVE AND THE EQUATION 

26. Locus of a point satisfying a given condition. The curve ^ 
(or group of curves) passing through all points which satisfy a 
given condition, and through no other points, is called the locus 
of the point satisfying that condition. 

For example, in Plane Geometry, the following results are 
proved : 

The perpendicular bisector of the line joining two fixed points 
is the locus of all points equidistant from these points. 

The bisectors of the adjacent angles formed by two lines is 
the locus of all points equidistant from these lines. 

To solve any locus problem involves two things : 

1. To draw the locus by constructing a sufficient number of 
points satisfying the given condition and therefore lying on the 
locus. 

2. To discuss the nature of the locus, that is, to determine 
properties of the curve, f 

Analytic Geometry is peculiarly adapted to the solution of 
both parts of a locus problem. 

27. Equation of the locus of a point satisfying a given 
condition. Let us take up the locus problem, making use of coor- 
dinates. If any point P satisfying the given condition and there- 
fore lying on the locus be given the coordinates (x, y), then the 
given condition will lead to an equation involving the variables 
X and y. The following example illustrates this fact, which is 
of fundamental importance. 

• The word " curre" will hereafter signify any continwms Knc, straight or curved. 

t As the only looi considered in Elementary Geometry are straight lines and circles, 
the complete loci may be constructed by ruler and compasses, and the second part is 
felatirely unimportant. 
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Kz. 1. Find tbe eqiuuion in x and y if the point wboae loeos is reqniied 
shall be equidisunt from A (- 2, 0) and B{- 3, 8). 

SoImUoil Let P(z, if) be anj point on the locos. TbenbythegiTenoondltion 

(1) PA = PB. 

Bat, by fonnola IV, p. 31, 




(2) 



FB = V^x-r3)» + (y-8)«. 
Sabstitnting in (1), 

V (X + 2)^ - Hy ~ 0)^ 

= >'(x + 3)« + (IT - 8)«. 



Squaring and reducing, 
(3) 2x-16y + e9 = 0. 

In the equation (3), z and y are «ana2)/es representing the coSrdinates of 
any point on the locus, that is, of any point on the perpendicular bisector of 
the line A B. This equation has two important and characteristic properties : 

1. The co5rdinates of any point on the locus may be sabsUtuted for x 
and y in the equation (3), and tbe result will be true. 

For let Pi (xi, yi) be any point on the locus. Then PjA = PiB, by defi- 
nition. Hence, by formula IV, p. 31, 



(4) V(xi -f 2)« -f yi« = V(xi + 3)* + (yi - 8)«. 

or, squaring and reducing, 

(6) 2x1-16^1 + 69 = 0. 

Therefore Xi and yi satisfy (3). 

2. Conversely, every point whose co5rdinates satisfy (3) will lie upon the 
locus. 

For if Pi (xi, yi) is a point whose coordinates satisfy (3), then (5) is true, 
and hence also (4) holds. q.e.d. 

In particular, the coordinates of the middle point C of A and B, niamely, 
x= - 2i, y = 4 (CoroUary, p. 39), satisfy (3), since 2(- 2i)-16 x 4 + 69=0. 

This example illustrates the following correspondence between 
Pure and Analytic Geometi*y as regards the locus problem : 

Locus problem 
Pure Geometry Analytic Geometry 

The geometrical condition (satis- An equation in the variables x 



fied by every point on the 
locus). 



and y representing coordinates 
(satisfied by the coordinates 
of every point on the locus). 
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This discussion leads to the fundamental definition : 

The equation at the locus of a point satisfying a given condition 

is an equation in the Tsxiables x and y representing co<irdinates 

such that (1) the co6rdinates of erety point on the locus will 

satisfy the equatiwk; and (2) conrersely, every point vhose 

. coordinates satisfy the equation will lie upon the locus. 

This definition shows that the equation of the locus must be 
tested tn too ways after derivation, as illustrated in the example 
of this section and in those following. 

From the above definition follows at once the 

Corollary. A jtoint lies upon a euroe when and only when Us 
eoSrdinatet aaiitfy the equation of the curve. 

28. First fundamental problem. To find the eqwUion of a 
curve which is defined as the locus of a point aatiafying a given 
condUion. 

The following rule will suffice for the solution of this problem 
in many cases : 

Role. Firtt step, Aaguvte that P(x, y) is any point satisfying 
the given condition, and is therefore on the curve. 

Second step. Write down the given condition. 

Third step. Express the given condition in coordinates and 
simplify the result. The final equation, containing x, y, and the 
given constants of the problem, will be the required equation. 

Be. 1. Find the equation of the straight line pu^ng throng Pi (4, - 1) 
and hAvLng an iDclination of —■ 

Solution. Fint step. AsBume F{x, y) any point 
OD the line. 

Second step. The given condition, since tbe incU- 
n&tion a is — > majr be written 
(1) Slope ot PiP = tan a = - 1. 

Third step. From (V), p. 35, 
. (S) 81opeofP.P = tana = '^l^l*? = !^. 

(By HtbaUtDtiDg (i, y) tot (r„ v,), and (4, — 1) (or <»„ ^.] 
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'. from (1), 



y - 



= -1 



or 

(3> 



x-4 



X * f - 3 = 0. ^ML 



wfll aatisfy (3), for 
br (Y), p. 35, 



To prore that |3) is the repired eqnaiioa : 

1. The co-ordinates ixj. jfi) of any p. in: on the 
the line j*iins <Xi, yit and i4, — 1). and as slype is — 1 ; 
snbititating (4. — 1) for ^Xs, y^). 

— 1 = — , or Xi — yi — 3 = 0, 

Xi -4 

and therefore Xi and yi satisfy the equation (3>. 

2. Conversely, any point whose coordinates satisfy (3) is a potot on the 
straight line. For if (xi, yo is any sach point, that is, if Xi + yi — 3 = 0, then 

alao — 1 = — is true, and (Z|, yi) is a point on tlte line pawring tiuongti 

(4, — 1) and having an inclination equal to —r-' q.b.d. 



Ex. 2. Find the equation of a straight line paralld to the axis of y and 
at a distance of 6 units to the right. 

Solution. First step. Aasanie that P(x, y) is 
any point on the line, and draw NP perpendicular 

to or. 

P^ Second step. The given condition may be 
written 



.V- 



o 



:* 



(4) NP = 6. 



p 



Mix 



Third step. Since NP = OM = x, (4) becomes 
(6) X = 6. AnM, 



The equation (6) is the required equation : 

1. The co(5rdinates of every point satisfying the given condition may be 
substituted in (6). For if Pi(xi, yO is any such point, then by the given 
condition X\ = 0, that 1b, (Xi, yO satisfies (5). 

2. Conversely, if the coordinates (xi, yi) satisfy (6), then Xi = 6, and 
^i(2it V\) l> at a distance of six units to the right of TY\ q.k.d, 

Tlio method above illustrated of provmg that the derived equation has the 
two characteristic properties of the equation of the locus should be carefully 
studied and applied to each of the following examples. 
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Ex. 3. Find the equation ol the lociu of a point whose dlatuice from 
(— 1, 2) la alnaya equal to 4. 

Solutiim. FlrstBtep. A8snmethatP(z,v} 
IB any point on tlie locus. 

Second step. DeDoting (-1, 2) b; C, 
the given condition is 

(6) PC = i. 

Third step. B; formula (IV), p. 81, 

PC = V(a! + 1)1 + (i* - 2)a. 
SnbeUtnting In (0), 

V(in.i)« + (!/-2)'' = 4. 
Squaring and reducing, 

(7) i" + v* + 2*-4y-ll = 0. 

This is the required equation, namely, the equation of the circle whose 
center is (— 1, 2) and radius equals 4. The metliod of proof is the same 
M that of the preceding examples. 

ntffBLKKa . 
1. Find the equation of a line parallel to 07 and 

(a) at a distance of 4 units to the rigiit. 

(b) at a distance of 7 units to the left. 

(c) at a distance of 2 unlta to the right of (3, 2). 

(d) at a distance of 5 uuila to the left of (2, ~ 2). 



8. Find the equation of a line parallel to OX and 

(a) at a distance of S uniia above OX. 

(b) at a distance of 6 nnit« below OX. 

(c) at a distance of T units above (— 2, — 3). 

(d) at a distance of G units below (4, — 2). 

4, What la the equation of XX'? of TT'? 

B. Find the equation of a line parallel to the line z = 4 and 3 unita to the 
right of It. Eight unitB to the left of it. 

e. Find the -equation of a line parallel to the line i/ = - 3 and 4 units 
below it Five units above it, 

7. Rowdoes the llnei/ = o-6Iie if a>6>0? If6>o>0f 

5. What is the equation of the axis otxT of the axis of v f 



(c) Pii8(-2,3)andm = — ? Ana. V2x -2y + 6 + 2 V^ = 0. 
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9. What is the equation of the locus of a point which moves always at 
a distance of 2 units from the axis of x ? from the axis of y? from the line 
X = - 6 ? from the line y = 4 ? 

10. What is the equation of the locus of a point which moves so as to 
he equidistant from the lines x = 6 and x = 9 ? equidistant from y = 3 and 
y = -7? 

11. What are the equations of the sides of the rectangle whose vertices 
are(5,2), (6,6), (-2,2), (-2, 5)? 

In problems 12 and 13, Pi is a given point on the required line, m is the 
slope of the line, and a its inclination. 

IS. What is the equation of a line if 

(a) Pi is (0, 3) and m = - 3 ? Ana. 3x + y-8 = 0. 

(b) Pi is (- 4, - 2) and m = i? Ana. x - 3y - 2 = 0. 

2 

(d) Pi is (0, 6) and m = — -? Ana, V3x - 2y + 10 = 0. 

(e) Pi is (0, 0) and m = - I ? Ana. 2x + 3y = 0. 

(f) Pi is (a, 6) and m = 0? Ana. y = b. 

(g) Pi is (- a, 6) and m = ao ? An^. x = - a. 

18. What is the equation of a line if 

(a) Pi is (2, 3) and or = 45°? Ana. x - y + 1 = 0. 

(b) Pi U (- 1, 2) and a = 45°? Ana. x - y + 3 = 0. 

(c) Pi is (~ a, - b) and a = 46°? Ana. z-y = b-a. 

(d) Pi is (6, 2) and a = 60°? Ana. V3x-y + 2-6V3 = 0. 

(e) Pi is (0, - 7) and or = 60°? Ans. V3x-y-7 = 0. 

(f) Pi is (- 4, 6) and a = 0°? Ana. y = 5. 

(g) Pi is (2, - 3) and a = 90°? Ana. x = 2. 
(h) Pi is (3, - 3 V3) and a = 120°? Ana. Vsx + y = 0. 
(i) Pi is (0, 3) and a: = 160°? Ana. Vsx + 3y - 9 = 0. 
(j) Pi is (a, b) and a = 136°? Ana. x-^y = a + b. 

14. Are the points (3, 9), (4, 6), (6, 5) on the line 3x + 2y = 26? 

15. Find the equation of the circle with 

(a) center at (3, 2) and radius = 4. -4n«. x^ + y« - 6 x - 4 y - 3 = 0. 

(b) center at (12, - 6) and r = 13. Ana. x^ + y* - 24x + lOy = 0. 

(c) center at (0, 0) and radius = r. Ana. x* + y» = r«. 

(d) center at (0, 0) and r = 6. Ana. x« + y' = 26. 

(e) center at (3a, 4 a) and r = 5a. Ana. x'-^ -f y« - 2a(3x + 4y) = 0. 

(f) center at (6 + c, 6 - c) and r = c. 

Ana. x2 + y«-2(6 + c)x~2(6-c)y + 26» + C« = 0. 
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16. Find the equation of a circle whose center is (6, — 4) and whose 
circumference passes through the point (—2, 3). 

17. Find the equation of a circle having the line joining (3, — 6) and 
(— 2, 2) as a diameter. 

18. Find the equation of a circle touching each axis at a distance 6 units 
from the origin. 

19. Find the equation of a circle whose center is the middle point of the 
line joining (— 6, 8) to the origin and whose circumference passes through 
the point (2, 3). 

80. A point moves so that its distances from the two fixed points (2, — 3) 
and (— 1, 4) are equal. Find the equation of the locus and plot. 

• Ans. 3x-7y + 2 = 0. 

21. Find the equation of the perpendicular bisector of the line joining 

(a) (2, 1), (- 3, - 3). Ans. lOx + 8y + 13 = 

(b) (3, 1), (2, 4). Ans. x-3y + 6 = 0. 

(c) (- 1, - 1), (3, 7). Ans. x + 2y~7 = 0. 

(d) (0, 4), (3, 0). Ans. 6x - 8y + 7 = 0. 

(e) («i, yi), (xi, ya). 

Ans. 2(xi - xs)x + 2 (yi - yi)y + Xa^ - Xi^ + ya» - yi« = 0. 

38. Show that in problem 21 the co5rdinates of the middle point of 
the line joining the given points satisfy the equation of the perpendicular 
bisector. 

88. ^nd the equations of the perpendicular bisectors of the sides of the 
triangle (4, 8), (10, 0), (6, 2). Show that they meet in the point (11, 7). 

84. Express by an equation that the point (A, k) is equidistant from 
(- 1, 1) and (1, 2) ; also from (1, 2) and (1, - 2). Then show that the point 
(f, 0) is equidistant from (- 1, 1), (1, 2), (1, - 2). 

29. General equations of the straight line and circle. The 

methods illustrated in the preceding section enable us to state 
the following results : 

1. A straight line parallel to the axis of y has an equation of 
the form x = constant. 

2. A straight line parallel to the axis of x has an equation of 
the form y = constant. 
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Theorem I. The equation of the straight line passing through a 
point B (0, b) on the ojxis of y and having its slope equal to m is 

(I) y = tnx + b. 

Proof First step. Assume that P (x, y) is any point on the lina 
Second step. The given condition may be written 

Slope of PB = m. 
Third step. Since by Theorem V, p. 35, 

Slope of PB = '-^-^,y 

[Substituting (z, y) for {xi, yi) and (0, b) for (zs, yt)] 
then = m, or y = ma>-\- b. q.k.d. 

X 

Theorem n. The equation of the circle whose center is a given 
point (a, P) and wJiose radius equals r is 

(II) »* + y* - 2 ax - 2 /Jy + a* + ^ - r* = O. 

Proof First step. Assume that P (x, y) is any point on the 

locus. 

Second step. If the center (a, /3) be denoted by C, the given 

condition is _ 

PC = r. 

Third step. By (IV), p. 31, 



PC = -y/(x-ay-\-(y- py. 
.-. V(a: - ay + (y- pf = r. 
Squaring and transposing, we have (II). q.b.d. 

Corollary. The eqtuition of the circle whose center is the origin 
(0, 0) and whose radius is r is 

a?* + I/* = r*. 

The following facts should be observed : 

Any straight line is defined by an equation of the first degree 
in the variables x and y. 

Any circle is defined by an equation of the second degree in 
the variables x and y, in which the terms of the second degree 
consist of the sum of the squares ofx and y. 
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90. Locus of an equation. The preceding sections have illus- 
trated the fact that a locus problem in Analytic Geometry leads 
at once to an equation in the variables x and y. This equation 
having been found or being given, the complete solution of the 
locus problem requires two things, as already noted in the first 
section (p. 51) of this chapter, namely, 

1. To draw the locus by plotting a sufficient number of points 
whose coordinates satisfy the given equation, and through which 
the locus therefore passes. 

2. To discuss the nature of the locus, that is, to determine 
properties of the curve. 

These two problems are respectively called : 

1. Plotting the locus of an equation (second fundamental 
problem). 

2. Discussing an equation (third fundamental problem). 

For the present, then, we concentrate our attention upon some 
given equation in the variables x and y (one or both) and start 
out with the definition : 

The locus of an equation in two variables representing coordinates 
is the curve or group of curves passing through all points whose 
cooi'dinates satisfy that equation,* and through such points only. 

From this definition the truth of the following theorem is at 
once apparent : 

Theorem HI. If the form of the given equation be changed in any 
way (Jor example, by transposition, by multiplication by a constant, 
etc.), the locus is entirely unaffected. 

* An equation in the rariables x and ^ is not necessarily satisfied by the coordinates of 
any points. For coordinates are rtcU numbers, and the form of the equation may be such 
that it is satisfied by no real values of x and y. For example, the equation 

x*+y* + l = 

Is of this sort, since, when x and y are real numbers, x* and y* are necessarily positive 
(or zero), and consequently 3^ + y* + l\B always a positive number greater than or equal 
to 1, and therefore not equal to zero. Such an equation therefore has no locus. The 
expression "the locus of the equation Is imaginary '* is also used. 

An equation may be satisfied by the coordinates of a ftnite number of points only. 
For example, x* + tf*=0 is satisfied by x^bO, j^sO, but by no other real values. In this 
ease the group of points, one or more, whose coordinates satisfy the equation, is called 
tha locus of the equation. 
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We HOT take up in order the solution of ttie second and third 
fuudameatal problems. 
31. Secood f uodameatal problem. 
Rule to plot the locus of a given equation. 

First step. Solve the given equation for one of the variables in 
term* of the other,* 

Second step. By this formula compute the values of the vari- 
able for which the equation has been solved by assuming real 
values for the other variable. 

Third step. Plot the points corresponding to the values so 
determined.^ 

Fourth step. If the points are numerous enough to suggest the 
general shape of the locus, draw a smooth curve through the points. 
Since there is no limit to the number of pointa which ma; be 
computed in this way, it is evident that the locus may be drawn 
as accurately as may be desired by simply plotting a sutBciently 
large number of points. 

Several examples will now be worked out and the arrangement 
of the work should be carefully noted. 

Ei. 1. Draw the locus of the equaUon 

2i-3v + 6 = 0. 
Solution. First slop. Solving for y, 

y=\x + 2. 
Second step. Assume valnea forz and compute 
V, arranging results in the form : 



a! = 2, 1/= j.2 + 2=3!. 

Third step. Plot the points found. 
Fourtli step. Draw a smooth cu 
through these points. 

• The form of tb« gtven eqnaClon will ort«n bo inoh tb>t •olring for on* Ti 
tlmpler tban aolTlDg for Ibe other, Altmy chooii Iht liraplrr nluflan. 
real ntam only majr be nied u ooiJrdluMM. 





V 


' 


V 





2 





2 


1 


2| 


-1 


H 


2 


3* 


^2 


! 


3 


4 


-3 





4 


*} 


-4 


-? 


etc. 


etc. 


etc. 


etc. 



THE CUEVE AND THE EQUATION 



Ex. 3. Plot the locut of the 

SobUifOn. First step. The equatloi 
Second step. Compatlng y b; bsed 
values below : 



s given is solved for y. 

ing values of x, ne find the table of 
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Thlid step. Plot the points. 
Fourth step. Draw a emooth ci 
iurve of the figme. 

Ei. 3. Plot the locus of the equation 

it* + / + «»- 18 = 0. 

Fitat step. Solving for y, 

y t=±Vl6 — 6as-a!*. 

Second step. Compute y hy aaraming valuea of z. 



e through these pointa. This gives the 
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For example, if x = 1, y = ± Vie -6-1 = ± 3 ; 

if z = 3, y = iVl6-18-9 = ±V3ii, 
ftn imaginary namber ; 

if x = -l, y = ± Vie + 6 - 1 = ±4.6, 



etc. 



Third step. Plot the corresponding points. 

Foortli step. Draw a smooth carve through these points. 



PROBLEMS 

I. Plot the locus of each of the following equations. 

(a) x + 2y = 0. (p) x2 + y« = 9. 

(b) x + 2y'=3. (q) x^ + y« = 26. 

(c) 3x - y + 5 = 0. (r) x« + y* + 9x = 0. 

(d) y = 4X«. (8) x» + ys + 4y = 0. 

(e) x» + 4y = 0. ^^j x« + y« - 6x-16 = 0. 
(f)y = a^-3. (u) x« + y«-6y-ie = 0. 
g x^ + 4y-6 = 0. v4. = x*-8. 

(h) y = X* + X + 1. \ f tf 

(i) X = y2 + 2y - 3. <^> 4x = y* + 8. 



a)4x = y». (x)y = -— -. 

(k)4x = y»-l. 1+'^ 

(Oy = a:»-l. ^)^ = \^lJ^. 

(m) y = x»-x. 1 +y* 

(n)y = x'-x2-5. (z)x = -?_. 

(o) x» + y« = 4. ^ ' 1 + y« 

S. Show that the following equations have no locus (footnote, p. 59). 

(a) xa + ya + 1 = 0. (f) x2 + y« + 2x + 2y + 3 = 0. 

(b) 2x2 + 3y« = - 8. (g) 4x2 + y^ + 8x + 5 = 0. 

(c) x2 + 4 = 0. (h) y* + 2x2 + 4 = 0. 

(d) x* + y2 4-8 = 0. (i) 9x2+4 y2+18x+8y+16=0. 

(e) (X -f 1)2 + y2 + 4 = 0. (j) 2J2 -f xy + y2 + 3 = 0. 

Hint. Write each equation In the form of a sum of squares, or solve for one variable 
and apply Theorem HI, p. 11, to the quadratic under the radical. 

32. Principle of comparison. In £x. 1, p. 60, and Ex. 3, p. 61, 

we can determine the nature of the locus, that is, discit^s the 
equation, by making use of the formulas (I) and (II), p. 58. The 
method is important and is known as the principle of comparison. 
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The nature of the locus of a given equation may he detennined 
by comparison with a general known equation, if the latter becomes 
identical vrith tJie given equation by assigning particular values to 
its coefficients. 

The method of makmg the comparison is explained in the 
following 

Rule. First step. Change the form* of the given equation {if 
necessary) so that one or more of its terms shall be identical with 
one or more terms of the general equation. 

Second step. Equate coefficients of corresponding terms in the 
two equations, supplying amy terms missing in the given equation 
with zero coefficients. 

Third step. Solve the equations found in the second step for 
the values "f of the coefficients of the general equation, 

Sz. 1. Show that 2x — 3y + = is the equation of a straight line 
(Fig., p. CO). 

SoLvAion. First step. Compare with the general equation (I), p. 68, 

(1) y ^mx-^-h, 

Pat the given equation in the form of (1) by solving for y, 

(2) y=fx + 2. 

Second step. The right-hand members are now Identical. Equating 
coefficients of x, 

(3) m = f 

Equating constant terms, 

(4) 6 = 2. 

Third step. Equations (3) and (4) give the values of the coefficients m 
and 6, and these are possible values, since, p. 34, the slope of a line nuiy 
have any real value whatever, and of course the ordinate h of the point 
(0, h) in which a line crosses the F-azis may also be any real number. There- 
fore the equation 2x — 3^ + 6 = represents a straight line passing through 
(0, 2) and having a slope equal to {. q.e.d. 

* This transformation is called " putting the given equati<ni in the form ** of the 
general equation. 

t The ralaes thns found may be impossible (for example, imaginary) values. This 
may indicate one of two things, — that the given equation has no locus, or that it cannot 
be put in the form required. 
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Ex. S. Show that the locus of 

(5) x« + y2 + 6x-ie = 
is a circle (Fig., p, 61)i 

Solution, First step. Compare with the general equation (II), p. 68, 

(6) x« + y»-2ax-2/3y + a« + /88-r2 = 0. 

The right-hand members of (6) and (6) agree, and also the first two terms, 
x* + y«. 

Second step. Equating coefficients of x, 

(7) -2a = 6. 

Equating coefficients of y, 

(8) -2/3 = 0. 

Equating constant terms, 

(0) a« + /S2 - r» = - 16. 

* 

Third step. From (7) and (8), 

a = - 3, /3 = 0. 

Substituting these values in (9) and solving for r, we find 

r« = 26, or r = 5. 

V Since a, /3, r may be any i*eal numbers whatever, the locus of (6) is a 
circle whose center is (— 3, 0) and whose radius equals 6. 



PROBLEMS 

1. Plot the locus of each of the following equations. Prove that the locus 
is a straight line in each case, and find the slope m and the point of inter- 
section with the axis of y, (0, 6). 

(a) 2x + y - 6 = 0. Ana. m =- 2, 6 = 6. 

(b) X - 3y + 8 = 0. Ans. m = |, 6 = 2f. 

(c) X 4- 2y = 0. Ans. m = - i, 6 = 0. 
(d)6x-6y-6 = 0. Ans. m = f/6 = -J. 
(e) ix- Jy-i = 0. Ans. m = lb=-^. 

0^-1-1 = 0. Ans. m = I, & = - 6 

5 o 

(g) 7x-8y = 0. Ana. m = J, 5 = 0. 

(h) ix-j[y-J = 0. Ans. m = J,6 = -lA. 
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8. Plot the locos of each of the eqaations following, and prove that the 
locus is a circle, finding the center (a, fi) and the radius r in each case. 

(a) «? + j^-16 = 0. Ans. (a, /5) = (0, 0); r = 4. 

(b) x« + »« - 49 = 0. Ana, (a, /5) = (0, 0); r = 7. 

(c) JT? + ya - 26 = 0. Ara, (or, /3) = (0, 0); r = 5. 
.(d) a^a + ya + 4x = 0. Ans. (a, /3) = (- 2, 0); r = 2. 

(e) »a + y« - 8y = 0. Am. (a, /3) = (0, 4); r = 4. 

(f) x» + ya + 4x - 8y = 0. ^iw. (cr, fi) = (- 2, 4); r = V^. 

(g) xa + ya - 6x + 4y - 12 = 0. -4n«. (a, /3) = (3, - 2); r = 6. 
(h) xa + ya _ 4jc + 9y _ J = 0. An», (a, jS) = (2, - |); r = 6. 

(i) 3asa + 8ya _ 6x - By = 0. An«. (a, /5) = (1, J); r = }. 

The following problems illustrate cases in which the locus 
problem is completely solved by analytic methods, since the loci 
may be easily drawn and their nature determined. 

8. Find the equation of the locus of a point whose distances from the 
axes XX' and TT' are in a constant ratio equal to f . 

Ans, The straight line 2 x — 3 y = 0. 

4. Find the equation of the locus of a point the sum of whose distances 
from the axes of codrdinates is always equal to 10. 

Ans, The straight line x + y — 10 = 0. 

0. A point moves so that the difference of the squares of its distances 
from (3, 0) and (0, — 2) is always equal to 8. Find the equation of the 
locus and plot 

Ans, The parallelstraight lines 6x + 4y + 3 = 0, 6x + 4y-13=:0. 

6. A point moves so as to he always equidistant from the axes of co6r- 
dinates. Find the equation of the locus and plot. 

Ans, The perpendicular straight lines x + y = 0,x~y = 0. 

7. A point moves so SDs to be always equidistant from the straight lines 
X — 4 = and y + 6 = 0. Find the equation of the locus and plot. 

Ans. The perpendicular straight lines x — y — 9 = 0, x + y + l = 0. 

8. Find the equation of the locus of a point the sum of the squares of 
whose distances from (3, 0) and (—3, 0) always equals 68. Plot the locus. 

Ans, The circle xa + ya ~ 26. 

9. Find the equation of the locus of a point which moves so that its dis- 
tances from (8, 0) and (2, 0) are always in a constant ratio equal to 2. Plot 
the locus. Ans. The circle xa + ya = 16. 

10. A pohit moves so that the ratio of its distances from (2, 1) and (— 4, 2) 
Ifl always equal to (. Find the equation of the locus and plot. 

Ans. The circle 3xa + 3ya-24x-4y=sa. 
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In the proofs of the following theorems the choice of the axes 
of coordinates is left to the student, since no mention is made 
of either coordinates or equations in the problem. In such cases 
always choose the axes in the most convenient manner possible. 

11. A point moves so that the sum of its distances from two perpendicular 

lines is constant. Show that the locus is a straight line. 

Hint. Ghooeing the axes of oo5rdinat«« to coincide with the given linee, the equation 
is X + y B constant. 

12. A point moves so that the difference of the squares of its distances 
from two fixed points is constant. Show that the locus is a straight line. 

Hint. Draw XX' through the fixed points, and Y Y' through their middle point. Then 
the fixed points may be written (a, 0) , (- a, 0), and if the "constant difference '* be denoted 
by it, we find for the locus 4axB k or \<uc= — k. 

18. A point moves so that the sum of the squares of its distances from 
two fixed points is constant. Prove that the locus is a circle. 
Hint. Choose axes as in problem 12. 

14. A point moves so that the ratio of its distances from two fixed points 
is constant. Determine the nature of the locus. 

Ana. A circle if the constant ratio is not equal to unity and a straight 
line if it is. 

The following problems illustrate the 

Theorem. If an equation can he put in the form of a jproduot of 
variable factors equal to zero, the locus is found hy setting ea>ch fac- 
tor equal to zero and plotting the locus of ea^h equation separately, 

16. Draw the locus of 4 x^ - 9 yS = o. 

Solution. Factoring, 

(1) (2a;-8y)(2x + 3y) = 0. 

Then, by the theorem, the locus consists of the straight lines 

(2) 2x-3y = 0, 

(3) 2x + 3y = 0. 

Proof. 1. The coiirdinates of any point (xi, yi) which saiitfy (1) xoiU, 
sati^ either (2) or (3). 

For if (Xi, yi) satisfies (1), 

(4) (2xi-3yi)(2xi + 3yi) = 0. 
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This product can vanish only when one of the factors is zero. Hence 
either 

and therefore (zi, vi) satisfies (2) ; 

or 2xi + 3yi = 0, 

and therefore (xi, ^i) satisfies (3). 

2. A point (Xi, ^i) on either of the lines d^ned by (2) and (3) will also 
lie on the locus of (I). 

For if (xi, vi) is on the line 2 x - 3 ^ = 0, 

then (Corollary, p. 63) 

(6) 2xi-3yi = 0. 

Hence the product (2 xi — 3 y{) (2 Xi + 3 y{) also vanishes, since by (5) the 
first factor is zero, and therefore (xi, ^i) satisfies (1). 

Therefore every point on the locus of (1) is also on the locus of (2) and 
(3), and conversely. This proves the theorem for this example. q.e.d. 

16. Show that the locus of each of the following equations is a pair of 
straight lines, and plot the lines. 

(a) x« - y« = 0. (j) 3x« + xy - 2y2 + 6x - 4y = 0. 

(b) 9x« - y2 = 0. (k) x2 - y2 ^ X -f y = 0. 

(c) «« = 9y«. (1) x2 - ay + 5x - 6y = 0. 

(d) x« - 4x - 6 = 0. (m) x2 - 2xy + y« + 6x - 6y = 0. 

(e) y« - 6y = 7. (n) x^ - 4y2 + 6x -f lOy = 0. 

(f) y« - 6xy + 6y = 0. (o) x^ + 4xy -f 4 y* + 5x + lOy -f 6 = 0. 

(g) xy - 2x« - 3x = 0. (p) x* + 3xy + 2y2 + x + y = 0. 

(h) xy - 2x = 0. (q) x2 - 4 xy - 6 ys + 2x - lOy = 0. 

(i) xy = 0. (r) 3x2 - 2xy - y^ + 5x - 6y = 0. 

17. Show that the locus of Ax^ + ^+C = 0i8a pair of parallel lines, a 
single line, or that there is no locus according asA = ^ — 4^(7i8 positive, 
sero, or negative. 

18. Show that the locus of Ai^ + Bzy + Cy"^ = is a pair of intersecting 
lines, a single line, or a point according asA = ^^ — 4ilC is positive, zero, 
or negative. 

33. Third fundamental problem. Discussion of an equation. 

The method explained of solving the second fundamental prob- 
lem gives no knowledge of the required curve except that it 
passes through all the points whose coordinates are determined 
as satisfying the given equation. Joining these points gives a 
curve more or less like the exact locus. Serious errors may be 
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made in this way, however, since tkt nature of the curve between 
any two successive points plotted is not determined. This objection 
is somewhat obviated by determining before plotting certain prop- 
erties of the locus by a discussion of the given equation now to 
be explained. 

The nature and properties of a locus depend upon the form of 
its equation, and henc« the steps of auy discussion must depend 
upon the particular problem. In every case, however, the fol- 
lowing qneetions should be answered. 

1. Is the curve a closed curve or does it extend out infinitely far? 

2, Is the curve symmetrieal with respect to either axis or the 
origin? 

The method of deciding these questions is illustrated in the 
following examples. 

Bz. 1. Plot the locua ol 

(1) ir' + 4y» = l6. 
Discuss th« equation. 

Solution. First clep. Solving for z, 

(2) X = ± 2 Vt - yl. 

Second it«p. Assume values of y and compute x. Thi> givw the table. 

Third step. Plot the points of the table. 

Fourth step. Draw a smooth curve through these points. 



- 
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- 


y 


+ 4 





±4 





+ 3.4 


1 


+ a.4 


-1 


±a.T 


1+ 


±2.7 


-U 





2 





-2 


Imsg. 


3 


imag. 


-3 



Diaetitsion. 1. Equation <1) shows that neither x nor y can be Indefi- 
nitely great, elnce sfi and 4 ^ are positive for all real values and their sum 
mnal equal 10. Therefore neither i' nor 4 j/^ can eiceed 16. Hence the 
curve is a closed curve. 

A second way of proving this Is the following : 

From (2), the ordinate y cannot exceed 2 nor be leas than — 2, since the 
expression 4 — v* beneath the radical must not be negative. (2) also shows 
that z has values odI; from — 4 to 4 inclusive. 
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2. To determine the symmetxy with respect to the axes we proceed as 
follows : 

The equation (1) contains no odd powers of x or y ; hence it may be writ- 
ten in any one of the forms 

(3) («)« + 4 ( - y)« = 16, replacing (z, y) by (x, - y) ; 

(4) (- x)2 + 4 (y)2 = 16, replacing (x, y) by (- x, y) ; 
(6) (- x)2 + 4 (- y)« = 16, replacing (x, y) by (- x, - y). 

The transformation of (1) into (3) corresponds in the figure to replacing 
each point P(x, y) on the curve by the point Q(x, — y). But the points P 
and Q are symmetrical with respect to XX\ and (1) and (3) have the same 
locus (Theorem III, p. 69). Hence the locus of (1) is unchanged if each point 
is changed to a second point symmetrical to the first with respect to XX\ 
Therefore the locus is symmetrical toith respect to the axis of x. Similarly 
from (4), tAe locus is symmetrical unth respect to the axis ofy, and from (6), 
the locus is symmetrical with respect to the origin. 

The locus is called an ellipse. 

Ex. 2. Plot the locus of 

(6) y«-4x + 16 = 0. 

Discuss the equation. 

Solution, First step. Solve the equation for x, since a square root would 
have to be extracted if we solved for y. This gives 

(7) x = }(y* + 15). 
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Second step. Assume values for y and compute x. 
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Since y^ only appears in the equation, positive and n^^ative yalues of t 
give the same value of z. The calculation gives the table on p. 69. 

For example, if y = ± 8, 

then X = i (9 + 16) = 6, etc. 

Third step. Plot the points of the table. 

Fouith step. Draw a smooth curve through these points. 

Discussion. 1. From (7) it is evident that x increases as y increases. 

Hence the curve extends out indefinitely far from both axes. 

2. Since (0) contains no odd powers of y, the equation may be written in 

the form . .« ^i / \ . i r n. 

( - y)* — 4 (x) + 16 = 

by replacing (x, y) by (x, — y). Hence the locus is symmetrical unth respect 
to the axis of x. 

The curve is called a parabola. 

Ex. 3. Plot the locus of the equation 
(8) xy - 2 y - 4 = 0. 

Solution. First step. Solving for y, 

4 



(9) 



y = 



x-2 



Second step. Compute y, assuming values for x. 

When X = 2, y = J = 00. 

In such cases we assume values differing 
slightly from 2, both less and greater, as in 
the table. 

Third step. Plot the points. 

Fourth step. Draw the curve as in the 
figure in this case, the curve having two 
branches. 

1. From (9) it appears that y diminishes 
and approaches zero as x increases indefi- 
nitely. The curve therefore extends indefi- 
nitely far to the right and left, approaching 
constantly the axis of x. If we solve (8) for 
X and write the result in the form 

4 

x = 2 + -, 

y 

it is evident that x approaches 2 as y increases 
indefinitely. Hence the locus extends both 
upward and downward indefinitely far, approaching in each case the line x =2. 
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2. The equation cannot be transformed by any one of the three substitutiona 

(«, y) into (X, - y), 
(X, y) into (-x, y), 
(X, y) into (- x, - y), 

without altering it in such a way that the new equation will not have the 
same locus. The locus \b therefore not symmetrical with respect to either 
axis, nor with respect to the origin. 




00) 



This curve is called an hypexiwla. 



. 4. Draw the locus of the equation 

4 y = x*. 
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iSoZu^ion. First step. Solving for y, 
y = Jx«. 

Second step. Assume values for x 
and compute y. Values of x muaf &e 
taken between the integers in order to 
give points not too far apart. 

For example, if 
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Third Btep. Plol the points thus found. 

Fourth step. The polnU deteimioe the cuire of the 
flgura 

' Diacuuion. 1. From the given equation (10), z and 
J/ increase simultaneouslj, and therefore the corra 
extenda out iudeQuitely from both txee. 

2. In (10) there are no even poweis nor constant 
term, so that b; changing signs the equation mty b« 
wriU«u in the form 

H-y) = i~x)\ 
replacing (x, y) by (- 1, - i*)- 

Hence the loeui U sj/mmetrieal toitA retpect to tAe 

The locns ia called a cnbiMi puaboi*. 

34. Symmetry. In the above examples we have assumed the 
definition : 

If the points of a curve can be arranged in pairs vhich are 
symmetiical with respect to an axis or a point, ttien the curve 
itself i'} said to be sjrmmetrical witb respect to that axis or point 

The method used for testing an equation foi symmetry of the 
locus was as follows : if (x, y) can be replaced by (x, — y) through- 
out the equation without affecting the locus, then if (a, b) is on 
the locus, (a, — b) is also oa the locus, and the points of the latter 
occur in pairs symmetrical with respect to XX', etc. Hence 

Theomn nr. If the locus of an equation is unaffected by replacing 
y by —y throughout its equation, the locus is symmetrical with 
respect to the axis of x. 

If the locus is unaffected by changing x to — x throughout its 
equation, the locus is symmetrical with respect to the axis ofy. 

If the locus is unaffected by changing both x and y to — x and 
— y throughout its equation, the locus is symmetrical with retpect 
to the origin. 

These theorems may be made to assume a somewhat different 
form if the equation is algebraic in x and y (p. 17). The locus 
of an algebraic equation in the variables x and y Is called an 
■Igebnic curve. Then from Theorem IV follows 
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Theorem V. Symmetry of on algebraic carve. If no odd pawen 
of y occur in an equation, the locus is symmetrical tuith respect to 
XX!; if no odd powers of x occur, the locus is symmetrical unih 
respect to YY, If every term is of even* degree, or every term of 
odd degree, the locus is symm^ricaZ with respect to the origin. 

35. Further discussion. In this section we treat of three more 
, questions which enter into the discussion of an equation. 

3. Is the origin on the curve ? 
This question is settled by 

Theorem YI. The locus of an algebraie equation passes through 
the origin when there is no constant term in the equation. 

Proof The coordinates (0, 0) satisfy the equation when there 
is no constant term. Heuce the origin lies on the curve (Corol- 
lary, p. 53). Q.B.D. 

4. What values of x and y are to be excluded ? 
Since coordinates are real numbers we have the 

Rule to determine all values of x and y which must be excluded. 

First step. Solve the equation for x in term^ of y, and from this 
result determine all values of y for which the computed value of x 
will he imaginary. These values of y must he excluded. 

Second step. Solve the equation for y in terms of x, and from 
this resuU determine all values of x for which the computed value 
ofy vnll he imaginary. These values of x must he excluded. 

The intercepts of a curve on the axis of x are the abscissas of 
the points of intersection of the curve and XX\ 

The intercepts of a curve on the axis of y are the ordinates of 
the points of intersection of the curve and 77'. 

Rule to find the intercepts. 

Substitute y ^0 and solve for real values of x. This gives the 
intercepts on the a^is ofx. 

Substitute x = and solve for real values of y. This gives the 
intercepts on the a^xis of y. 

* The constant term must l)e regarded as of even (sero) degree. 
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The proof of the rale follows at once from the definitions. 
The rule just given explains how to answer the question : 
6. What are the intercepts of the locus ? 

36. Directions for discussing an equation. Given an equation, 
the following questions should be answered in order before plot- 
ting the locus. 

1. Is the origin on the locus? {Theorem VI). 

2. Is the lociis symmetrical with respect to the axes or the 
origin? (^Theo7'em^ IV and V), 

3. What are the intercepts? (RulCj p. 73). 

4. What values of x and y must be excluded? (^Rule, p. 73). 

5. Is the curve closed or does it pa^ off indefinitely far? (§ 33, 
p. 68). 

Answering these questions constitutes what is called a general 
discussion of the given equation. 

Ex. 1. Give a general discuBsion of the equation 
(1) a;2-4y2 + 16y = 0. 

Draw the locos. 




1. Since the equation contains no constant term, the origin is on the curve. 

2. The equation contains no odd powers of x; hence the locus is symmet- 
rical with respect to TY'. 

3. Patting y = 0, we find se = 0, the intercept on the axis of x. Patting 
X = 0, we find y = and 4, the intercepts on the axis of y. 

4. Solving for x, 

(2) x = ±2Vy2-4j^. 
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Hence all valaes of y between and 4 must be excluded, since for such a 
value ^> — 4y is negative (Theorem lU, p. 11). 
Solving for y, 

(3) y = 2 ± i Vxs + 16. 

Hence no value of x is excluded, since x^ + 16 is always positive. 

6. From (3), y increases as x increases, and the curve extends out 
indefinitely far from both axes. 

Plotting the locus, using (2), the curve is found to be as in the figure. 
The curve is an hyperbola. 



PROBLEMS 

1. Give a general discussion of each of the following equations and draw 
the locus. 

(a) ai» - 4y = 0. (n) 9ya - x« = 0. 

(b) y« - 4x + 3 = 0. (o) 9y2 + x» = 0. 

(c) x2 + 4y« - 16 = 0. (p) 2xy + 3x - 4 = 0. 

(d) 9x2 + y« - 18 = 0. (q) x» - xy + 8 = 0. 

(e) x« - 4ya - 16 = 0. (r) x^ + xy - 4 = 0. 

(f) aJ» - 4y2 + 16 = 0. (s) x« + 2xy - 8y = 0. 

(g) x« - 2^ + 4 = 0. (t) 2xy - y' -I- 4x = 0. 
(h) x« - y + X = 0. (u) 3x2 - y + X = 0. 

(i) xy - 4 = 0. (v) 4ya - 2x - y = 0. 

(j) 9y + x8 = 0. (w) x2 - y3 + 6x = 0. 

(k) 4x - y8 = 0. (x) xa + 4y2 + 8y = 0. 

(1) 6x - y* = 0. (y) 9x2 + y« + i8x - 6y = 0. 

(m) 5x - y + y* = 0. (z) 9x2 - ya + I8x + 6y = 0. 

2. Determine the general nature of the locus in each of the following 
equations by assuming particular values for the arbitrary constants, but not 
special values, that is, values which give the equation an added peculiarity.* 

(a) y2 = 2mx. (0 x2 - y2 = o2. 

(b) x2 - 2my = m2. (g) x2 + y2 = r*. 
a-a y2 (h) x2 + y2 = 2rx. 

<^>^+65-^- (i) x2 + y2 = 2ry. 

(d) 2xy = a2. fl) aJ« + y« = 2ax + 26y. 

aja ya (k) ay2 = x«. 

(«)ii-^ = ^' (1) a2y = x«. 

• For example, In (a) and (b) m= is a special value. In fact, in all these examples 
sero is a special value for any constant. 
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8. Draw the locus of the equation 

ya = (x — a) (x - 6) (x - c), 

(a) when a < 6 < c. (c) when a < 6, 6 = c 

(b) when a = 6 < c. (d) when a = 6 = c. 

The loci of the equations (a) to (f ) in problem 2 are all of the 
class known as conicsy or conic sections, — curves following straight 
lines and circles in the matter of their simplicity. 

A conic section is the locus of a point whose distances from a 
fixed point and a fixed line are in a constant ratio. 

4. Show that every conic is represented by an equation of the second 
degree in x and y. 

Hint. Take TT' to coincide with the fixed line, and draw XX' through the fixed point. 
Denote the fixed point by (p, 0) and the constant ratio by e. 

Ans. (l-e2)x« + y2-2i)x + 1)2 = 0. 

5. Discuss and plot the locus of the equation of problem 4, 

(a) when e = 1. The conic is now called a parabola (see p. 70). 

(b) when e < 1. The conic is now called an dlipse (see p. 69). 

(c) when e > 1. The conic is now called an hyperbola (see p. 71). 

6. Plot each of the following. 

(a)x3y-5 = 0. (e)y = — ^. (i)x= ^ 



(b) x3y-y + 2x = 0. (f)y = _i^. (j)x = ??^. 

" y — S 



5 


xa-3x 
4x3 


x2-4 
x-8 


x2-4 



v-i 



(c)a;y«-4x + a = 0. (g)y = |--f. (k)4x = -J^. 

(d)«.y-,+8=o. (^)y=i^- <')*=33^- 

37. Points of intersection. If two curves whose equations 
are given intersect, the coordinates of each point of intersection 
must satisfy both equations when substituted in them for the 
variables (Corollary, p. 53). In Algebra it is shown that all 
values satisfying two equations in two unknowns may be found 
by regarding these equations as simultaneous in the unknowns 
and solving. Hence the 

Rule to find the paints of intersection of two curves whose equa^ 
tions are given. 
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Firtt step. Consider the eqwUiona at simultaneous in the coordi- 
nates, and solve as in Algebra. 

Second step. Arrange the real golutioni in correspoTtdinij pairs. 
These ivill be the coordinates of all the points of intersection. 

Notice that only real aoiutions correspond to common points 
of the two curves, since coSrdinatea are always real numbets. 

Ex. 1. Find tbe polnu of iDt«raeclion of 

(1) * - 7 y + 26 = 0, 

(2) a" + i/« = 25. 
Solution. First step. Solving 

{l)fora;, 

(3) x = 7i/-26. 
SubslimiiDg in (2), 

{7v-26)« + y» = 26. 
Reducing, p*-7j + 12 = 0. 

.-. V = S and 4. 
Substituting in (3) [not in (2)], 

X = - 4 and + 3. 
Second step. Arranging, tbe points of btersecUon are (-4, 8) and 
(8,4). An,. 

In tbe figure the etn^ght line (1) is the locos of equation (1), and tbe 
circle the locna Of (2). 

Kz. 2. Find the points of iateraectlon of the loci of 

(4) 2a^ + 3i»^ = 86, 
{5> 8i»-4v = 0. 

Solution. Hist step. Solving (&) for z*. 

(«) *»=iy. 

Subatltnting in (4) and reducing, 
8ys 4-8^-106 = 0. 

.-. V = 3 and - V- 
Subetitnting in (6) and solving, 

jE = ± 2 and ± i V-106. 
Second step. Arranging the real values, we find tbe points of intersection 
are (+2, 3), <-2. 8). Ana. 

In tbe agure tbe ellipse (4) is the locus of (4), and the pmboU (6) tbe 
locus of (6). 
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PROBLEMS 

Find the points of intersection of tlie following locL 

^^' (li J)- 



8 



y = 8x + 21 
. y2 = 16x \ 

*• y-x=Or 

4-y + a = 0J 



S. 



3x 



6. 

7. 
8 



} 



} 



x2 + y2_4x + 6y-12 = 
2y = 3x4-8 

x^-y^ = 16 
x2 = 8y 

x« + y^ = 41 

• zy = 20 

x«+y2-6x-2y-15 = 1 

• 9x8 + 9y2 + 0x-6y-27 = 0j 



^tu. (6, 1). 

Ans. (0, 2), (- f, - i). 

Arts. (0, 0), (16, 16). 

Ana. (0, -a),(-l^, y) 

^n«- (A.!i)i(-8i -3). 

Ans. (±4V^, 4). 

Ans. (±5, ±4), (±4, ±5) 

Ans. (- 2, 1), (- f i, - Jj). 



10. 



x2 4- 2/* = 49 
y = 3x + 6 



I • For what values of h are the curves tangent ? 



Ans 



y^ = 2pz\ 
7^ = 2pyy 



18 



4x2 + y2 = 6 
• y2 = 8x 

X* = 4 av 



■( 



} 



-36±V490-62 5j_8V490-6a 



10 



10 



), 6 = ±7VlO 



18. 



y = 



8 a* 



► • 



x« 4- 2/2 = 1001 



14. ^ 9x 
y2=: — 

*^ 2 



► • 



16. 



16. 



} 



X* = 4 ay 

6%ca4-aV = a^\ 
xa4-y* = a* J 



Ans. (0, 0), (2p, 2p). 
^n*. (5, 2), (J, - 2). 

Ans. (2 a, a), (—2 a, a). 

-4tw. (8, 6), (8, - 6). 

^n8. (2a, a), (— 2a, a). 
^n«. (a, 0), (—a, 0). 



Ans. 


f 


Ana. 


I2cfi, 


Ana. 


24. 


Ana. 


ab 
2 
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17. The two loci — = 1 and — |- — = 4 intersect In four pointa. 

4 9 4 9 

Find the lengths of the sides and of the diagonals of the quadrilateral formed 
by these points. 

Ana. Points, (± VlO, ± } VS). Sides, 2 VTo, 3 VS. Diagonals, VS. 

Find the area of the triangles and polygons whose sides are the loci of the 
following equations. 

18. 3x + y + 4 = 0, 3x- 6y + 34 = 0, 3a;-2y + 1 = 0. Ana. 36. 

19. x + 2y = 5, 2x + y = 7, y = x + l. 

20. x + y = a, X — 2y = 4a, y — aj + 7a = 0. 

31. X = 0, y = 0, X = 4, y = - 6. 

32. X — y = 0, x + y = 0, X — y = a, x + y = 6. 

38. y = 3x-9, y = 3x + 6, 2y = x-6, 2y = x + 14. Ana. 66. 

24. Find the distance between the points of intersection of the curves 
^x-2y + 6 = 0, aj2 + y» = 9. Ana. H'^- 

25. Does the locus of y> = 4 x intersect the locus of 2x + 3y + 2 = 0? 

Ana. Yes. 

26. For what value of a will the three lines 3x + y — 2 = 0, ax + 2y — 3 = 0, 
2x — y — 3 = meet in a point ? Ana. a = b'. 

27. Find the length of the common chord of x^ + y^ = 13 and y* = 3 x + 3. 

Ana. 6. 

28. If the equations of the sides of a triangle are x + 7y + 11 = 0, 
3x + y — 7 = 0, X — 3y + l = 0, find the length of each of the medians. 

Ana. 2 V6, f V2, i VlTO. 

Show that the following loci intersect in two coincident points, that is, are 
tangent to each other. 

29. y«-10X"6y-31=0, 2y-10x = 47. 

80. 9x?-4y« + 64x-16y + 29 = 0, 16x-8y + ll = 0. 

38. Transcendental curves. The equations thus far consid* 
ered have been algebraic in x and y, since powers alone of the 
variables have appeared. We shall now see how to plot certain 
so-called transcendental curves, in which the variables appear 
otherwise than in powers. The Rule, p. 60, will be followed 
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Ex. 1. Draw the locus of 

(1) y = logiox 

Solution, Assuming values for x, y may be computed by a table of loga- 
rithms, or, remembering the definition of a logarithm, from (1) will follow 

(2) X = 10^. 

Hence yalues may also be assumed for y, and x computed by (2). This 

is done in the table. 
In plotting, 

unit length on XZ' is 2 divisions, 
unit length on YY' is 4 divisions. 

Oeneral discusHon. 1. The curve does not 
pass through the origin, since (0, 0) does not 
satisfy the equation. 

2. The curve is not symmetrical with 
spect to either axis or the origin. 
3. In (1), putting x = 0, 

y = log = — CO = intercept on YY\ 
In (2), putting y = 0, 

X = IQO = 1 = intercept on XX', 



X 


y 


X 


y 


1 





.1 


-1 


3.1 


i 


.01 


-2 


10 


1 


.001 


-3 


100 


2 


.0001 


-4 


etc. 


etc. 


etc. 


etc. 




4. From (2), since logarithms of negative numbers do not exist, oU nega- 
tive values of x are ezclwded. 

From (2) no value of y is excluded. 

6. From (2), as y increases x increases, and the locus extends out indefi- 
nitely from both axes. 

From (1), as 

X approaches zero, 

y approaches negative infinity ; 

so we see that the curve extends down indefinitely and approaches nearer 
and nearer to YY\ 
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Ex. 2. Dnw the lociu of 
(3) V = *ic»! 

if Ui« absciaBit x ia the ttrcalar measure of an angle (Chapter I, p. ID). 

Sobttlon. AssumiDg Talues for x and finding the correBponding number 
of degrees, we rosy compute y by the table of Natural Sines, p, 21. 
For example, if 

X = 1, since 1 radian = 6T°.29, 
V = ^n tT.29 = .843. [by (S)] 

It will be more convenient for plotting to cbooae for z sncb values tbat 
the correeponding number of degrees is a whole number. Hence x is 
eipresaed in t«nns of « in the table. 

For example, if 



- 


V 


' 


y 














n 


.50 




^.50 


* 


.86 




-.88 


2 


1.00 


2 


-1.00 


2* 
3 


.86 


2x 
3 


-.86 


6it 


.60 


6it 


-.60 







- * 






= Bin ^ = Bin 60° = 



-slul! 



1.^(4, p. 19) 

in60»(S,p.20) 



In plotting, three divisioDB being taken 
OS the unit of length, lay oB 

.^0=O.B = « = 3.1416, 
and divide AO and OB np into six equal 

The course of the curve beyond B is 
easily determined from the relation 
sin (2 ;r + z) = un X. 
Hence y = sini = s!n(2 jr + z), 
tbat is, the curve is Mnckangei if x 4- 2 at be nihstitjUed far x. This means, 
however, that every point is moved a distance 2 n to the right. Hence the arc 



APO may bo moved parallel to XX' until A falls on B, that Is, into the 
poeitioa BRC, and U vM alto be a part of the curve in Ut new potUion, 
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Also, tbe arc OQB m&y be displaced parallel to £X' until O falls upon C. In 
Ihia nay it is seen tbat the entire locus consists of an indefinite number of 
congruent arcs, alternately above and below XX'. 

General ditciuaion. 1. The curve passes through the origin, since (0, 0) 
satislieH tlie equation. 

2. Since8in(-a:) = -sin», changing signs in (3), 

or -y = sin{-x). 

Hence Ibe locus U imchangeil if {x, y) is replaced by {— a:, — y), and 
ttie curve is symm^rical toiUt retpeet to the origin {Theorem IV, p. 72). 

8. In (3), if « = 0, 

^ := sin = = intercept on the axis of y. 

Solving (3) for x, 
(4) a; = 8in-iy. 

In (4), if If = 0, 

— nx, n being any integer. 

Hence the curve cuts the axis of x an iudeOiiite number of times both on 
the right and left of 0, these puiiiis being at a distAnce of ir from one another. 
4. In (3), X may have any value, since any number is the circular meas- 
ure of an angle. 

In (4), V may have values from - 1 to + 1 inclusive, siuce tbe sine of an 
angle has values only from — 1 to + 1 inclusive. 

6. The curve extends 
out indefinitely along XX* 
ill both directions, but is 
contained entirely between 
the lines y = + l, y = — l. 
The loons is called the 
wavt cure, from its shape, 
or the •inuMld, from its 
equation (3). 

Ex. 3. Draw tbe locus 



no difflcnity in 

Id Terftjlng the 

idicBted b; a dip- 



Mdlng eiunples. 
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PROBLEMS 
Plot the loci of the following equations. 
1. y = coex. 5. y = tan-^ak 0. y = 8in2ak 

8. y = coix, ^' 1^ = 2*. 10. v = tan-* 

2 

8 v-aBcx ''• y = 21ogioa;. 

9. y^wBcx. ^ 11 y = 2co8«. 

4. y = sin-lac. 8. y = (l-»-x)^ 18. y = 8in« + coBX. 

39. Graphical representation in general. Auy equation con- 
taining two variables may be represented graphically by a curve 
called the graph of the equation by considering the variables as 
coordinates and plotting the locus in the usual way. This 
method of representing a given law is widely used in all branches 
of science. 

Ex. 1. Draw the graph of the Simple IrUerett Law, which shall represent 
the relation between amount and time for a given principal and rate per cent. 
The law is proven in Algebra to be 

(1) ^ = P(l+m), 

where A = amount, P = principal, r = rate, n = number of years. 

■ 

Solvtion. For convenience, take P = one dollar.* Let 

One division on OX = 1 year, 
One division on OY = 1 dollar, 

abecissaa = values of n, 

ordlnates = values of A. 

(0.1) 

Then the required graph is the locus of 

(2) y = nc + 1. 




(ifi) (n,o)X 



The locus of (2) is a straight line passing through (0, 1) and having a 
slope equal to r (Theorem I, p. 58). 

This graph may be used to solve interest problems. For if the number of 
/ears n is given, we merely have to measure off the corresponding ordinate 
A of the straight line, and this will give the amount of one dollar at the given 
rate for n years. 

• Any other case Ii obtained by multiplying all the ordinate! In the ligttre by P. 
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Ex. 2. In Physics it is shown that the volume (o), pressure (p), and absolute 
temperature (t) of a given mass of a perfect gas are connected by the law 

(3)' pt = kt, 

k being a constant dependent upon the particular gas. 
Draw the graph if the temi>erature is assumed constant. 

Soluium. Assume 

one division on OX = unit of pressure, 
one division on OY = unit of volume, 
abscissas = pressures, 
ordinates = volumes. 

Then the required graph is the locus of 
(4) xy = constant. 

The curve is one branch* of an hyperbola extending to the right and 
upward indefinitely, approaching in each case the corresponding axis. Such 
curves are called isothermals (equal temperatures), and the figure is called 
the Pressure- Volume Diagram. 

PROBLEMS 

X . Draw the graph of the Simple Interest Law if the variables are 

(a) n and P. (c) A and P. (e) P and r. 

(b) n and r. (d) A and r. 

2. Draw the graph of the law of Ex. 2 if the variables are 

(a) p and t. (b) t and t. 

3. The amount (A) of any principal (P) at compound interest (r%) for n 
years is given by the Compound Interest Law 

A = P{l-\-r)\ 

Draw the graph of this law if the variables are 

(a) A and P. (c) A and n. (e) P and n. 

(b) A and r. (d) P and r. (f) r and n. 

Bint. Take the logarithm of both sides when convenient for computation. 

* Since negative volumes have no physical meaning, in many cases only a portion of 
the entire locus can be made use of in the rupresentatiou. 



CHAPTER IV 

THE STRAIGHT LINE AND THE GENERAL EQUATION OF 

THE FIRST DEGREE 

40. The idea of coordinates and the intimate relation connect- 
iiig a curve and an equation^ which results from the introduction 
of coordinates into the study of Geometry, have been considered 
in the preceding chapters. Analytic Geometry has to do largely 
with a more detailed study of particular curves and equations. 
In this chapter we shall consider in detail the straight line and 
the general equation of the first degree in the variables x and y 
representing coordinates. 

41. The degree of the equation of a straight line. It was 
shown in Chapter III (Theorem I, p. 58) that 

(1) y = mx + b 

is the equation of the straight line whose slope is m and whose 
intercept on the F-axis is ^; m and b may have any values, 
positive, negative, or zero (p. 34). But if a line is parallel to 
the y-axis, its equation may not be put in the form (1); for, 
in the first place, the line has no intercept on the F-axis, and, 
in the second place, its slope is infinite and hence cannot be 
substituted for m in (1). The equation of a line parallel to the 
F-axis is, however, of the form 

(2) X = constant. 

The equation of any line may be put either in the form (1) or 
(2). As these equations are both of the first degree in x and y 
we have 

Theorem I. The eqiuition of any straight line is of the first degree 
in the coordinates x and y. 

86 
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42. The general equation of the first degree^ AK+By+€=0. 

The equation 

(1) Ax-^By + C = 0, 

where A, B, and C are arbitrary constants (p. 1), is called the 
general equation of the first degree in x and y because every equar 
tion of the first d^ree may be reduced to that form. 
Equation (1) represents all straight lines. 

For tho equation y = mx + 6 may be written mo; — y + b~0, which is of the 
form (1) it A = nif B = — 1, C = b; and the equation z = constant may be written 
X — constant = 0, which is of the form (1) if ^ = 1, B = 0, C= — constant. 

Theorem II. (Converse of Theorem I.) The locus of the general 
equcUion of the first degree 

Ax + Bg + C^O 
is a straight line. 

Froof Solving (1) for y, we obtain 

^ <^ 

(2) y=-5^-F 

This equation has the same locus as (1) (Theorem III, p. 59). 

By Theorem I, p. 58, the locus of (2) is the straight line whose 

A C 

slope is m = — — and whose intercept on the y-axis is 6 = — — • 

B B 

If, however, 5 = 0, it is impossible to write (1) in the form 
(2). But if 5 = 0, (1) becomes 

Ax'\-C = 0, 

C 

or aj = — - • 

A 

The locus of this equation is a straight line parallel to the 
F-axis (1, p. 57). Hence in all cases the locus of (1) is a straight 
line. Q.B.D. 

Corollary I. T?ie slope of the line 

i4a; -h 5y 4- C = 

A 
is m = — — ; that is, the coefficient of x with its sign changed 

B 

divided hy the coefficient of y. 
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Corollary IL The lines 

Ax-\-By-{'C — 
cmd il'aj-h^V + C" = 

are paraMel when and only when the coefficients of x and y are 
proportional; that is, 

— = - 

For two lines are parallel when and only when their slopes are eqoal (Theorem 
YI, p. 36) ; that is, when and only when 

B" B'' 
Changing the signs and applying alternation, we ohtain 

A'~ B'' 

Corollary UL The lines 

Ax-{- By -\-C z=0 
and A'x -^ B'y -\- C^ = 

are perpendicular when and only when 

AA' ^BB' = 0. 

For two lines are perpendicular w^hen and only when the slope of one is the 
negative reciprocal of the slope of the second (Theorem VI, p. 36) ; that is, 

A _B' 
^B-A'* 
or A A' 4- BB' = 0. 

Corollary IV. The intercepts of the line 

Ax-\-By-^C = 

on the X' and Y-a^es are respectively 

C C 

a = 7 and h =^ — — • 

A B 

For the intercept on the X-axis is found (p. 73) hy setting y = and solving 
for X, and the intercept on the Y-axis has been found in the above proof. ' 

Corollaries I and I V are given chietiy for purposes of reference. In a numerical 
example the intercepts are found most simply by applying the general rule already 
given (p. 73) ; and the slope is found by reducing the equation to the form 

y = ma; + 6, 

when the coefficient of x will be the slope. 
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Theorems I and II may be stated together as follows : 

The locus of an equation U a straight line when and only when 
the eqtuUion is of the first degree in z and y. 

Theorem II asserts that the locus of every equation of the first 
degree is a straight line. Then, to plot the locus of an equation 
of tJie first degree it is merely necessary to plot two points on the 
locus and draw the straight line passing through them. The two 
simplest points to plot are those at which the line crosses the 
axes. But if those points are very near the origin it is better to 
use but one of them and some other point not near the origin 
whose coordinates are found by the Rule on p. 60. 

Theorem III. When two equations of the first degree^ 

(3) ^x + 5y + C = 
and 

(4) il'a + ^V + C" = 0, 

have the same locusj then the corresponding coefficients are propor^ 
tional; that is, 

Proof The lines whose equations are (3) and (4) are by 
hypothesis identical and hence they have the same slope and the 
same intercept on the y-axis. Since they have the same slope, 

B^^' (Corollary I, p. 86) 



and since they have the same intercept on the F-axis, 

B^ B' 
by alternation we obtain 



- = — > (Corollary IV, p. 87) 



A B . C B 
7^ = 5"' ^^^^ = 5'' 

, , ABC 

and hence J' "= b' =" c'' ^^-^ 
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1. Find the yalues of a and h for which the equation* 

2ax + 2y-5 = 
and 4z-3y + 76 = 

wili represent the same straight line. 

Solution. These two equations will represent the same straight line il 
(Theoremni) 2a__2__-^. 

and hence the required valaes are obtained by solving 

2a 2 J 2 -6 

— = and = 

4 _3 -3 76 

for a and 6. This gives 

a = -},6 = }}. 

43. Geometric interpretation of the solution of two equations 
of the first degree. If we solye the equations 

(1) . ^x + %-hC = 
and 

(2) A'x -^ B'y -h C = 0, 

we obtain the coordinates of the points of intersection of the 
lines whose equations are (1) and (2) (Rule, p. 76). But if 
these lines are parallel they do not intersect, and if they are 
identical they intersect in all of their points. The relation 
between the position of the lines whose equations are (1) and 
(2) and the number of solutions of the simultaneotis equations 
(1) and (2) may be indicated as follows: 

_ .. ^ _. Number of solutions 

Position of lines - * , . 

•^ of equations 

Intersecting lines. One solution. 

Parallel lines. No solution. 

Coincident lines. An infinite number. 

It is sometimes as convenient to be able to determine the 
number of solutions of two equations of the first degree without 
solying them as it is to be able to determine the nature of the 
roots of a quadratic equation without solving it. The following 
theorem enables us to do this. 
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Theorem T7, Two equations of the first degrte^ 

^x + ^y + C = 

ani i4'x + 5V + ^' = <>> 

Aone^ tn gemralf one solution for x and y; but if 

A' " B'' 
there is no solution unless 

when there is an infinite number of solutions. 

The proof follows at onoe from Corollary n, p. 87, and Theorem HL 

PROBLEMS 

1 . Find the intercepts of the following lines and plot the lines. 

(a) 2x + 3y = 6. Ans. 3, 2. 

(b) ? + ^ = 1. Ans. 2, 4. 

(c) f - ^ = 1. Ans. 3,-6. 
o o 

<^)l + ^ = ^- ^n«. 4, -3. 

2. Plot the following lines. 

(a) 2«-3y+5 = 0. (c)| + | = l. 

(b) y-6-4x = 0. (d)|-| = l. 

S. Find, the equations, and reduce them to the general form, of the lines 
for which 

(a) m = 2, 6 = - 8. Ans. 2x-y-3 = 0. 

(b) m = - J, 6 = f . Ans. x + 2y-3 = 0. 

(c) m = J, 6 = - J. Ans. 4x - lOy - 26 = 0. 

(d) a = - , 6 = — 2. -4ns. x — y — 2 = 0. 

4 

3 x 

(e) a = -— t 6 = 3. .4?i8. x + y — 3 = 0. 

4 

Hint. Sabstitate \ny^mx + b. 
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4. Find the number of solutions of the following pairs of equations and 
plot the loci of the equations. 

6y + 9 = 0. 



^ ' \6x + 2y = 4. 

... /4x-6y + 20 = 0. 

^ ' ll2«-16y + 6 = 0. 



Aja. No solution. 
An$, One. 

Ans, An infinite number. 
Ans. No solution. 



(a) 



Am. XilIXt; Lt±L4. 



(b) 



(c) 



5. Plot the lines 2x — 3y + 6 = and x — y = 0. Also plot the locus of 
(2x - 3y + 6) + ik(x - y) = for A; = 0, ± 1, ± 2. 

6. Select pairs of parallel and perpendicular lines from the following. 

'2;i:y = 2x-3. 
Xa:y =-3x + 2. 
Xs:y = 2x + 7. 

lX4:y=Jx + 4. 

'Xi:x + 3y = 0. 

* Xs : 8x -f y + 1 = 0. Ana. Li ± Xs. 

,£8:9x-3y + 2 = 0. 

'Xi:2x-6y = 8. 

Xs:6y + 2x = 8. Ans. Xgi-Xs. 

LI/B:86x-14y = 8. 

7. Show that the quadrilateral whose sides are 2x — 3y + 4 = 0, 
3x — y — 2 = 0, 4x — 6y — 9 = 0, and 6x — 2y + 4 = 0isa parallelogram. 

8. Find the equation of the line whose slope is -> 2 which passes through 
the point of intersection of y = 3 x + 4 and y = — x + 4. 

Ans. 2x + y-4 = 0. 

9. What is the locus of y = mx + & if 6 is constant and m arbitrary ? if 
m is constant and b arbitrary ? 

10. Write an equation which will represent all lines parallel to the Ifne 

(a) y = 2x + 7. (c) y - 3x - 4 = 0. 

(b) y = - X + 9. (d) 2 y - 4x + 3 = 0. 

11. Write an equation which will represent all lines having the same 
intercept on the F-azis as (a), (b), (c), and (d) in problem 10. 

18. Find the equation of the line parallel to2x-3y = whose intercept 
on the F-azis is - 2. Ans. 2x - 3y - 6 = 0. 

18. What is the locus of Ax + By-\-C = OiiB and C are constant and 
A arbitrary ? if A and B are consUiut and C arbitrary ? 
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44. Straight lines determined by two conditions. In Ele- 
mentary Geometry we have many illustrations of the determina- 
tion of a straight line by two conditions. Thus two points 
determine a line, and through a given point one line, and only 
one, can be drawn parallel to a given line. Sometimes, however, 
there will be two or more lines satisfying the two conditions; 
thus through a given point outside of a circle we can draw two 
lines tangent to the circle, and four lines may be drawn tangent 
to two circles if they do not intersect 

Analytically such facts present themselves as follows. The 
equation of any straight line is of the form (Theorem II, p. 86) 

(1) .^aj-f 5yH-C = 0, 

and the line is completely determined if the values of two of the 
coefficients Aj By and C are known in terms of the third. 

For example, H A = 2B and C=—SB, eqaation (1) beoomoB 

2Bx + By — 3B = 0, 
or 2a; + y— 3 = 0. 

Any geometrical condition which the line must satisfy gives 
rise to an equation between one or more of the coefficients 
A, B, and C. 

Thus If the line is to pass through the origin, we must have C= (Theorem Vl, 

p. 73) ; or if the slope is to be 3, then — -- = 3 (Corollary I, p. 86). 

B 

Two conditions which the line must satisfy will then give rise 
to two equations in A, By and C from which the values of two of 
the coefficients may be determined in terms of the third| and the 
line is then determined. 

. If these equations are of the first degree, there will be only one 
line fulfilling the given conditions, for two equations of the first 
degree have, in general, only one solution (Theorem IV, p. 90). 
If one equation is a quadratic and the other of the first degree, 
then there will be two lines fulfilling the conditions, provided 
that the solutions of the equations are real. And, in general, 
the number of lines fulfilling the two given conditions will 
depend on the degrees of the equations in the Ay By and C to 
which they give rise. 
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Rnle to determine the eqwition of a straiff/U line which tatitfiea 
two eonditiona. 

Fint ttep. Ataume that the equation of the line ie 
Ax + B!/+C = 0. 

Second step. Find two equations between A, B, and C each of 
which expresses algeiiraicaUif the fact that the line aatisjies one 
of the given conditions. 

Third step. Solve these equations for turn of the coefficients A, 
B, and C in terms of the third. 

Fourth step. Substitute the results of the third step in the equa- 
lion in the first step and divide out the remaining coefficient. The 
result is the required equation. 

Ei. 1. Find the equation of the line throogh the two points Pi <6, — 1> 
andP,(2, -2). 

Solution. First step. Let the required equation be 

(1) Ax + By + C = 0. 

Second step. Since Pi lies on the locus 
of (1) (Corollary, p. 53), 

(2) bA~B+C = Oi 
and since Pi lies on the line, 

(3) 2X-2B + C = 0. 

Third step. Solving (2) and (8) for A and B in tertua of C, we obtain 

A=-iC, B = iC. 
Fonrth step. Snbatitattng in (I), 

- i Ca: + I Cy + C = 0. 
Dlrlding by C and simplifying, the required eqoation ia 

x~3y-6 = (i. 
Bx. 2. Find the equation of the line passing throogh Pi (3, — 2) whooe 
slope is — J. 

SolutioR. Flnt step. Let the re- 
qojred equation be 

(4) Ax + By + C^O. 
Second step. Since Pi lies on (4), 

(6) SA-2B+C^(I; 

and dnce the aiope Ib — i, 
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Third step. Solving (5) and (6) for A and C in terms of B, we obtain 

A = \B, C=\B, 

fourth step. Substituting in (4), 

\Bx + By ^\BzzO, 
or a!-f4yH-6 = 0. 

PROBLEMS 

1. Find the equation of the line satisfying the following conditions and 
plot the lines. 

(a) Passing through (0, 0) and (8, 2). Am. x — 4 y = 0. 

(b) Passing through (- 1, 1) and (- 3, 1). A-txs. ^-1 = 0. 

(c) Passing through (~ 3, 1) and slope = 2. Arts, 2x — 2^ + 7 = 0. 

(d) Having the intercepts a = 3 and 6 = — 2. Arts. 2x — 32^ — = 0. 

(e) Slope = — 3, intercept on X-azis = 4. Ans. 3x + 3/ — 12 = 0. 

(f ) Intercepts a = — 3 and 6 = — 4. Am, 4x + 3y + 12 = 0. 

(g) Passing through (2, 3) and (- 2, - 3). Ans, 3x - 2 j^ = 0. 
(h) Passing through (3, 4) and (— 4, — 3). Am, x - ^ + 1 = 0. 

(i) Passing through (2, 3) and slope = — 2. Ans. 2x + 2/ — 7 = 0. 

X 1/ 

(j) Having the intercepts 2 and — 6. Am, — - = 1. 

2. Find the equation of the line passing through the origin parallel to the 
line2x-3y = 4. Am. 2x-3y = 0. 

8. Find the equation of the line passing through the origin perpendicular 
to the line 5x + y — 2 = 0. -4ns. x — 5y = 0. 

4. Find the equation of the line passing through the point (3, 2) parallel 
to the line 4x--y — 3 = 0. Ans, 4 x — y — 10 = 0. 

5. Find the equation of the line passing through the point (3, 0) peri>en- 
dicular to the line 2x + y — 6 = 0. Ans. x — 2y — 3 = 0. 

6. Find the equation of the line whose intercept on the F-axis is 6 which 
passes through the point (6, 3). Ans. x + 3y — 16 = 0. 

7. Find the equation of the line whose intercept on the X-axis is 3 which 
is parallel to the line x — 4y + 2 = 0. Ans. x — 4y — 3 = 0. 

8. Find the equation of the line passing through the origin and through 
the intersection of the lines x — 2^ + 3 = and x + 2y — 9 = 0. 

Am. X — y = 0. 

9. Find the equation of the straight line whose slope is m which passes 
through the point Pi (Xi, yi). -4 ns. y — yi = m (x — Xi). 
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10. Find the equation of the straight line whose intercepts are a and 6. 

An8. - + ? = !. 

11. Find the equation of the straight line iwssing through the points 

Pi(xu Vi) and Ps(x«, ya). 

Ans. {vt - yi)x - (a^ - «i)y + awi - «iy2 = 0. 

18. Show that the result of the last problem may be put in the form 

x-xi y-yi 

Hint. Add and subtract x^pi^ factor, transpoBe, and ezprcM as a proportion. 

45. The equation of the straight line in terms of its slope 
and the coordinates of any point on the line. In this section 
and in those immediately following, the Kule in the preceding 
section is applied to the determination of general forms of the 
equations of straight lines satisfying pairs of conditions which 
occur frequently. These general forms will then enable us to 
write the equations of certain straight lines with the same ease 
that the equation y = mx -f b enables us to write the equation 
of the straight line whose slope and intercept on the F-axis are 
given. 

Theorem V. Pointrslope form. The eqttation of the straight line 
which passes through the point Pj (arj, yi) and has the slope m is 

(V) y-yi = m(»-a?i). 

Proof. First step. Let the equation of the given line be 

(1) Ax + Bg-{-C = 0. 

Second step. Then, by hypothesis, 

(2) ilXi + J5yi4-C = 
and 

(3) -| = ^- 

Third step. Solving (2) and (3) for A and C in terms of B, 
we obtain * 

^ = ~ mB and C = B(mxi — yi). 
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Fourth step. Substituting in (1), we have 

— mBx 4- By -f- B{mxx — yi)=s 0. 

Dividing by B and transposing, 

If Pi lies on the F-axis, Xi = and yi = b, so that this equa- 
tion becomes y = mx + b, 

46. The equation of the straight line in terms of its intercepts. 

We pass now to the consideration of a line determined by two 
points, and we consider first the case in which the two points lie 
on the axes. This section does not, therefore, apply to lines par- 
aUel to one of the axes or to lines passing through the origin, as i^ 
the latter case the two points coincide and hence do not deter- 
mine a line. 

Theorem VI. Intercept form. . If a and b are the intercepts of a line 
on the X' and Y-a^es respectively, then the equation of the line is 

(VD f + | = .. 

Proof First step. Let the equation of the given line be 

(1) Ax-\'By + C=:0. 

Second step. By definition of the intercepts (p. 73), the points 
(a, 0) and (0, b) lie on the line; hence 

(2) Aa + C = 0, 

(3) B6 + C = 0. 

Third step. Solving (2) and (3) for A and B in terms of C 

we obtain 

i4 = C and B=^—-rC. 

a b 

Fourth step. Substituting in (1), we have 

- - Cx - 7 Cy + C = 0. 
a b 



Dividing by C and transposing, 

-+! 

a 



+ .—•»• Q.B.IX 
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Bz. 1. Write the equation of the locoa of 2ii:-eK + 3 = 1n teima of 
Ita Intercepti uid plot the line. 

Soivtiori. Tnuupofling the constant tenn, we have 

2x-6y^-a. 
DividiDg by - S, 

lUa equaUon la of the form (YI). Hence 
a = -\ and b=:i. 
Plotting the points <— |, 0) and (0, j) &nd joining them bj astnight line, 
we have the required line. 

47. The equatioD of the straight line passing through two 
given points. 

Theomn TIL Two-point form. The equation of the straight line 
paaainff through Pi (a:,, y,) ami Pj(a;„ y,) it 

(VII) ilzii^ = Z:U^. 

Proof. Let the equatioa of the line be 

(1) Ax + B!, + C = 0. 
Then, by hypothesis, 

(2) Jx, + By, + C = 
and 

(3) ^3^ + By, + C = 0. 

To follow the Rule, p. 93, we must solve (2) and (3) for A 
and B in terms of C, substitute iu (1), and divide by C ; that pro- 
cedure amounts to eliminatinff A, B, and C from (1), (2), and (3), 
and that elimination may be more conveniently performed as 
follows : 

Subtract (2) from (1) ; this giTCS 

A{x~x,) + S(y-y,) = <>, 

01 

(4) A(x-x,)=-B{y-y,). 
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Similarly, subtracting (2) from (3), we obtain 
(6) A (xj --x{) = -B (y, - yi)- 

Dividing (4) by (6), we find 

= • Q.E.D. 

«8 - «1 Vi- Vl 

Corollary. The condition that three points, P^ (xi, j/i), P^ (x^, y^), 
and Ps (Xa, y^ should lie on a line is thai 

a^s-a^i ys — yi 

^% — ^i y^ — y\ 

For this is the condition that Ps should lie on the line (VII) passing through 
Pt and Pi (Corollary, p. 53). 

The method of proving the corollary should be remembered 
rather than the corollary itself, as then the condition may be 
immediately written down from (VII). 

PROBLEMS 

1. Find, by substitution in the proper formulas, the equations of the lines 
satisfying the conditions in problem 1, p. 94. 

8. Find the equations of the lines fulfilling the following conditions and 
plot the lines. 

(a) Passing through the origin, slope = 3. Atms, 3xc — y = 0. 

(b) Passing through (8, - 2) and (0, - 1). Aim. x + 82^ + 3 = 0. 

(c) Having the intercepts 4 and --3. ^ns. 3x — 42^ — 12 = 0. 

(d) F-intercept = 6 and slope = 3. Aim. dx — ^ + 6 = 0. 

(e) Passing through (1, — 2) and (3, — 4). -4n«. z + y + 1 = 0. 

(f ) Having the intercepts — 1 and - 3. Aim. 3x + y + 8 = 0. 

(g) Passing through (- J, |) and slope = - f . Am. 4x + 6y-7 = 0. 
(h) Passing through (0, 0) and slope = w. Am, y = mx. 

8. Find the equations of the sides of. the triangle whose vertices are 
(-3, 2), (3, - 2), and (0, - 1). 

Am. 2x + 3y = 0, x + 3y + 3 = 0, andx + y + 1 = 0. 

4. Find the equations of the medians of the triangle in problem 8 and 
show that they meet in a point. 

Am. x = 0, 7x + 9y + 8 = 0, and6x + 0y + 3 = 0. 

Hint. To show that three lines meet in a point, find the point of inteneotlon of two 
of them and prove that it lies on the third. 
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6. Show that the medians of any triangle meet in a point 

Mm, Taking one rertez for origin and one side for the X-axis, the vertlcee may then 
be eaUed (0, 0), (a, 0), and (6, e). 

6. Determine whether or not the following sets of poinU lie on a straight 
line. 

(a) (0, 0), (1, 1), (7. 7). Ans, Yes. 

(b) (2, 3,), (- 4. - 6), (8, 12). Ans. Yes, 

(c) (3, 4), (1, 2). (6, 1). Ans. No. 

(d) (3. - 1), (- 6. 2), (- J, 1). Ans, No. 

(e) (5, 6), (t, 1), (- 1, - 1). Ans. Yes. 

(f) (7, 6), (2, 1), (6, - 2). Ans. No. 

7. Redace the following eqoations to the form (VI) and plot their loci. 

(a) 2x + 3y-6 = 0. (d) 3x + 4y + l = 0. 

(b) x--3y + 6 = 0. (e) 2x-4y~7 = 0. 

(c) 3x-4y-f 9 = 0. (f) 7x-6y-3 = a 

8. Find the equations of the lines joining the middle points of the sides 
of the triangle in problem 3 and show that they are parallel to the sides. 

Ana, 4x + 6y + 3 = 0, X + 3y = 0, and x + y = 0. 

9. Find the equation of the line passing through the origin and through 
the intersection of the lines x + 2 y = 1 and 2x — 4y — 3 = 0. 

Ans. x + 10y = 0. 

10. Show that the diagonals of a square are perpendicular. 
EbU. Take two sides for the axes and let the length of a side be a. 

11. Show that the line joining the middle points of two sides of a trian^e 
is parallel to the third. 

Hint. Choose the axes so that the yertioes are (0, 0), (a, 0), and (b, c). 

19. Find the equation of the line passing through the point (3, — 4) which 
has the same slope as the line 2 X — y = 3. Ans. 2x — y — 10 = 0. 

18. Find the equation of the line passing through the point (— 1, 4) which 
is parallel to the line 3x + y + 1 = 0. Ans. 3x + y~l = 0. 

14. Two sides of a parallelogram are2x + 3y — 7 = and x — 3y + 4 = 0. 
Find the other two sides if one vertex is the point (3, 2). 

Ans. 2x + 3y-12 = 0andx-3y + 3 = 0. 

16. Find the equation of the line passing through the point (— 2, 8) 
which is perpendicular to the line x + 2y = 1. Ans. 2x — y + 7 = 0. 
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■ 

16. Show that the three lines x — 2^ = 0, a; + 2y — 8 = 0, and » + 2 y 
— 8 + A;(x — 2^) = meet in a point no matter what value k has. 

17. Derive (V) and (711) by the Role on p. 68, using Theorem V, p. 35. 

18. Derive (VI) and (VII) by the Rule on p. 53, using the theorem that 
the corresponding sides of similar triangles are proportional. 

IB. Derive y = mx + h and (V) by the Rule on p. 53, using the definition 
of the tangent of an acute angle in a right triangle. 

50. Derive the equation of the straight line in terms of the perpendicular 

distance p from the origin to the line and the angle w which 

that perpendicular makes with the positive direction of 

the X-axis. 

Hint. Find the intercept! In terms of p and *> by Bolvlng the 
right triangles in the figure and substitute in (VI). 

X Ans, z cos ctf + y8inw--p = 0. 

51. What is the locus of (V) if xi and yi are constant and m arbitrary ? 

SS. What is the locus of (VI) if a is constant and b arbitrary ? if & is con- 
stant and a arbitrary ? 

S8. Write an equation which represents all lines passing through (2, — 1). 

84. Write an equation representing all lines whose intercept on the X-azis 
is 3. 

S5. Write in two different forms the equation of all lines whose intercept 
on the Y-azis is — 2. 

S8. Write an equation representing all lines whose slope is — |. 

57. If the axes are oblique and make an angle of w, then the equation of a 
straight line in terms of its inclination a and intercept on the Y-azis b is 

sin a . . 

V = -7—7 r X + 6. 

sm (« — a) 

58. If the angle between the axes is w, the equation of the line passing 
through Pi (xi, vi) whose inclination is a is 

sin a , . 

y — yi = -7—7 ^ (x — Xi). 

sin (w — cr) ^ ' 

89. Show that equations (VI) and (VII) hold for oblique coordinates. 
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48. The normal form of the equation of the straight line. 

In the preceding sections the lines considered were determined 
by two points or by a point and a direction. Both of these 
methods of determining a line are frequently used in Elementary 
Geometry, but we have now to consider a line as determined by 
two conditions which belong essentially to Analytic Geometry. 



ox 





Let ABhe any line, and let ON be drawn from the origin perpen- 
dicular to ^5 at C. Let the positive direction on ON be from 
toward N, — that is, fivm the origin toward the line, — and denote 
the positive directed length OC by p and the positive angle 
XON, measured, as in Trigonometry (p. 18), from OX as initial 
line to ON as terminal line, by <o.* Then it is evident from the 
figures that the position of any line is determined hy a pair of 
values of p and w, both p and co being positive and w < 2 tt. 

On the other hand, every line determines a single positive 
value of p and a single positive value of w which is less than 





27r, unless ^ = 0. When ^ = 0, however, AB passes through 
the origin, and the rule given above for the positive direction 
on ON becomes meaningless. From the figures we see that we 
can choose for o> either of the angles XON or XON\ When 
pz=0 we shall always suppose that o> < tt and that the positive 
direction on ON is the upward direction. 



* » is not the angle between the directed lines OX and OK^ as defined on p. 28. 
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Tfaeoiem YIIL The normal form* of the eqtuUum of the straight 
line is 

(YIII) a; cos tt + y sin tt — p = O, 

where p is the perpendicular distance or normal from fhe origin to 
the line and o> is the positive angle which thM perpendictUar makes 
with the positive direction OX of the X-axis regarded as initial 
line. 
Proof. Let P(a5, y) be any point on the given line AB, 

Then since ^4^ is perpendicular to 
ON, the projection of OP on ON is 
equal to p (definition, p. 29). By 
the second theorem of projection 
(p. 48), the projection of OP on ON 
^ is equal to the sum of the projections 
Q ^ of OD and DP on ON. Then the con- 
dition that P lies on AB is 

(1) proj. of OD on ON + proj. of DP on ON:r:p. 
By the first theorem of projection (p. 30) we have 

(2) proj. of OD on ON = OD cos « = ac cos o>, 

(3) proj. of DP on ON = DP coa I ■^ — cD| = ysino>. 

For the angle between the directed lines DP and OJV equals that between 

OrandOiV=--w. 
2 

Substituting from (2) and (3) in (1), we obtain 

X cos 0) + y sin <a —p = 0. q.e.d. 

To reduce a given equation 

(4) Ax-\-Bg-\-C = 

to the normal form, we must determine oi and p so that the locus 
of (4) is identical with the locus of 

(5) x cos « -h y sin cd — jt> = 0. 

* The designation of this equation is made clear by the definition of the normal tn 
Chapter IX. 
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Then we must have corresponding coefficients proportional 
(Theorem III, p. 88). 

cos <tf __ sin w __ — jt> 

Denote the common value of these ratios by r \ then 

(6) cos io = rAy 

(7) sin 0) = rB, and 

(8) -P = rC. 

To find Vy square (6) and (7) and add ; this gives 

sin^ 0) -f cos* <o = r* (il * -f J5»), 
But sin* CD -h cos* <d = 1 ; 

and hence 7^(A^ -f B^) = 1, or 

(9) r = . ^ 

Equation (8) shows which sign of the radical to use ; for since 
p is positive, r and C must have opposite signs, unless C = 0. If 
C = 0, then, from (8), p = 0, and hence cu < tt (p. 101) ; then sin a> 
is positive, and from (7) r and B must have the same signs. 

Substituting the value of r from (9) in (6), (7), and (8) gives 

A . B C 

cos «> = " . '9 Sm Q> = . zy p = 



iVlMTs* ±VI*T^ ±VIM^ 

Hence (5) becomes 
(10) / g-f ,^ y + , ^ = 0, 

^ ^ iVlM^B* ±VIm^ ivCi^T^ 

which is the normal form of (4). The result of the discussion 
may be stated in the following 

Rule to rediice Ax -i- By •}- C = to the normal form, , 

First step. Find the numerical value of ^A * 4- J5*. 

Second step. Give the result of the first step the sign opposite to 
that of Cj oTyifC — 0, the same sign as that of B, 

Third step. Divide the given equation by the result of the second 
step. 27ie result is the required equation. 
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The advantages of the normal form of the equation of the 
straight line over the other forms are twofold. In the first 
place, every line may have its equation in the normal form; 
whether it is parallel to one of the axes or passes through the 
origin is immaterial. In the second place, as will be seen in the 
following section, it enables us to find immediately the distance 
from a line to a point. 

PROBLEMS 

* 

1. In what quadrant will ON (Fig., p. 101) lie if sin w and cos m are both 
poflitiye? both negative? if sin w is positive and co8» negative? if sin « 
is negative and cos w positive ? 

2. Find the equations and plot the lines for which 

(a) w = 0, p = 6. Am. « = 6. 

(1>) « = Y » P = 8. Ara, y + 3 = 0. 

(c)« = -, p = 8. Am. \^« + V2y-6 = 0. 

(d) « = — - , p = 2. Am. X - VSy + 4 = 0. 



3 
4 



7 It 

(e) « = -^, p = 4. Ans. V2 x - v^y -8 = 0. 



3. Reduce the following equations to the normal form and find p and m. 

(a) 3x + 4y - 2 = 0. Ans. p = J, « = cos-^ { = sin-^ f. 

(b) 3x - 4y - 2 = 0. Ans. p = f , « = cog-* f = 8in-i(- |). 

(c) 12x-5y = 0. Ans. p = 0, «a = co8-»(- J|) = 8in-iA. 

(d) 2x + 5y + 7=0. 

Ans. p = =, « = cos-> ('—?—') = Bin-i(' — L-V 

+ V29 ^-V^/ N-V29^ 

(e) 4aj - 3y + 1 = 0. Ans. p = J, «a = co8-^i(- f) = sin-U. 
(f)4x-5y + 6 = 0. 6 4 fi 

Ans. p = -=,ta = co8r^( — ?_'\ = 8in-ir — - — V 

4. Find the perpendicular distance from the origin to each of the follow- 
ing lines. 

(a) 12x + 5y - 26 = 0. Ans. 2. 

(b) x + y + l=0. ^^ ,V2. 
(o)3x-2y-l = 0. Ans. ^VH 
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5. Derive (Vm) when (a) ^<« or; (b)jr<«<^; (c)^<«<2jr; 

ir * 2 2 

(d) p = OandO<«<--. 



6. For what values of p and w will the locna of (Viii) be parallel to the 
X-«xi8? the F-axis? pass through the origin ? 

7. Find the equations of the lines whose slopes equal — 2, which are at a 
distance of 6 from the origin. 

Am. 2V5X +V5y -26 = and 2V6« + V6y + 26 = 0. 

8. Find the lines whose distance from the origin is 10, which pass through 
the point (6, 10). Ans. y = 10 and 4 x + 3 y = 60. 

9. What is the locus of (VIII) if p is constant and ta arbitrary ? if w is 
constant and p arbitrary ? 

10. Write an equation representing all lines whose distance from the 
origin is 6. 

49. The distance from a line to a point. The positive direction 
on the normal ON drawn through the origin perpendicular to ^^ 
(Fig. 1) IS from OtoAB (p. 101) ; and when AB passes through 
(Fig. 2) the positive direction on ON is the upward direction. 





The positive direction on ON is taken to be the positive directum 
on all lines perpendicular to AB. Hence the distance from the 
line AB to the point Pi is positive if Pi and the origin are on 
opposite sides of AB, and negative if Pi and the origin are on ths 
same side of AB. When AB passes through the origin the distance 
frovn AB to Pi is positive if that distance is in the upward diree- 
tion^ and negative if it is in the downward direction. Thus in the 
figures the distance from AB to Pi is positive and from AB to P^ 
is negatiye. 
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Theorem DL The distance d from the line 

X cos w -f y sin « — ^ = 
to the point Pi (aji, yi) is 



(IX) 



d = x^coBiA + yxB\Jki» — p. 



Proof, Let AB he the given line and let ON be perpendicular 
to AB. By the second theorem of projection (p. 48) we have 

proj. of OPi on ON = proj. of OD on ON -f proj. of DPi on OiV^. 

From the figure, 

proj. of OPi on ON 

= OE =zp -\-d. 

By the first theorem of 
projection (p. 30), 

proj. of OD on ON 

= 02) cos <i> = a!;i cos w, 

proj. of DPi on OiV 

= DPi cos ( — — o» 1 
= ^1 sin o>. 




Hence 
and therefore 



p '\- d = Xi cos <o 4- yi sin <!>, 
d = Xi cos o) + yi sin « — ^. 



Q.B.D. 



From this theorem we have at once the 



Rule to find the perpendicular distance from a given line to a 
given point. 

First step, Redtice the equation of the given line to the normal 
form {Rule, p, 103), 

Second step. Substitute the coordinates of the given point for 
X and y in the left-hand side of the equation. The result is the 
required distance. 

The sign of the result will show on which side of the line the 
point lies. 
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Ex. 1. Fiod Uie disumaa from the line Ix — 8v + 15 = 0totbe point 
(2.1)- 

Solution. Fint step. Reducing the giTen equation 
ta uomiil form, we h»<re 

Second step. SotMtitDtiiig 2 for x and 1 for y, 

d = -J.2 + |(l)-3 = -*. 
Wb&t doea the negatlTe dgn mean J 

■ Ex. 2. Prove that the sum of the dlBtancee from the lege of an isosceles 
triangle to any point in the base is constant. 

Solution. Take the middle point of the base for origin and the base Itself 
for the X-axis. Then the values of p for the two legeare equalaud the values 
of H ai« supplementary. Hence, if the equation 
at one ]eg in nonnal form is 




X cos w-Kyslnw — 1) = 0, 
then the eqtiation of the other leg is /^S^S, '^ i CV '' 

it cos («-«) + V sin (iT — u) — p = 0, 
or — X cos w + ysinw — p = 0. 

Let (a, 0^ be any point in the base. Then tbe distances from the legs to 
(a, 0) are respecUvely o'cosv — p and — a cob w — p, bo that the sum of tlMM 
distances Is — 2 p, that is, a constant. 



1. Find the distance ^m the line 

(a) xcos4G° + trsin4&°-v^ = t« 

(b) jx-Jy-l = to (2, 1). 

(c) 3x + 4v + 15 = to (-2, 8). 



w 


2x 


-7» + 8: 


= 0to 


(8. 


(e) 


X- 


■3v = 0b 


.(0.1) 





a. Do the origin and the point (S, - 2) He o 



Ana. 


-2>^. 


Atu. 


-f- 


An». 


-¥• 


Atu. 


» 




+ V68' 


Am. 


12 




+ vlo' 


> ude of the line 
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8. Doea the line 2x + 8y + 3 = pass between the origin and the point 
(-2,3)? Ans, No. 

4. Find the lengths of the altitudes of the triangle formed by the lines 

2a5 + 8y = 0, « + 8y + 3 = 0, and« + y + 1 =0. 

Ana, — ;=» —7=1 and v^. 
V18 vio 

5. Find the distance from the line Ax-{- By -^ C = to the point 
Pi(xi, yi). ^^ ^xi + Byi+C 

± V^a + fia 

6. Prove Theorem IX when 

(a)p = 0,«<|; {b)|<«<*; (c)fr<«<-^; (d) -^ < ca < 2 ft. 

7. Find the locus of all points which are equally distant from 

3x-4y + 1 =0and4x + 3y-l = 0. 

Ans, 7 X — y = and x + 7y — 2 = 0. 

8. Find the locus of all points which are twice as far from the line 
12x+6y — 1 = as from the F-axis. Ans, 14 x — 5 y + 1 = 0. 

9. Find the locus of points which are k times as far from 4x — 3y+l=0 
as from 6x - 12y = 0. Ans, (62 - 26 A:)x - (39 - 60ik) y + 13 = 0. 

10. Find the bisectors of the angles formed by the lines in problem 9. 

Ans. 77x-99y + 13 = and 27x + 21y + 13 = 0. 

11. Find the distance between the parallel lines, 

^ ry = 2x + 5, . 8 , , r2x-3y + 4 = 0, . 1 

^'ly = 2x-3. ^V6 ^ ' L4x-6y + 9 = 0. gV^ 

^^ ry=-3x + l, . 8 /jv fy = »W5 + 8, . 6 

(\>) i o T ^ -4n«- 7=' (d) V o -4««- , 

^'\y = -3x + 4. ^vio ^'\y-»w-8. +VT+^ 

18. Derive the normal equation of the line by means of Theorem IX. 

18. Prove that the altitudes on the legs of an isosceles triangle are equal. 

14. Prove that the three altitudes of an equilateral triangle are equal. 

16. Prove that the sum of the distances from the sides of an equilateral 
triangle to any point is constant. 

flinl. Take tlie center of the triangle for origin, with the JT-axls parallel to one tida. 
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16. Find the areas of the triangles formed by the following lines. 

(a) 2 X — 3 y + 30 = 0, X = 0, aj + y = 0. Am. 30. 

(b) x + y = 2, 3x + 4y- 12 = 0, x-y + 6 = 0. Am. f 

(c) 3x - 4y + 12 = 0, X - 3y + 6 = 0, 2x - y = 0. Am. 8f. 

(d) X + 3y - 3 = 0, 5x - y - 16 = 0, X - y + 1 = 0. Am. 8. 

17. Plot the following lines and find the area of the quadrilaterals of 
which they are the sides. 

(a) X = y, y = 6, X + y = 0, 3x + 2y - 6 = 0. Am. 16J. 

(b) x + 2y-5 = 0, y = 0, x + 4y + 5 = 0, 2x + y-4 = 0. Am. 18. 

(c) 2x-4y + 8 = 0, x + y = 0, 2x-y-4 = 0, 2x + y- 3 = 0. 

Ans. 4^. 

50. The angle which a line makes with a second line. The 

angle between two directed lines has been defined (p. 28) as the 
angle between their positive directions. When a line is given 
by means of its equation, no positive direction along the line is 
fixed. In order to distinguish between the two pairs of equal 
angles which two intersecting lines make with each other we 
define the angle which a line makes with a 
second line to be the positive angle (p. 18) 
from the second line to the first line. 

Thus the angle which Zj makes with Z, 
is the angle 0. We speak always of the 
'' angle which one line makes with a second 
line," and the use of the phrase '< the angle 
between two lines " should be avoided if those 
lines are not directed lines. We have thus added a third method 
of designating angles to those given on p. 18 and p. 28. 

Theorem X. TJie angle which the line 

Xi : AyX +- Biy +. Ci = 

makes with the line 

Li : A^ H- -Bay + Ca = 
is given by 

(X) tan tf= 4^^111^. 
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Proof. Let ay and a^ be the inclinations of L^ and £, respec- 
tively. Then, since the exterior angle of a triangle equals the 
sum of the two opposite interior angles, we have 

In Fig. 1, ai = d H- a„ or = a^ — a,, 

In Fig. 2, a, = TT — tf -H aj, or tf = tt + (aj — a,). 




'[ hA 




If 




'yy 




AiZff. 


'/ 


/*r _i. 



(2) 



And since (5, p. 20) 

tan (tt -f- ^) = tan ^, 

we have, in either case, 

tan^: 



tan (oTi — oTj) 

tan ai — tan a^ 
1 + tan a^ tan a. 



(by 13, p. 20) 



But tan ai is the slope of L^ and tan a, is the slope of L^ ; hence 
(Corollary I, p. 86) 

tan tf = — ^ ' 



( ^i/( V 



Reducing, we get tan = 



1 + 



Q.B.D. 



Corollary. Tjf mi a7u£ m^ are ^^6 slopes of two lines, then the 
angle 6 which the first line makes with the second is given by 



1 -f" ^W-iWfj 
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■z. I. Find the aoglea of the triuigle formed b; the lines whose equAtiona 

L:iX-Sy-6 = (i, 
Jf:6x-v-8=0, 
Jir:6K + 4y-26 = 0. 

Solution. To see which ugles formed by Ihe giToa 
lines are the angles of the triangle, we plot the lines, 
obtaining the triangle ABC. A ia tlie angle which 
It makea with £, so that 11 tokee the place of Li In 
Theorem X and L of Lt. 

^i = a, B, = -1; 





^, = 2, B, 


= -8. 




Then 


-"-Si 


-AiB, -2 + 18 16 
+ BiB, 12 + 3 15' 




and hence 


^ = tan-» 


(H)- 




Bis the 
CUthe 


angle which L makes with ^, and by Corollary HI, 
angle which N makes with Jf, so that if 


,p.87.B^ 




tanC: 


AiAj+BiB,' 




we mnn set Ai ■■ 


= 6, Bi = 4 J 






A,: 


= 6, B, = -l. 




Hence 


tanC: 


24 + 6 SO 16 
SO -4 S2 le' 




and 


C: 


= tan-i(H). 




We may 


verify these resalte. 


Forif B = |,then^ = |- 


■Cjandh 


(6, p. 20, and l,p. 19) tan ^ = col 
trne for the Tolues foond. 


;C=— ^, whichis 
tan (7 





Bz. 2. Find the equation of the line through 
(S, 6) which makes an angle of — with the line 

Solvlion. Let mi be the slope of the required line- 
Then Its eqoatlon is (Theorem V, p. 96) 
(1) y-6 = m,(i-8). 
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The slope of the given line is mg = 1, and since the angle which (1) makes 
with the given line is — , we have (by the Corollary), 

jr mi — 1 

tan- = — i , 

S 1 + mi 

OP 



V3 = ??^i— ^ 
1 + mi 



whence mi = —i— - = - (2 + Vs). 

1 -V3 

Substituting in (1), we obtain 

y-5 = -(2+V3)(«-8), 
or (2 + V3)x + y - (11 + 3 VS) = 0. 

In Plane Geometry there would be two solutions of this problem, — the 
line just obtained and the dotted line of the figure. Why must the latter 
be excluded here ? 

m 

PROBLEMS 

1. Find the angle which the line 3x-y+2=0 makes with 2x+y-2=0; 
also the angle which the second line makes with the first, and show that 
these angles are supplementary. . Ztc n 

%. Find the angle which the lino 

(a) 2x — 6^ + 1 = makes with the line x — 2y + 8 = 0. 

(b) X + y + 1 = makes with the line x — y + 1 = 0. 

(c) 3x-4y + 2 = makes with the line x + 8y - 7 = 0. 

(d) 6x - 3y + 3 = makes with the line x = 6. 

(e) X — 7y + l = makes with the line x + 2y — 4 = 0. 

In each case plot the lines and mark the angle found by a small arc. 
^ns. (a) tan-i(- ^5) ; (b) | ; (c) tan-i(V) J (d) tan-i(- \) ; (e) tan-i{A). 

8. Find the angles of the triangle whose sides are x-f8y — 4 = 0, 
8x-2y + l = 0, andx-y + 8 = 0. Am, tan-»(- ^), tan-i(i), tan-»(2). 

Hint* Plot the triangle to see which angles formed by the given lines are the angles 
of the triangle. 

4 . Find the exterior angles of the triangle formed by the lines 6x— y+8=0, 
y = 2, x-4y + 3 = 0. Am. tan-i(6), tan-i(- J), tan-i(- J^). 

5. Find one exterior angle and the two opposite interior angles of the 
triangle formed by the lines 2x— 3y-6=0, 8x+4y— 12=0, x— 8y+0=sO. 
Verify the results by formula 12, p. 20. 
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6. Find the angles of the triangle formed by 3 x+2 ^— 4=0, 2—3 ^+6=0, 
and 4aj— 8y— 10=0. Verify the results by the formula 

tan^ + tanB + tanC = tan-4.tan5tanC, it A -\- B -^ C = 180«>, 

7. Find the line passing through the given point and making the given 
angle with the given line. 

(a) (2, 1), -, 2« - 3y + 2 = 0. Ans, 5x - y - 9 = 0. 

4 

(b) (1, - 3), — , X + 2y + 4 = 0. Ana. 3x + y = 0. 

4 

(c) (2, - 6), -, X + 3y - 8 = 0. Ans. x - 2y - 12 = 0. 

4 

(d) (xi, yi), 0, y = mx + 6. Ans. y - yi = -^ r^(^ " *i)- 

1 — m tan0 

(e) (Xi, yi), 0, -4x + By + C = 0. Ans. y - yi = ^ " ^ " ,» (» - ^i)- 

A tan + -B 

8. Show from a figure that it is impossible to draw a line through the inter- 
section of two lines and ** making equal angles with those lines" in the 
sense in which we have defined ** the angle which one line makes with a 
second line.*' Prove the same thing by formula (X). How are the bisectors 
of the angles of two lines to be defined ? 

9. Given two lines Xi:8x — 4y — 3 = and X2:4x — 3y+12 = 0; find 
the equation of the line passing through their point of intersection such that 
the angle it makes with Li is equal to the angle L^ makes with it. 

Ans. 7x-7y + 9 = 0. 

51. Systems of straight lines. An equation of the first degree 
in X and y which contains a single arbitrary constant will repre- 
sent an infinite number of lines, for the locus of the equation 
will be a straight line for any value of the constant, and the locus 
will be different for different values of the constant. 

The lines represented by an equation of the first degree which 
contains an arbitrary constant are said to form a system. An 
equation which represents all of the lines satisfying a single con- 
dition must contain an arbitrary constant, for there is an infinite 
number of lines satisfying a single condition ; hence a single geo- 
metrical condition defines a system of lines. 

Thus the equation y = 2z-}-b, where 6 is an arbitrary constant, represents the 
system of lines having the slope 2; and the equation y — 5 = m (z — 3), where m 
is an arbitrary constant, represents the system of lines passing through (3, 5). 
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SMOnd rale to find the equation of a straight line satitfying two 
eondUiotu, 

First step. Write the eqiuUion of the system of lines satisfying 
one eonditioTi. 

Second step. Determine the arhitrary constant in the equation 
found in the first step so that the other condition is satisfied. 

Third step. Substitute the result of the second step in the result 
of the first st^. This gives the required equation. 

This rule is, in general, easier of application tban the rule on 
p. 93. It lias already been applied in solving Ex. 2, p. Ill, and 
will find constant application in the following sections. The 
number of lines satisfying the conditions imposed will be the 
number of real values of the arbitrary constant obtained in 
the second step. 

Ex. 1. Find the eqnationB of the itrdght linea having the slope ] and 
intersMting the circle z* + y* = 1 in hot one point. 

Solution. First step. The equation 

represents (he aystem of lines whose olopee are \ (Theorem I, p. 68). 

Second step. The coOrdlnBtes of the inter- 
section of the line.&nd circle are found bj solv- 
ing their equatiouB Bimultaneousljr (Rule, p. 76). 
SubstitnUng the value of ^ in the Une in the 
equation of the circle, we have 

a!* + (}!e + 6)* = 4, 
or 25s* + 24to + (16**-e*) = 0. 

The roots of this equation, by hypotbeaie, 
must be equal ; hence the diacriminant must 
vanish (Theorem II, p. 8) ; that is, 
6766" - 100(18 6» - 64) = 0, 
whence 6 = ± J. 

Third BUp. Sabstitnte these values of 6 in the equation of the flt« al«p. 
We thus obtain the two solutions 

and V = } > — )- 
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FR0BLKM8 

1. Write the equations of the eystems of lines defined by the following 
conditions. 

(a) Passing through (- 2, 3). 

(b) Having the slope — |. 

(c) Distance from the origin is 3. 

(d) Having the intercept on the F-axis = — 3. 

(e) Passing through (6, — 1). 

(f ) Having the intercept on the X-axis = 6. 

(g) Having the slope }. 

(h) Having the intercept on the F-axis = 6. 
(i) Distance from the origin = 4. 

8. What geometric conditions define the systems of lines represented by 
the following equations ? 

(a) 2z-Sy + 4k = 0, 

(b) kx-Sy-7 = 0. 

(c) « + y — fc = 0. 

(d) X 4- * = 0. 

(e) x + 2ifcy-3 = 0. 

(f) 2ifcc-3y + 2 = 0. 

(g) X cos a: + ysina + 5 = 0. 

Hint. Bednoe the given equation to one of the well-known forms of the equation of 
the first degpree. 

8. Determine k so that 

(a) the line 2x — Sy + k = passes through (—2, 1). Ans. k = 7. 

(b) the line 2 te - 52^ + 3 = has the slope 3. Ans, k = y. 

(c) the line x + y — Jk = passes through (8, 4). Ana. k = 7, 

(d) the line Sx — 4y •^k:=0 has intercept on X-axis = 2. 

An8. k = — 6. 

(e) the line x — dJky + 4 = has intercept on F-axis = — 8. 

Ans. A; = — J. 

(f) the line 4x — 8y + 6J(; = 0is distant three units from the origin. 

Ans. ik = ± J. 

4. Find the equations of the straight lines with the slope — ^ which cut 
the circle x^ -|- y^ = 1 in but one point. Ans. 5 x + 12 y = ± 13. 

5. Find the equations of the lines passing through the point (1, 2) which 
cut the circle x' + 2^ = 4 in but one point. Ans. y = 2and4x + 3y = 10. 

8. Find the equation of the straight line passing through (—2, 6) which 
makes an angle of 46^ with the F-axis. Ans, x -f- ^ — 8 = 0. 
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7. Find the equation of the straight line which passes through tlie poinl 
(2, — 1) and which ia at a diatance of two unite from ihe urlgin. 

Am. x = 2wdZx-4y = 10. 

B. Find the equation of the straight line whose slope is } such that the 
distance from the line u> the point (2, 4} is 2. Am. 3z — 4v = 0. 

52. The system of Uses parallel to a given line. 
Theorem XI. The system of lines parallel to a given line 

Ax + By-\-C = (i 



(XI) Jx + By + A: = O, 

where k is an arbitrary constant. 

Proof. All of the liues of the system represented by (XI) are 
parallel to the given line (Corollary II, p. 87). It remains to be 
shown that all lines parallel to the given line are represented by 
(XI). Any line parallel to the given line is determined by some 
point Pi (xi, j/i) through which it passes. If Px lies on (XI), 
then Axi + Bi/i + A: = 0; 

and hence k= — Ax^ — By,. 

That is, the value of k may be chosen so that the locus of (XI) 
passes through aiiy point Pj. Then (XI) represents all lines 
parallel to the given line. q.e.d. 

It should be noticed that the coefficients of x and y in (XI) 
are the same as those of the given equation. 

Ex. 1. Find the equation ot the line through the point P, (3, —2) paral- 
lel to lheline£i:2x-3i/-4-0. 

Solution. Applj the Rule, p. 114. 
First step. The system of linefl parallel to 
the given line Is 

2*-3i, + t = 0. 
Second step. The required line passes 
through Pi; lience 

2.3-3(-2) + i = 0, 
and therefore fc = — 12. 

Third step. Substituting this value of k, 
tlie required equation is 

21-8^-12 = 
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53. The system of lines perpendicular to a given line. 
Ttaeoiem »" The sygtem of lines perpendicular to the given 

^*^ Ax + By-\-C = Q 

i» repreaented by 

(XII) Bx~ Av + k = 0, 

where kit an arbitrary constant. 

Proof. All of the lines of the Byatem represented by (XII) 
are perpendicular to the given line, for (Corollary III, p. 87) 
AB — BA = 0. It lemains to be shown that all lines perpen- 
dicular to the given line are represented by (XII). Any line 
perpendicular to the given line is determined by some point 
Pi («ii Hi) through which it passes. If Pi lies on (XII), then 

Bx, — ^yi + Jt = 0, 
whence k = Ayi — Sxi- 

That is, the value of k may be chosen so that the locus of (XII) 
passes through any point P^ Then (XII) represents all lines 
perpendicular to the given line. q.b.d. 

Notice that the coefficients of x and y in (XII) are respectively 
the coefficients of y and x in the given equation with the sign of 
one of them changed. 

Bz. 1. flod the equation of the line through the point Pi (— 1, 8) perpen- 
dicolai to the line £i : 6 z - 2 ]/ .f 3 = 0. 
Solution. Ai^lf the Rule, p. 114. 
Flist step. The equation of the syatem of lines perpendicular to the given 

2x + &y + k = <i. 

Second step. The reqnlied line paaaea 
through Pi; hence 



Third Bt«p. SulMltute this value of k. The required equation is then 
2as + 5y-13 = 0. 
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. PR0BLEK8 

1. Find the equation of the straight line which paases through the point 

(a) (0, 0) and is parallel too; — 3y + 4 = 0. Ans. z — Sy = 0, 

(b) (3, - 2) and is parallel tox + y + 2 = 0. Ana. x + y - 1 = 0. 

(c) (- 5, 6) and is parallel to2x + 4y-3 = 0. Ans. « + 2y-7 = 0. 

(d) (— 1, 2) and is perpendicular todx — 4y + l = 0. 

An». 4x + 3^-2 = 0. 

(e) (— 7, 2) and is peipendicular tox — 3y + 4 = 0. 

Ana. 3x + y + 19 = 0. 

8. Find the equations of the lines drawn through the vertices of the 
triangle whose vertices are (- 3, 2), (3, - 2), and (0, — 1), which are parallel 
to the opposite sides. 

Ana. The sides of the triangle are 

2x + 3y = 0, x+8y + 3 = 0, x + y + l = 0. 
The required equations are 

2x + 3y + 3 = 0, x + 3y-3 = 0, x + y-l = 0. 

S. Find the equations of the lines drawn through the vertices of the 
triangle in problem 2 which are perpendicular to the opposite sides, and 
show that they meet in a'^point. 

Ana. 3x-2y-2 = 0, 3x-y + 11 = 0, x-y-6 = 0. 

4. Find the equations of the perpendicular bisectors of the sides of the 
triangle in problem 2, and show that they meet in a point. 

Ana. 3x-2y = 0, 3x-y-6 = 0, x-y + 2 = 0. 

5. The equations of two sides of a parallelogram are 3x — 4y + 6 = and 
X + 5 y — 10 = 0. Find the equations of the other two sides if one vertex 
is the point (4, 0). Ana. 3x-4y + 24 = and x + 6y - 49 = 0. 

6. The vertices of a triangle are (2, 1), (— 2, 3), and (4, — 1). Find the 
equations of (a) the sides of the triangle, (b) the perpendicular bisectors of 
the sides, and (c) the lines drawn through the vertices perpendicular to the 
opposite sides. Check the results by showing that the lines in (b) and (c) 
meet in a point. 

7. Show that the perpendicular bisectors of the sides of any triangle meet 
in a point. 

8. Show that the lines drawn through the vertices of a triangle perpen- 
dicular to the opposite sides meet in a point. 

9. Find the value of C in terms of A and BilAz-^By + CszO passes 
through a given point Pi (xi, yi) ; show that the equation of the system of 
lines through Pi may be written A {x — Xi) -\- B (y — yi) = 0. 
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54. The system of lines passing through the intersection of 
two given lines. 

Theorem XIIL The system of lines passing through the interseo- 
tion of two given lines 

and Z, : A^ + B^y + Cj = 

is represented hy the equation 

(XIII) AiiK + Biy + Ci + k(Ai(K> + B^ + C%) = O, 

where h is an arbitrary constant. 

Proof All of the lines represented by (XIII) pass through the 
intersection of L^ and Zg. For let Pi (xi, y{) be the intersection 
of Xi and i,. Then (Corollary, p. 53) 

^i«i + Ayi + Ci = 
and A^i + B^y^ + C, = 0. 

Multiply the second equation by k and add to the first. This 

gives 

Aix^ -i- Bi^i + Ci + ^ {A^^ + Bjyi + C2) = 0. 

But this is the condition that Pi lies on (XIII). 
That all lines through the intersection of Zi and L^ are repre- 
sented by (XIII) follows as in the proofs of Theorems XI and 

XII. Q.B.D. 

Corollary. If Li and L^ are parallel, then (XIII) represents the 
system of lines parallel to L^ and L^, 

For if Li and Zs are paraUel, then 

Ai^Bi^ 
A2 Bt 

Bycomporitlon. M^^B^^^^ 

Hence L\ and (XIII) are parallel (Corollary n, p. 87). 

Notice that (XIII) is formed by multiplying the equation of I^ 
by k and adding it to the equation of Li. 
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Ex. 1. find the equation of the line paraing throngfa Pi (2, 1) and Ui« 
taiteraecljon ot Li : 3x - 6y - iO = tad U ■ x + v + 1 = 0. 

Solution. Appl; the Rale, p. 114. Thesystemof lines passing throagfa the 
intersection of the given lines is represented b^ 
3 1 - 6 V - 10 + i (1 + tf + 1) = 0. 
If Pi lies on this line, then 

6-5-10 + t(2 + l + l) = Oi 
whence k = }. 

SubetitQting this valae of it and aimplif^g, 
we have the required equation 

21i:-lly-31 = 0. 

Ex. 2. Find the equation of the line passing through the intersec- 
tion of ii:2i + i/ + l=0 and Ii:a:-2y + l=0 and parallel to 
t,:4i- 3^-7 = 0. 

Solution. Apply the Rule, p. 114. Tbe equation of every line through 
the int«rsecUoQ ol tbe first two given Hues has the form 

2x + g + l+k{x-2y + l) = fi, 
or {2 + k)x + (l-2k)y + {l+k) = 0. 

If this line is parallel to the third line (CoToUaiy 
II, p. 87), 

2 + J:_1-2jI_ 



Snbetitating and simplifying, we ohtain 
4x-3y + 3 = 0. 

The geometrical significance of the value of ft in Theorem XIII 
is given most simply when £, and L, are in normal form. 

Theorem XIT. Tke ratio of the distances from 
L\ : X cos wj + y sin M, — jji = 
ami t, : a: cos Bit + y sin 111, — y, = 

to any point of the line 

£ : a; cos o), + y simu, — ^, + ft (x cos ai» + y sin lo, — ^i) = 
u constant and equal to — ft. 
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Proof. Let Pi (xi, y^ be any point on L. Then 

Xi cos oil -h yi sin a>i —pi -f A; (o^i cos «>» 4- yi sin coj —pt) = 0, 

and hence - & = ''i«o««-'. + y» «|"". -f. . 

Xi COS ftij + yi sin 01^ — i>j 

The numerator of this fraction is the distance from Li to P^ 
and the denominator is the distance from Z, to Pi (Theorem IX, 
p. 106). Hence — X; is the ratio of the distances from Li and L^ 
to any point on Z. q.b.d. 

Corollary, i/* A: = ± 1, then L is the bisector of one of the angles 
formed by Li and L^. That is, the equations of the bisectors of the 
angles between two lines are found by reducing their equations to 
the normal form and adding and subtracting them. 

For when k = ±lihe numerical values of the distances from Li and Zs to any 
point of L are equal. 

The angle formed by Zi and Zg in which the origin lies, or its 
vertical angle, is called an internal angle of Zi and Zgj and either 
of the other angles formed by Zi and Z^ is 
called an external angle of those lines. From 
the rule giving the sign of the distance from a 
line to a point (p. 105) it follows that L lies in 
the internal angles of Lx and L^ when k is nega- 
tive, and in the external angles when k is posi- 
tive. If the origin lies on Zi or Zj, the lines 
must in each case be plotted and the angles in which k is posi- 
tive found from the figure. 



PROBLEMS 

1. Find the equation of the line passing through the intersection of 
2x — Hy + 2 = and 3x — 4y — 2 = 0, without finding the point of intersec- 
tion, which 

(a) passes through the origin. 

(b) is parallel to5x-2y + 3 = 0. 

(c) is perpendicular to3x — 2y + 4 = 0. 

Ans. (a)6«- 7y = 0; (b) 6x-2y -60 = 0; (c) 2x + 3y - 68 = 0. 
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9. Find the equations of the lines which pass through the vertices of the 
triangle formed by the lines 2x — 8y + 1 = 0, x — y = 0, and Sz-\-4y — 2 = 

which are 

(a) parallel to the opposite sides. 

(b) perpendicolar to the opposite sides. 

Ans. (a) 3x + 4y-7 = 0, 14x-21y + 2 = 0, 17x-17y + 6 = 0; 
(b) 4x-8y-l=0, 21x + 14y-10 = 0, 17x + 17y-9 = 0. 

8. Find the bisectors of the angles formed by the lines 4x — 8y — 1 = 
and 3x — 4y-f2 = 0, and show that they are perpendicular. 

Atib, 7x — 7y+l = and x + y — 8 = 0. 

4. Find the equations of the bisectors of the angles formed by the lines 
5x-12y + 10 = and 12 x - 6y + 15 = 0. Verify the results by Theorem X. 

5. Find the locus of a point the ratio of whose distances from the lines 
4x -8y + 4 = 0and6x+12y-8 = 0isl3to5. An$, 9x + 9y~4 = 0. 

6. Find the bisectors of the interior angles of the triangle formed by the 
lines 4x - 3y = 12, 5x - 12y - 4 = 0, and 12x - 5y - 18 = 0. Show that 
they meet in a point. 

An8. 7x-9y-16 = 0, 7x4-7y-9 = 0, 112x~64y-221 =0. 

7. Find the bisectors of the interior angles of the triangle formed by the 
lines 6x - 12y = 0, 6x + 12y + 60 = 0, and 12x~5y-60 = 0, and show 
that they meet in a point. 

Ara. 2y + 6 = 0, 17x + 7y = 0, 17x - 17y -60 = 0. 

8. The sides of a triangle are 8x + 4y — 12 = 0, 8x — 4y = 0, and 
4x + 8y + 24 = 0. Show that the bisector of the interior angle at the 
vertex formed by the first two lines and the bisectors of the exterior angles 
at the other vertices meet in a point. 

9. Find the equation of the line passing through the intersection of 
2C + y — 2 = and x — y + 6 = and through the intersection of2x — y + 8 = 
andx-3y + 2 = 0. Ana. 19x + 3y + 26 = 0. 

Hint. The sytteina of lines passing through the points of interseotion of the two pairs 

of lines are 

ar + y— 2+i-(x-y + 6)-0 

and 2x— y + 3 + *'(ar— 3y + 2) = 0. 

These lines will coincide if (Theorem III, p. 88) 

l + k _ 1-fc -2 + 6Jfc 
2+ */"-!- 31-'" 3+2Jfc' ' 

Letting p be the oommon value of these ratios, we obtain 

l + l:-2/> + pi', 
1-*— p-3pJf, 
and -2 + 6&-3p + 2pK 

From these equations we can eliminate the terms in pJt' and p, and thus find the value 
of k which gives that line of the first system which also belongs to the second system. 
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10. Find the equation .of the line passing through the intersection of 
22 + 5y — 3 = and Sz — 2y — I = and through the intersection of 
a; -y = Oandx + 3^-6 = 0. Ans. 43x - 85y -12 = 0. 

A figure composed of four lines intersecting in six points is 
called a complete quadrilateral. The six vertices determine three 
diagonals of which two are the diagonals of the ordinary quadri- 
lateral formed by the four lines. 

11. Find the equations of the three diagonals of the complete quadrilateral 
formed by the lines a5 + 2y = 0, 3aj — 4y + 2 = 0, x — y + 3 = 0, and 
3x-2y + 4 = 0. Ans. 2x - y + 1 = 0, x + 2 = 0, 5x - 6y + 8 = 0. 

18. Show. that the bisectors of the angles of any two lines are perpen- 
dicular. 

13. Find a geometrical interpretation of k in (XI) and (XII). 

14. Find the geometrical interpretation of X; in (XIII) when Xi and L^ 
are not in normal form. 

15. Show that the hisectors of the interior angles of any triangle meet in 
a point. 

16. Show that the bisectors of two exterior angles of a triangle and of the 
third interior angle meet in a point. 

55. The parametric equations of the straight line. The 

angles a and fi between a line directed upward* and the coordi- 
nate axes (p. 28) are called the direction angles of the line. 
Their cosines, cos a and cos p, are called the direction cosines of 
the line and satisfy the relation 

(1) cos* a -h cos* j9 = 1. 

For (Theorem I, p. 28) cos /3 = sin a and sin^ a + cos^ a = 1. 

Given a line with direction angles a and p passing through 
Pi (xi, t/i). Let P(Xy y) be any point on this line and denote the 
variable directed length PiP by p. The projections of PiP on 
the axes are respectively (Theorem III, p. 31) 

X ■— Xi and y — yi, 

or (Theorem II, p. 30) 

p cos a and p cos p, 

* If the line is horizontal we suppose tbat it is directed to the right, bo ae and fim,-. 
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Hence a? — aji = /» cos a and y — y\= p cos P\ 

whence aj = Xi + p cos a. 

y — yi-^pcos p. 
Hence we have 

Theorem XY. Parametric form. The coordinates of any point 
P (Xf y) on the line through a given point Pi (xi, yi) whose direction 
angles are a and fi are given by 

^ ^ ly = yi + />co8j9, 

where p denotes the variable directed length P^P, 

Equations (XV) are called the parametric equations of the 
straight line because they express the variable coordinates of any 
point (x, y) on the line in terms of a single variable parameter p. 
As p varies from — oo to + oo the point P (x, y) describes the line 
in the positive direction. These equations are important in deal- 
ing with problems which involve the distances from a point Pi 
on a Ime to the intersections of that line with a given curve. 

Theorem XVI. Symmetric form. The equation of a straight line 
in terms of the coordinates of a point Pi (xi, y^ on the line and 
its direction cosines is 

(XVI) ^n^ = »^. 

^ ^ COS a COS p 

Hint. Solve (XY) for p and equate the two yalues obtained. 

Theorem ayu. The direction cosines of the line 

Ax-\- By + C = 

are cos a = r cos B = ^ 

± V^« + B* ± V^» + B* 

when the sign of the radical is the same cw that of A . 

Proof Let Pi(xi, yi) be a point on the given line. Then 
(Corollary, p. 63) ^^^ +By,+C = 0. 
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Subtracting from the given equation, we obtain 

Transpose the second term and divide by —AB; this gives 

-B A 

Dividing this equation by (XVI), we have 

cos or _ cosff 
- B ^ A ' 

Let r denote the common value of these ratios. Then 

cos a =— Br and cos fi = Ar. 
Squaring and adding, 

cos* a 4- COS* fi=(A*-\- B^)f^. 

Then from (1), p. 123, r = , > 

and hence 

(2) cos a = j====^ and cos ^ = 



The sign of the radical must be the same as that of A, q.b.d. 

[For since the line is directed upward, i9<— » and hence co6/3 is positive.] 

Corollary. If cos a. and cos fi are proportional to two numbers 

a and b, then 

a n h 

C08a = » €08 = -==' 

TAe sign of the radical must be the same as that of b. 

To reduce the equation of a given straight line to the symmet- 
rical or parametric form it is necessary to know the coordinates 
of some point on the line (which may be found by the Rule, 
p. 60) and its direction cosines (which are given by Theorem 
XVII). Then we can write the required equations by Theorem 
XV or XVI. 
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b. 1. Plot the line whose parametric eqaatloni arex = 2 — jp and 
y=l + ip. 

Solution. Comparias with (XV) weseetlut 
Pi (2, 1) is n point on the Hue. A second point 
will enable us to plot the line. We have at 
once the table 

Heuce the line joining 
the points Pi (2, 1) and 
Pt(- 1, &) is the required 
line. 

are the coordinates of that 
variable point P on the line whose distance 
from Pi is the variable p. 

b. 2. Given the circle C : z' + ^ = 2& and the line whose parametiio 
equations are x = 6 — Ip snd y = — 3 + ) p ; find the product of the dis- 
tances Iron) Pi (6, — 3) to the points of intersection of the line with C, and 
the middle point of the chord formed by the line. 

SotiUion. By Theorem 5V the coJJrdinates of any point on the line 
are (5 - j p, - 3 -)- } p), where p 
denotes the distance from Pi to 
that point. If that point lies on 
C (Corollary, p. &3>, 

(6-!p)»+(-3 + Jp)« = 26, 
or, simplifying, 
(3) ffl-i^f + g^o. 

The roots of this quadratic are 
the directed lengths pi = PjPi and 
pt ~ PiPt, where Pi and Pg are the 
points of Intersection of the tine and 
circle. ForitPs{5-Jft, -3 + Jpi) 
is on the circle, 

(5-Jp,)» + (- 
or p,«- y PI + 9 = 0. 

Hence pi, and similarly pi, is a root of (3). 

The product of these distances is therefore (Theorem I, p. 3). 

Half the sum of these roots is PiP, or V (Theorem I, p. :<). For p = V 
we have x = }} and V = | j, so the middle point of the chord is the point 
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PROBLEMS 

1. Plot the following lines : 



^^{r=\~4i: ''' 



2 



8. Prove that if cos a and cos /9 are the direction cosines of a line directed 
np^ard, then — cos a and — cos /3 are the direction cosines of the same line 
directed downward. 

8. Find the coordinates of the points on the line -I ~" Z . for which 

/> = 3, — 2, and 4. Verify the geometric significance of p for each of these 
points by Theorem IV, p. 31. 

4. Find the product of the distances from Pi (2, 1) to the intersections of 
the line « = 2 — |/> and y = 1 + | p with the circle x" + y« = 26, and explain 
the sign of the result. Ans, — 20. 

5. Oiven the ellipse x^ + 4 ^ = 16 and the line x = xi — | p and 

y = yi-\- i p; find the equation whose roots are the distances from 

•2^1(^1* Vi) to the points of intersection of the line and ellipse. 

. 52 - 8xi-24yi . « ^ « ,« ^ 

^ns. — p« i— — *ip 4- xi« + 4yia- 16 = 0. 

zo 

6. Find the condition that Pi in problem 6 should be the middle point of 
the chord on which it lies. 

Hint. The two values of p mnflt be nnmerically equal, with opposite ligns. 

7. Given the parabola y* = iz and the line x = 2 + p cos a, y = ^A 
+ p cos /9 ; find the condition which cos a and cos /9 must satisfy if the 
line meets the parabola in but one point. 

Ana, coa^a + 4 cos a cos /3 + 2 cos^/S = 0. 

8. If a and b are two numbers such that a^ + 5^ = 1, prove that a and b 
are the direction cosines of some line. 

9. Berive equation (XVI) from Theorem V (p. 96) and Theorem I (p. 28). 

10. Prove that the common value of the ratios in (XVI) is the length PiP. 

Hint, Square (XVI), apply the Theorem on the sum of the antecedents and of the 
consequents, and then take the square root. 

11. Derive equations (XV) from (XVI) by means of problem 10. 
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MISCELLANEOUS PROBLEMS 

1. Find the point on the line 3 x — 6 y + 6 = which is equidistant from 
the points (8, - 4) and (2, 1). 

2. Find the equation of the line through the intersection of the lines 
7x + 2/ — 3 = and 3x + 6y>-ll = which is perpendicular to the line 
joining their intersection to the origin. 

8. Find the equation of the line through the point (2, 6) such that the 
portion of the line included between the axes is bisected at that point. 

4. Find the equation of the line through the point (2, — 3) such that 
the portion of the line included between the lines 3x + y — 2 = and 
x + 5y + 10 = is bisected at that point. 

5. Prove that the diagonals of a rhombus are perpendicular. 

6. If the F-axis makes an angle of a with the X-axis, find the equation of 
the straight line in terms of its intercept h on the Y-axis and its inclination a. 

7. If the Y-axis makes an angle of oi with the X-axis, find the equation 
of the straight line whose inclination is a which passes through Pi(xi, y{), 

8. If the Y-axis makes an angle of ta^ with the X-axis, find the normal 
form of the equation of the straight line. 

9. Find the tangent of the angle which one line makes with another if the 
axes are oblique. 

10. Show that all of the lines for which m = 6 pass through the same 
point, and find the coordinates of that point 

11. Show that all of the lines for which - + - = constant pass through the 

same point, and find the coordinates of that point. 

18. Prove that all of the lines ^x + By + C = for which -4 + B -f C = 
pass through the same point, and find the coordinates of that point. 

13. Find the points in which the lines 2x-32/ = 0, x + 4y — 2 = 0, 
2x-3y-fX(x-f4y-2) = 0, 2x-3y-X(x-4y-2) = cut the X-axis. 
Stiow that the last two points divide the line joining the first two points inter- 
nally and externally in the same numerical rtttio. 

14. Prove that Ax + By + C = represents a straight line by showing 
that if Pi and P^ lie on the locus of the equation, the point which divides PiPj 
in the ratio X lies on the locus of the equation. 

15. Find the bisectors of the exterior angles of the triangle formed by 
2x - 3 y + 120 = 0, X + y = 0, and 3x + 4y-0 = 0. Show that these lines 
meet the opposite sides in three points on the same straight line. 
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16. Find the eqoation of the line passing through the intersection of 
Ax + By -{■ C = and A'x + B'y + C = which (a) passes through the 
origin, (b) is parallel to the X-axis, (c) is parallel to the F-axis. 

17. Show that the lines (A + \A')x + (B -f \B^y + (C + XC) = pass 
through a point if X is a variable parameter and the other letters are constant. 

18. Let Aix + Biy + Ci = 0, A^ + Bjy + Ca = 0, and A^x + Bay + Cg = 
be three given lines forming a triangle. Show that the equation of any Ime 
Ax + By + C7 = may be written in the form 

a(AiX + Biv + Ci) + p{A2fC + Bay + Ca) + y{A^ + Biy + Os) = 0, 
where a, jS, and y are definite constants. 
Hint, Use Theorem III, p. 88. 

19. Find the ratio in which the Ime 2x-5y + 8 = divides the line johi- 
ing the points Pi (1, 3) and Pa (7, 2). 

-Hint. The co&rdlnates of the point dividing PiP^ into segments whose ratio is A are 

» ^) : determine A so that this point lies on the giTen line. 

1 + X 1 + A/* ^ • 

20. Find the ratio in which the line x + 8y — 6 = divides the line 
Joining (- 3, 2) and (6, 1). 

21. Determine m so that the line y = mx — 7 divides the Ihie joining 
(3, 2) and (1, 4) in the ratio 3 : 2. 

22. Find the equation of the line passing through the point (2, — 3) which 
divides the line joining (6, 3) and (2, — 1) in the ratio 2 : 5. 

28. Show that the ratio of the distances from the line Ax + By + C = to 

the points Pi (aji, yj and Pa(xa, ya) is —-^ -^ -. 

Ax2 + Bya + C 

24. Show that the line ^2 + By + C = divides the line joining Pi(a;i, yi) 

-4x1 + Byi + C 



and Pa (xa, ya) into segments whose ratio is — 



Ax2 + By2 + C 



25. Show by the preceding example that any line cuts the sides of a tri- 
angle PiPa, PaPst smd PsPi in the points L, M, N such that 

PiL P2M PsN^ 
LPi MPs NPi 

26. Plot the line 2x~3y+5 = and indicate all of the points for which 
2x-3y + 6>0. 

27. Find the area of the triangle formed by AiX + Biy + Ci = 0, 
Asx + B^y + Ca = 0, and Agx + Bsy + Cg = 0. 



CHAPTER V 

TH£ CIRCLE AKD THE BQUATION x* + ^ + 'Z>x + ^y + 1^ = 

56. The general equation of the circle. If (a, p) is the center 
of a circle whose radius is r, then the equation of the circle is 
(Theorem II, p. 58) 

(1) «« + 3^ - 2 ax - 2 /3y + a^ + jS* - r« = 0, 
or 

(2) ix-ar + (v-fi)* = f*. 

In particular, if the center is the origin, a = 0, )3 = 0, and (2) 
reduces to 

(3) «• + y» = r«. 

Equation (1) is of the form 

(4) aj> + y^-f i>a; 4- ^y 4-^=0, 
where 

(5) 2) = -2a, ^=-2)8, and F=a« + i8*-r*. 

Can we infer, conyersely, that the locus of every equation of 
the form (4) is a circle ? By comparing (4) with (1) we obtain (5). 
Whence 

(6) ^ = - 2' ^^""2"' 4 

These values of a and fi are real, and ifZ>'4-^ — 4Fis posi- 
tive, the value of r is real and the locus of (4) is a circle.' 

To plot the locus of (4) by points (Rule, p. 60), we solve for y. 
This gives 

The discriminant of the quadratic under the radical in (7) is 

e = D« - 4 ( - 1 ) [ "^^ J ^jy' + E^-^F, 

which is the numerator of r* in (6). 

130 
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If is positive, the quadratic under the radical is positive for 
values of x between the roots (Theorem III, p. 11) and the equa- 
tion has a locus, as we have seen. 

If is zero, the roots of the quadratic are real and equal (Theo- 
rem II, p. 3). But for all other values of x the quadratic is 
negative (Theorem III, p. 11). The locus therefore consists of 

the single point ( — "o ' "" "o ) ' 

For the quadratic in (T) equals zero when z = ~ -^ (p* 2), and hence, ixoisa (J), 

E 
the corresponding value of y is — — • This also follows from (6) if we suppose r 

approaches zero, for then the circle consists only of its center ( — „ ' ""o ) ' 

If % is negative, the quadratic in (7) is negative for all values 
of X (Theorem III, p. 11)' except tfhe roots, which are imaginary 
(Theorem II, p. 3). Hence there is no locus. 

The expression = D^ -f jEJ^ — 4 F is called the discriminant 
of (4). When'0 = the locus of (4) is often called a point-dicle 
or a dide whose radius is zero. 

We have thus proved 

Theorem I. Ths locus of the equation 
(I) 05* + y* + l>a5 + iJy + 2?* = O, 

whose discriminarU m0 = D^-|-^* — 4F, m determined as follows: 

(a) When is positive the locus is the circle whose center is 

— — > ~ "o) ®^ whose radius is r = ^ Vd' -\- E^ — 4:F= ^ V©. 

/ jy e\ 

(b) When is zero the locus is the point-circle I — "o' "" "o )' 

(e) When is negative there is no locus, ^ ' 

CoroHary. When E = the center of (I) is on the X-axis, and 
wTien D = the center is on the Y-axis. 

■ 

Whenever in what follows it is said that (I) is the equation 
of a circle it is assumed that is positive. 
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Ex. 1. Find the locus of the equation x^ + ^* — 42 + 82^-5 = 0. 

Solution. The given equation is of 
the form (I), where 

D = -4, E = S, F = -6, 
and hence 

e = 16 + 64 + 20 = 100>0. 

The locus is therefore a circle whose 
center is th e po int (2, — 4) and whose 
radius is i Vioo = 6. 

The equation Ax^ -\- Bxy -f Cy^ 
-{-Dx-hEij + F^O is called the 
general equation of the second degree 
in X and y because it contains all 
possible terms in x and y of the second and lower degrees. 

Theorem n. The locus of the general equation of the second 
degree, 

(II) Ax^ + Bxy + Cy^-\-I>x-{'Ey + F=0, 

ts a circle when and only when A = C, 5 = 0, and -^ 

is positive. 

Proof The equation of every circle must have the form (I) ; 
hence the coefficients of x^ and y^ must be equal and the xy term 
must be lacking ; that is, the locus of (II) can be a circle only 
when i4 = C and B = 0. If these conditions be satisfied, (II) 
may be written in the form 

x^ + y^-\- — x + — y-\- — = 0, 

whose locus is a circle when and only when its discriminant 
--5 IS positive. Q.E.D. 

57. Circles determined by three conditions. The equation of 
any circle may be written in either one of the forms 

(x-a)« + (y-/5)« = r« 
or a^ + y'+Dx + Eif + F=0. 



THE CIRCLE 138 

£ach of these equations contains three arbitrary constants. 
To determine these constants three equations are necessary, and 
as any equation between the constants means that the circle sat- 
isfies some geometrical condition, it follows that a circle may be 
determined to satisfy three conditions. 

Rule to determine the equation of a circle satisfying tkrM 
conditioTM. 

First step. Let the required equation be 

(1) (x-a)» + (y-^)«=r» 

(2) x* + y^+Dx+Ei/ + F=0, 
as may he inore eonnenient. 

Second step. Find three equations between the eimstants a, ft 
and r [or D, E, and F] which express that the circle (1) [w (2)] 
satisfies the three given conditions. 

Third step. Solve the equations found in the second step for a, ft 
and r [or D, E, and F}. 

Fourth step. Substitute the results of the third step in (J) ^or 
(2)]. The result is the required equation. 

Ex. 1. Find tbe equation ot the circle passing through the three points 
Pi<0, 1), Pj(0, 6), and P. (3, 0). 

Solution. Urat step. Let the required equa- 
tion be 
(8) a? + i/' + Dx + Ev + FT^O. 

Second step. Since Pi, Pi, and Pi He on (8), 
their coordinates must satisfy (3). Hence we 

(i) 1+E + F=0, 

(6) m + 6E + F=0, 



(8) 


9 + 3D + P = 0. 




Third step. 


Solving (4), (5), and (B), 
JE = -7, P = 


we obtain 
6, D = - 6. 


Fourth step 


. Snbstituting in (8), the required equation ia 
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Bj Tbeorem I we find that the radiiu is {v^* uid the center i« tbe 
point (!, J). 

Ex. 2. Find the equation of the circle passing throoj^ the point* 
Pi (0, — S) and Pg (4, 0) which has its center on the line x + 2 y = 0. 

Solation. Fint sup. Let the required equation he 
(7) 3? + jfi+Dx + B}/ + F = 0. 

Second step. Since Pi and Pg lie on the locus of (7), wa have 

(8) 9-SB + F = 
and 

(9) 16 + 4D+F = 0. 

The center of (T) Is ^ , - -\, and slnca it 

lies on the giren line, 

-f-K-f)=». 

(10) D + 2B = 0. 
Third at«p. Solving (8), (0), and (10), we obtain 

D = - V. * = i. and y = - V- 
Fourth step. Substituting in (7), we ohtain the required eqnatioo, 

or 6a? + 6^ -14ie4- 7^-24 = 0, 

The center is the point (J, - fy), and the radiua la )V^ 

PROBLEns 
1. Find the equation of the circle whose center Is 

(a) (0, 1) and whose radius is 3. An*, x' + tf -iy -8 = 0. 

(b) (— 2, 0) and whose radius is 2. Ana. a' + t> + 4* = 0. 

(c) (— 8, 4) and whose radius is 6. ^ni. x^ + ifi + 6x — By = 0. 
(e) {a, 0) and whose' radius is it. Am. x' + y* — 2 ox = 0. 

(0 (0< fii ^D.d whose radius is p. Ana. x> + y* — 8 |)ir = 0. 

(K) (0| — ^ and whose radius is ,8. An*, x:* + y* + 20y=O. 

• The rtdJua ]* eully obtained, ilnw v1 U the length of tha disgonal ot ■ Hinara 
whou ilda ii one unit. We miiy construct ■ line wbo«o length )■ Vn by describing & 
semlolrcle on a line whoK length It n -f 1 and erecting ■ perpend leuUr to the diuneiw 
ODe unit from the end. The length of that perpendleiilar will be V". 



THE CIBCLS 185 

t. Find the lociu of the following equations. 

(ft) ac^ + »• -- 6« - 16 = 0. (f) x« + y* - ex + 4y - 6 = 0. 

(b) Sa^ + 8y« - 10« - 24y = 0. (g) (x + 1)« + (y - 2)« = O.* 

(c)a5^ + y* = 0. (h) 7«« + 7ya-4x-y = 8. 

(d) x? + y«-8x-6y + 26 = 0. (i) x« + ya + 2cix + 26y + (i^ + 6« = 0. 

(e) x« + y* - 2x + 2y + 6 = 0. (j) x« + y^ + 16x + 100 = 0. 

S. Find the equation of the circle which 

(a) has the center (2, 3) and passes through (8, — 2). 

Am. x* + y*-4x-6y-18 = 0. 

(b) passes through the points (0, 0), (8, 0), (0, - 6). 

Ana, x« + y«-8x + 6ys=0. 

(c) passes through the points (4, 0), (- 2, 6), (0, - 3). 

An$, 19x« + 19y« + 2x - 47 y - 812 = 0. 

(d) passes through the points (8, 6) and (—8, 7) and has its center on 
the X-axis. An$. x' + y^ + 4x - 46 = 0. 

(e) passes through the points (4, 2) and (—6, — 2) and has its center on 
the r-axis. Aru, x* + y« + 6y-80 = 0. 

(f) passes through the points (5, — 8) and (0, 6) and has its center on 
theline2x-8y-6 = 0. Ana, 8x^ + 8y3- 114x -64y + 276 = 0. 

(g) has the center ( — 1, — 6) and is tangent to the X-axis. 

Ana. x« + y« -h 2x + lOy + 1 = 0. 

(h) pasKS through (1, 0) and (6, 0) and is tangent to the F-axis. 

Ana. X» + y«-6x±2V6y-|-6 = 0. 

(i) passes through (0, 1), (5, 1), (2, - 8). 

Ana. 2x« + 2y«-10x + y-8 = 0. 

(j) has the line joining (8, 2) and ( - 7, 4) as a diameter. 

Ajia. aJ* + y» + 4x-6y-18 = 0. 

(k) has the line joining (8, — 4) and (2, — 5) as a diameter. 

Ana. x« + y«-6x + 9y + 26 = 0. 

(1) which circumscribes the triangle formed by x — 6 = 0, x + 2y = 0, 
andx-2y = 8. Ana. 2xS + 2y> - 21x + 8y + 60 = 0. 

(m) passes through the points (1, — 2), (— 2, 4), (8, — 6). Interpret the 
result by the Corollary, p. 08. 

(n) is inscribed in the triangle formed by 4x + 3y - 12 = 0, y - 2 = 0, 
x-10 = 0. Ana. 86x» + 86y« - 516x + 60y + 1685 = 0. 

4. Plot the locus of x^ + y«-2x + 4y + fc = for fc = 0, 2, 4, 5-2, -4, 
-> 8. What Tslues of k must be excluded ? ^ns. Ic> 6. 
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6. What is the loctis ot x* + j/^ + Dx + JSy -\- F = it D and E are fixed 
and F yaries ? 

6. For what yalues of k does the equation ^ + y^ — 4x-^2ky-^10 = 
have a locus ? Ana. Jk > + VS and k<— VS. 

- 7. For what values of k does the equation x^ + t^'\-kx + F=0 have a 
locus when (a) F is positive ; (b) F is zero ; (c) F is negative ? 

Ara, (a) k > 2 Vf and k<- 2 Vf ; (b) and (c) all values of ik. 

8. Fihd the number of point-circles represented by the equation in 
problem 7. An8. (a) two ; (b) one ; (c) none. 

9. Find the equation of the circle in oblique coordinates if w is the angle 
between the axes of coordinates. 

Ans. (aj-a)« + (y-/3)» + 2(aj-a)(y-/3)cos« = r«. 

10. Write an equation representing all circles with the radius 6 whose 
centers lie on the X-axis ; on the F-axis. 

11. Find the number of values of k for which the locus of 

(a) x2 + y24.4toj-2y + 6A; = 0, 

(b) «2 + ya + 4ite - 22^ - Jfc = 0, 

• (c) xa + y2 + 4fcx-2y + 4ik = 

is a point-circle. Ana. (a) two ; (b) none ; (c) one. 

12. Plot the circles a;« + y' + 4x - 9 = 0, x« + y« - 4x - = 0, and 
x2 + y* + 4x - 9 + & (x2 + y« - 4x - 9) = for ik = ± 1, ±3, ± J, - 6, 

— \. Must any values of Ac be excluded ? 

18. Plot the circles x? + y" + 4x = 0, x* + y^ - 4x = 0, and x« + y* -f 4x 
+ Jk (x^ + y^ — 4 x) = for the values of A: in problem 12. Must any values 
of k be excluded ? 

14. Plot the circles x«H- y' + 4x + 9 = 0, x« + y« -4x + 9 = 0, and 
x« + y^ + 4x + 9 + fc(x« + ya-4x + 9) = for ik = -3, - i, -5, -J, 

— }, — }, — 1. What values of k must be excluded ? 

58. Systems of circles. An equation of the form 

will define a system of circles if one or more of the coefficients 
contain an arbitrary constant. Thus the equation 

a* H- y* - r^ = 

represents the system of concentric circles whose centers are at 
the origin. Very interesting systems of circles, and the only 
systems we shall consider, are represented by equations analogous 
to (XIII), p. 119. 
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Theorem lU Given two circles, 

and Ca:a;*4-y*-f i>j«4--Ssy + ^s = 0; 

then the locus of the equation 

(III) X* + y* + n^x + E^y + F^ 

+ *(»» + y* + -DaX + E^y + J*,) = O 

is a circle exc^t when k = — l. In this case the locus is a straight 
line. 

Proof. Clearing the parenthesis in (III) and collecting like 
terms in x and y, we obtain 

(H-A;)a:»+(l + A:)y^4-(I>i + A;A)a:-f(£:i + A:E,)y+(Fi-fA:F0 = 0. 

Dividing by 1 + ^ we have 

The locus of this equation is a circle (Theorem I, p. 131). If, 
however, A; = — 1, we cannot divide by 1 -f A;. But in this case 
equation (lU) becomes 

(A - D^)x^-{E^ - E^)y+iF^ - i^,)= 0, 

which is of the first degree in x and y. Its locus is then a 
straight line called the radical axis of Ci and C^. q.b.d. 

Corollary I. The center of the circle (III) lies upon the line 
joining the centers of Ci and Cg and divides that line into seg- 
ments whose ratio is equal to k, 

— — -» -- — ) and of Ca is 
-^ -„ ^ 2 2/ 

— — » — — I • The point dividing Pi Pa into segments whose ratio equals i; 

is (Theorem Vn, p. 39) the point [_ TTT ' TTT J ' ®'» 

simplifying, ( ~ f^j^» " f^i^')' ^^^"^ *" ^"^ '*''**'' ""' ^™^' 
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CorolLuy IL The equation of the radical axis of Ci and C, t> 

(A - A)^ +(^1 - E,)y +(Fi - F,)=0. 

Corollaiy m. The radical axis of two circlet is perpendicular to 
the line joining their centers. 



The system (III) may have three diBtinct forms, as illustrated 
in the following examples. These three forms correspond to the 
relative positions of Ci and C,, which may intersect in two points, 
be tangent to each other, or not meet at all. 

Ex. 1. Plot the system of circlea repreaented by 

a!» + |^> + 8* - 9 + t{x» + y* - 4* - 8) = 0. 



Solatioa. The figure BhowB the circles 

a:' + v* + 8i-9 = 0anda!* + v*-4j;-9=!0 

plotted In heavy lines and the circles corresponding to 

J: = 2, 6, 1, i, -4, -J, and -1; 

these circles all para through the IntetBeclion of the first two. 

The radical axis of the two circles plotted in heavy lines, which c 
aponda to 1: = — 1, is the r-axia. 



Bz. 2. Plot the aystam ol ciioIeB repreBented by 

^ + l/* + 8x + k(xi + if-4x) = 0. 



Solution. The figoie showB the circlee 

a:" + V* + 8a! = and 3* + j/*-ix = 
plotted in heavy lines and the circles correBpoDdlng to 

t = 2, 8, i. 5, 1, J, _ 7. J, - 4, - 8, and - 1,. 
Theee circles are all tangent t« the given circles at their point of taogene; 
The locus for fc = 2 Is the origin. 

Bx. 3. Plot the system of circlea represented by 

^ + V- lOx + » + lc(s^ + V* + 8x + 9) = 0. 



Solution. The figure shows the circles 

a^ + V*-10a! + 9 = and !e> + v* + Bx + 9 
plotted In heavy lines and the circles corresponding to 
* = 1. IT, i, - 10, - ^, and - J^. 
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These circles all cut the dotted circle at right angles, as will be shown 
later. For ik = f the locus is the pointKjircle (3, 0), and for k = 8 it is the 
point-circle (—3, 0). 

In all three examples the radical axis, for which A; = — 1, is the F-azis. 

Theorem IV. When the circles 

Ci : a^ + y* + AaJ + E^y -f i^i = 
and Ca : aj» -f y* 4- D^ + ^ay + -P'2 = 

intersect in two points Py (xu j/i) and Pj (jcj, yi), then the system 
of circles represented by 

rr* + y« + D^x ^E,y + Fy + k (x^ -f y« 4- D^ -f E^y + F^) = 

consists of all circles passing through Pi and Pj. 

Proof First, every circle of the system passes through Pi and 
Pj. For, since Pi lies on Ci and Cj, we have 

iCi' + yi" + DyXi + E^yi + Pi = 
and x^ + yi* + D^x^ + E^ij^ + i^« = 0. 

Multiply the second equation by k and add to the first; this 
gives 

a^i' H- yi' + Aa?i + ^lyi + Pi + A; {x^^ + yi« + D^x^ + E^yi + P.) = 0, 

which is the condition that Pi lies on any circle of the system. 
In the same manner we can show that every circle of the system 
passes through Pj. 

In the second place, every circle which passes through Pi and 
Pj is in the system. For any such circle is determined by Pi, Pj 
and a point Pj (xg, yj) not on the line PiPj. Then if Pg lies on a 
circle of the system, we have 

Xz^ + y«' H- AaJ, + JEiy, + Pi -\-k{x^^ + y,^ -f D^x^ + E^^ + Pj) = 0, 
andhence ;fc = , ^»; + ys' + Ao^, + ^.Vs -f P. . 

«« + ys -h Aa?8 4- -E^ayg + Pa 

That is, a value of k can be determined so that the corresponding 
circle passes through Pg. Since Pg is any point not on PiPj, 
that circle is any circle which passes through Pi and Pj; and 
hence every circle which passes through Pi and P, belongs to 
the system. q.b.d. 



THE CIRCLE 141 

m 

Corollary. The radical axis of two intersecting circles is their 
common chord. 

In like manner we may prove 
Theorem V. When the circles 

Ci : a;« -h y* + DyX + ^ly + Fi = 
and Ca : x* + 2/' + D^x -f- Ejy + F, = 

are tangent at the point Pi (xi, yi), then the system of circles repre- 
sented by 

«« -h y« + Dix 4- E^y + JP^ + A; («« -f y» + D^ + E^y + F,)= 
consists of all circles tangent to Ci and C2 at Pi. 

These theorems show how to construct the circles of the system 
in case Ci and C^ intersect or are tangent, but there is no analo- 
gous theorem if Ci and C\ do not intersect. In what follows we 
shall consider a method which applies to all three cases. 

Theorem VI. The equation of the system (III), (p. 137), may be 
taritten in the form 
(VI) a?« + y* + Aj'x + JP = O, 

where k' is an arbitrary constant, if the axes of x and y be respec- 
tively chosen as the line of centers and the radical axis of Ci and C2. 

Proof. No matter how the axes be chosen, the equations of 
Ci and Cg have the forms 

Ci : «» + y« + DiX + JSJ^y + Fi = 
and Cj : a;2 + y* -h D^ + E^y + F, = 0. 

If the centers of Ci and C2 lie on the -X-axis, then ^1 = and 
^2 = (Corollary, p. 131). The equation of the radical axis 
(Corollary II, p. 138) then becomes 

(A-A)aJ+(Fi-FO=0. 

If this line is the F-axis, whose equation is x = 0, we must 
have Fi — F2 = 0, and hence Fi = JPj. Substituting F for Fi 
and Ft and setting ^1 = and Kj = in (III), we obtain 

X* 4- y* + A« + F 4- k(x^ -{-y^ + D^'^F) = 0. 
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Collecting like powers of x and y and dividing hy l-\- k, we 
obtain 

^ + y* + ^\Vf' ^ + F=o. 

1+ k 

The coefficient of x changes with k and may be denoted by a 

single letter; if we set 

A + kP^ 

we obtain equation (VI). q.e.d. 

Corollary. The centers of the circles of the system (VI) lie on 
the X-axis, 

The study of the system of circles (III), p. 137, may then be 
effected by the study of the system (VI), whose equation is in a 
simpler form than that of (III). 

Theorem VU. Ifr'is the radius of that circle of the system 

a^ + y^ + A;'a; + F = 
whose center is (a\ 0), then 

r'« = a'« - F. 

Proof For by Theorem I (p. 131) we have r'* = -r 

A:" 
and «'* = -;— Hence r'* = a'* — F, 
4 

Corollary I. When F is negati ve^ r' is the hypoteniLse of a right 
triangle whose legs are a' and V— F,* 

Corollary IL When F is zero, then r' = a'. 

Corollary m. Whsn F is positive^ a! is the hypotenuse of a right 
triangle whose legs are r' and Vf. 

We may readily construct circles of the system (VI) by the 
use of these corollaries. With the preliminary remark that the 
centers of all of the circles of the system lie on the X-axis (by 
the Corollary), we shall consider the three cases separately. 

* When F is negative, -F\a poBitive, and henoe V-F is a real number. 
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Case I. F<0. In this case ?•'* = a^ — F is positive for all 
real values of a', and hence every point on the X-axis may be 
used as the center of a circle belonging to the 
system. . 

On OY lay off OA = V- -P. With any 
point P' on the X-axis as center and with 
P'A as a radius, describe a circle; this circle 
will belong to the system. For let OP' = a'; 
then P'A = r' by Corollary I. The system 
is then composed of all circles whose centers 
lie on the X-axis which pass through A (0, -f V— P). It is evi- 
dent that the circles will also pass through B(0, — V— F). 

Case II. F = 0. In this case r'* = a'*, and hence all points 

on the X-axis may be used as centers. Further, 
the circles of the system will all pass through 
the origin (Theorem VI, p. 73). Hence the 
circle whose center is any point P' on the 
X-axis and whose radius is P'O will belong to 
the system. It is evident that all of the cir- 
cles of the system are tangent to the F-axis at the origin and 
also to each other. 

Case III. F>0. In this case r'^ = a'^ — F is positive only 
when a' is numerically greater than Vf, and hence points on the 
X-axis for which a:' is numerically less 
than Vf cannot be used as centers. 
With as a center and with Vf as a 
radius, describe a circle, the dotted circle 
in the figure. Let P' be any point on the 
X-axis outside of this circle. Draw P'A 
tangent to the dotted circle. With P' as 
center and P*A as radius, describe a circle; this circle will belong 
to the system. For let P'0 = a'; then, since OA = Vf, and since 
A IB 3, right angle, P'A = r' by Corollary III. Two intersecting 
circles whose tangents at a point of intersection are perpendicu- 
lar are said to be orthogonal; hence the system is composed of all 
circles whose centers are on the X-^axis which cut the dotted circle 
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orthogonally. If P' falls at C or D, the radius will be zeroj 
that is, the point-circles C and D belong to the system and are 
called its limiting points. Hence 

Theorem vlll. T?ie circles of the system represented by 

x*-\-y*-\-k'x-{'F=0 

have their centers on the X-axisy and 

(a) pass through (0, -f V— F) and (0, — V— F) if F is 
negative; 

(b) are tangent to ea^h other at the origin if F = 0; 

(c) are orthogonal to tlie circle x^ -\- y* = F if F i^ positive. 

The constructions given in the proof were used in drawing the 
figures on pages 138 and 139. 

It is evident from the figures, and can be proved analytically, 
that there are no point-circles if F is negative, that there is one 
pointrcircle if F is zero, and that there are two if F is positive. 

59. The length of the tangent. 

Theorem IX. Given a point Pi (xi, y^) and the circle 

C : a;« + y« -f Dx + % -f F = 0, 

then the prodttct of any secant through Pi and its external seg- 
ment is 

(IX) »,« + y,* + Dx^ + Ey^ + -F. 

Proof Let the equations of any line through Pi be (Theorem 

XV, p. 124) 

^ a; = Xi + /> COS a, 

y = yi + P cos P- 

Then if the point (x, y) or (xi -f 
p cos a, y\-\- p COS p) lies on C, we 
have (Corollary, p. 63) 

(xi -f p cos ay + (yi 4- p cos fiY 

-f D(xi + p cos a) + ^(yi + p cos^) -f F = 
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Simplifying, arranging according to powers of p, and using 
(1), p. 123, we have 

p« '\-p\_{2xi + i>)cos or + (2^1 H- E)C08P] 

4- xi" 4- yi' + ^1 + Ej/i + Fi = 0. 

The roots of this quadratic are the lengths of the secant PiPz 
and its external segment PiPj. Hence the product of PiP, and 
J\Pt is (Theorem I, p. 3) 

As this expression does not contain cos a or cos p it is imma- 
terial in what direction the secant be drawn. q.b.d. 

Corollary. The square of the length of the tangent from P^ to C 

is given by (IX). 

For when the secant swings around on Pi until it becomes tangent to C, PiPs 
and PiPs both become equal to P1P4. 

Theorem X. The ratio of the squares of the lengths of the tan- 
gents drawn from any point of the circle 

+ A: (x» + y« -h 2)^ 4- E^ + P.) = 
to ths circles 

C, : a;» + 2/2 + D,x ^E,y + F^^O 

and C2 : x* + y^ + D^x -\- E^y -{- F^ = 

is constant and is equal to — k. 

Proof Let P, (xj, y^) be any point on C^. Then 

a^i' + yi' + A^i + ^1^1 + ^1 + A; (xi^ -f 2/j« 4. Z),a:i + ^8^1 4- PO = ^• 
Dividing by the parenthesis and transposing, we obtain 

x,^ 4- yi' -h Dix, ^E,y,-\^F, ^ ^^ 

«i' + Vi^ + A^i + ^» yi + ^2 

By the Corollary the numerator of this fraction is the square 
of the length of the tangent from Pj to Cj, and the denominator 
is the square of the length of the tangent from Pj to Cj. Hence 
the ratio of the squares of the lengths of those tangents is con- 
stant and equal to — k, q.b.d. 
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Corollary L The locus of a point from which the ratio of the 

squares of the lengths of the tangents to tlie circles Cj and Cj is 

constant and equal to — k is the circle Ci^ 

Theorem X proves only one part of the Corollary. It remains to be proved 
that all points such that the ratio of the squares of the lengths of the tangents from 
these points to Ci and C^ equals — k lie on C^-. 

Corollary n. The locus of points from which tangents to two 
circles are equal is the radical axis of those circles. 

m 

PROBLEMS 

1. By means of Theorem VIII plot the following systems of circles. 

(a) x^ + y^ + ix-l + *{x2 + y« - 2aj - 1) = 0. 

(b) x2 4- y* + 4x + 1 + ifc(x2 + y2 _ 2x + 1) = 0. 

(c) x2 + y^ + 4x + k(z^ + y2 - 2x) = 0. 

(d) xa + ya + 2x - 4 + A;(x2 + y2 + 6x - 4) = 0. 

(e) x2 + y^ + 2x + 9 + fc(x2 H- y« - 4x + 0) = 0. 

(f) xa + y2 - 6x + k{x^ + y^ + 8x) = 0. 

2. Find the lengths of the tangents from the point 

(a) (6, 2) to the circle x^ + y^ - 4 = 0. Ans. 5. 

(b) (- 1, 2) to the circle x'^ + y^ - 6x - 2y = 0. Ans. V?. 

(c) (2, 6) tothecircle2xa + 2y2 4-2x + 4y- 1 =0. . Ans. 1 ^2. 

(d) (1, 2) to the circle x« + y« = 25. Ans. V-20. 

What does the imaginary answer in (d) mean ? A tis. Point is within the circle. 

8. Determine the nature of the following systems. 

(a) x2 + y2_|.2x -4y + fc(x2 + y* - 2x + 4y) = 0. 

(b) x2 + y2 + 4x - y + *(x2 + y2 - 4x + y - 4) = 0. 

(c) xa + y2+ 2x - 4y + 1 + k(x^ + y^ - 2x + 4y + 1) = 0. 

4. Find the equation of the circle passing through the intersections of the 
circles x* + y^ — 1 = and x* + ys + 2 x = which passes through the point 
(3,2). Ans. 7x2 + 7ya-24x- 19 = 0. 

6. Find the equation of the circle passing through the intersections of 
x* + y"-6x = and x^ + y« - 4 = which passes through (2, - 2). 

Ans. a^ + y«-3x-2 = 0. 

6. Find the equation of that circle of the system x^ + I/* — 4x — 3 
+ ib (X* + y* — 4 y — 3) = whose center lies on the line x — y — 4 = 0. 

Ans. x2 + ya-6x + 2y --3 = 
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7. Find the equation of the circle passing through the intersections of 
jc2 + y2_4x + 2y = and x* + y*~2y — 4 = whose center lies on the 
line 2x + 4y-l = 0. Ans, x^ ^ y^ - Sx + y - 1 = 0. 

S. Find the equations of the circles passing through the intersections of 
352 _j. y2 _ 4 = and x2_j.y2_j.2x — 3 = whose radii equal 4. 

Ans. x2 + y2 - 6x - 7 = and x2 + y2 + 8x = 0. 

9. Findtheradicalaxesof thecircle8x*+y*— 4x=0,x2+y*+6x— 8y=0, 
and x''^ + y2_|.6x — 8 = taken by pairs, and show that they meet in a point. 

10. Find the radical axes of the circles x2+y«--9=0, Sz^-\-S^-6x-\-Sy 
— 1=0, and x^+^+8y=0 taken by pairs, and show that they meet in a point 

11. Show that the radical axes of any three circles taken by pairs meet 
in a point. 

18. By means of problem 11 show that a circle may be drawn cutting any 
three circles at right angles. 

18. By means of problem 11 prove that if several circles pass through two 
fixed points their chords of intersection with a fixed circle will pass through 
a fixed point. 

14. The square of the tangent from any point Pi of one circle to another 
is proportional to the distance from the radical axis of the two circles to Pi. 

15. If Ci and C2 (Theorem III) are concentric, then all the circles of the 
system (III) are concentric. 

16. Show that when Ci and Cs (Theorem III) are concentric the equation 
of the system (III) cannot be written in the form given in Theorem VL 

17. Show that the radical axis of any pair of circles in the system (III) 
is the same as the radical axis of Ci and Cs. 

IS. How may problem 11 be stated if the three circles are point-circles ? 

mSCELLANEOUS PROBLEMS 

1 . Find the equation of the circle which circumscribes the triangle formed 
byx + 2y = 0, 8x — 2y = 6, and x — y = 6. 

8. Find the equation of the circle inscribed in the triangle in problem 1. 

8. Find the angle between the radii of the circles x^ + y^ = 25 and 
X* + y* — 16x + 89 = which are drawn to a point of intersection. 
Hint. Find the radii, the length of the line of centers, and apply 17, p. 20. 

4. Find the angle between the radii of the circles x* + y* 4- Ax + ^ly 
+ Fi = and x' + y^ + JDgX + E^y + Fa = which are drawn to a point of 
intersection. 
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6. Find the condition that the angle in problem 4 should be a right angle. 

6. Show that an angle inscribed in a semicircle is a right angle. 

7. Prove that the perpendicular dropped from a point on a circle to a 
diameter is a mean proportional between the segments of the diameter. 

8. If » is the angle between the oblique axes OX and OF, then the 
locus of X* + 2 cos iozy + y2 + Dx + ^y + i<' = 0isa circle. 

9. Given acircleC:x2+y2+Ite+JPy+F=0andalinei:^x+By+C=0; 
show that the system of curves x^-\-y^'\-Dx-\- Ey -\-F-\-k (Ax + By + C) = 
consists of all circles whosei centers lie on the line through the center of C 
perpendicular to L. 

10. Find the radical axis of any two circles of the system in problem 0. 

11. Find a geometric interpretation of k in the equation in problem 0. 

18. What does the equation of the system in problem 9 become if 

(a) the F-axis is the line L and the JT-axis passes through the center of C ? 

(b) the origin is the center of C and the F-axis is chosen parallel to £ ? 

18. Show how to construct the circles of the system x^ + y* — r^ + k(x — a) = 
when (a) r < a ; (b) r = a ; and (c) r > o. 

14. Show that the discriminant of (III) is 

where ri is the radius of Ci, rs of 02, and d is the length of the line joining 
the centers of Ci and C2. 

16. From problem 14 show that if there are no point-circles in (III), then 
Ci and C2 intersect ; if there is one point-circle in (III), then Ci and O2 are 
tangent ; if there are two point-circles in (III), Ci and C2 do not intersect. 



CHAPTER VI 
POLAK COORDINATES 

60. Polar coSrdinates. In this chapter ve shall consider a 
second method of determining points of the plane by pairn of 
real numbers. We suppose given a fixed point 0, called the 
pole, and a fixed line OA, passing through ^ 
0, called the poUr axis. Then any point 
P determines a length OP = p and an 
angle AOP = 6. The numbers p and $ 
are called the polar coordinates oi P. p is 
called the radius vector and 6 the vectorial \ 

angle. The vectorial angle 9 is positive \ 

or negative as in Trigonometry (p. 18). ^'' 

The radius vector is positive if P lies on the terminal line of 6, 
and negative if P lies on that line produced through the pole 0. 
Thus in the flgnre the radlDa vector of Pia positive, and Uiat of P'isD^ative. 
It is evident that every 
pair of real numbers (p, ff) 
determines a tingle point, 
which may be plotted by 
the 

Knit /or plotting a point 
whose polar coordinates 
(jt, ff) are given. 

First step. Construct the 
terminal line of the vecto- 
rial angle 6, as in Trigo- 
nometrg. 

SecoTidstep. Iftheradiua 

vector is positive, lay off a 

length OP = p on the terminal tine of $; if negative, produce the 
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terminal line through the pole and lay off OP eqtuxZ to the numer- 
ical value of p. Then P is the required point. 

In the figure on p. 149 are plotted the points whose polar coordinates are 

(e.f>(3.5^>(-3.^>(6..,a„a(,-^). 

Every point P determines an infinite number of pairs qf nianbers (p, 0), 

The values of $ will differ by some mul- 
tiple of TT, so that if is one value of $ the 
others will be of the form <f> + kye, where k is 
a positive or negative integer. The values 
of p will be the same numerically, but will 
,■► be positive or negative, if P lies on OB, 
according as the value of 6 is chosen so that 
OB or OC is the terminal line. Thus, if 
OB = p the coordinates of B may be written 
in any one of the forms (p, 0), (— p, tt + 0), 
(p, 2 ;r + 0), (— p, — ;r), etc. 

Unless the contraiy is stated, we shall always suppose that is 
positive, or zero, and less than 2 ir ; that is, < d < 2 tt. 

PROBLEMS 

1 Plot the point, (4. f ). (e, ^), (-.. ^). (4. |). (-4. *^). 
(5, It), 

2. Plot the pointe (e, ±|), (-2, ± |), (3, ir), (-4, tc), (6, 0), 
(-6, 0). 

8. Show that the points (p, 0) and (p, — ^) are symmetrical with respect 
to the polar axis. 

4. Show that the points (p, 0), (— p, ^) are symmetrical with respect to 
the pole. 

5. Show that the points (— p,ie^0) and (p, 0) are symmetrical with respect 
to the polar axis. 

61. Locus of an equation. If we are given an equation in the 
variables p and 6, then the locus of the equation (p. 59) is a curve 
such that : 

1. Every point whose coordinates (p, 0) satisfy the equation lies 
on the curve. 

2. The coordinates of every point on the curve satisfy the 
equation. 
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The curve may be plotted by solving the equation for p and 
finding the values of p for particular values of $ until the coor- 
dinates of enough points are obtained to determine the form of 
the curve. 

The plotting is facilitated by the use of polar coordinate paper, which enables 
us to plot values of by lines drawn through the pole and values of p by circles 
having the pole as center. The tables on p. 21 are to be used in constructing 
tables of values of p and $, 

In discussing the locus of an equation the following points 
should be noticed. 

1. The intercepts on the polar axis are obtained by setting 
$ = and $ = 7r and solving for p. 

But other values of 6 may make p = and hence give a point on the polar axis, 
namely, the pole. 

2. The curve is symmetrical with respect to the pole if, when 
— /> is substituted for p, only the form of tlie equation is changed. 

3. The curve is symmetrical with respect to the polar axis if, 
when — ^ is substituted for $, only the form of the equation is 
changed. 

4. The directions from the pole in which the curve recedes to 
infinity, if any, are found by 
obtaining those values of $ for 
which p becomes infinite. 

5. The method of finding the 
values of $ which must be ex- 
cluded, if any, depends on the 
given equation. 

Ex. 1. Discuss and plot the loons 
of the equation p = 10 cos 0. 

Solution. The discussion enables ns 
to simplify the plotting and is there- 
fore put first. 

1. For ^ = p = 10, and for ^ = ;r 
p = — 10. Hence the curve crosses the 
polar axis 10 units to the right of the 
pole. 

2. The curve is symmetrical with respect to the polar axis, for 
cos(— ^) = co8^ (4, p. 19). 



$ 


p 


' 6 

1 


9 




It 

12 

It 
Q 

It 
4 

It 
3 

67t 

12 


10 
9.7 

8.7 

7 

6 

2.6 


It 

2 

lit 
12 

27t 

S 
Sit 

4 
bit 

6 
Wit 

12 

It 




- 2.6 

- 5 

- 7 

- 8.7 

- 9.7 
-10 



152 ANALYTIC GEOMETRY 

3. ABCostfisaeverinflDiUi, 
the curve does not recede to 
iDQoily. Hence the curve is ft 

i. No values of S nuke p 
imaginary. 

ComputiDg a table of vslaei 
we obtain the table on p. 161. 

As the curve ia ajmrnetrical 
with respect to the polar axis, 
the rest of the curve may be 
easily constructed without com- 
puting the table fanher j but 
as the cuTTe we have already 
constructed Is afnimetrical 
with respect to the polar axis, 
no new points are obtained. The locua is a circle. 

El. 2. DiBCUssandpiot the locos of the equation p3 = a* COS 20. 
Sobition. The discusdon gives 
OB the following properties, 

1. For tf = Oor jr p = ±a. 
Hence the curve crosses the 
polar axis a units to the right 
and left of the pole. 

2. The curve is symmet- 
rical witli respect to the pole. 

8. It is also Eymmetrical 
with respect to the polar 
axis, for cos(- 20) =cos20 
(4, p. 10). 

4. >i does not become infinite; 

6. p is imaginary vrben 
cos 20 is negative, cos 2 
is negative when 20 Is in 

the second or third quadrant; that is, when 

^>a0>!lorl^>20>^. 

2 2 2 2 

Hence we must exclude valnee of * such that 

^>fl>^and'-i^>tf>^. 
4 4 4 4 

The accompanyinK tj 
need be computed when w 
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The complete curve U obtained by plotting these points and the points 
symmetrical to them with respect to the polar azU. Th« carve 1* called a 
lemnitcate. Id the Qgure a is taken equal to B.6. 

Ex. 3. Dlscusa and plot the locos of the equation 



Solution. 1. For 6 = p = l, and torS = Kp = cB; bo the carve crones 
the polar axis one unit to the right of the pole. 

2. The cui^e is not Brmmetrical with rei^iect to the pole. How may this 
be inferred from 1 ? 

3. The cnrve is symmetrical with respect to the polar axis, since 
co9(-*) = coaS(4, p. 19). 

4. f becomes Inflnlte when 1 + cos = or cos = — 1 and hence 
= «. The curve recedes to infinity in but one direction. 

6. p is never imaginary. 

On account of 3 the table of values is computed only to tf = ir, and the 
rest of Ihe curve is al>taiDed from the symmetry with respect to the polar 
alio. The locus is a parabola. 
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PROBLEMS 

ss and plot the loci of the following equations. 
= 10. S = tan-'l. S. ^sintf = 4. 



p cos tf s 6. '■ 
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l—2co8$ 
9. p = a sin $. 

10. p = a (1 — cos e), 

11. p^Bin2e = 10. 
18. p3 = 16sin29. 
18. fficos^2e = a^. 

14. p = a sin 2 ^. p = a cos 2 9. 
8 



16. p = 



1 — e cos 
for c = 1, 2, i. 



16. p cos ^ = a sin^ $, 

17. pcos^ = a cos 2^. 

18. p = a(4 + 6cos^) 

for 6 = 3, 4, 6. 

19. p = 

1 + tan ^ 

80. p = a sec ^ db & 

for a > 6, a = 6, a < 6. 

81. p = a^. 

88. p = a sin 3 ^. p = a cos 3 0. 



88. Prove that the locus of an equation is symmetrical with respect to 
9 = — if the results of substituting — + and give equations which 

A 2 ^ 

differ only in form. 

84. Apply the test for symmetry in problem 23 to the loci of 4, 6, 10, 11, 
and 12. 

62. Transformation from rectangular to polar coordinates. 

Let OX and OF be the axes of a rectangular system of coordi- 
nates, and let be 
the pole and OX the 
polar axis of a sys- 
tem of polar coor- 
dinates. Let (x, y) 
and (^, B) be respec- 
tively the rectan- 
gular and polar coor- 
dinates of any point 
P. It is necessary 

to distinguish two cases according as p is positive or negative. 
When p is positive (Fig. 1) we have, by definition, 

co8^= ~> sin ^ = -> 
P P 

« 

whatever quadrant P is in. 
Hence 




(1) 



X = p cos Of y = p sin ft 
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When p is negative (Fig. 2) we consider the point P' symmet- 
rical to P with respect to O, whose rectangular and polar coordi- 
nates are respectively (— Xy — y) and (— p, $). The radius vector 
of P\ — p, is positive since p is negative, and we can therefore use 
equations (1). Hence for P' 

— x^—p cos Oy — y = — p sin ^; 
and hence for P 

a; = p cos ^, y = p sin 0, 
as before. 

Hence we have 

Theorem I. If the pole coincides with the origin and the polar 
axis with the positive X-a^is, then 

ac = pcos$y 
y = p8in Oy 

where (x, y) are the rectangular coordinates and (p, ff) the polar 
coordinates of any point. 

Equations I are called the equations of transformation from rec- 
tangular to polar coordinates. They express the rectangular 
coordinates of any point in terms of the polar coordinates of 
that point and enable us to find the equation of a curve in polar 
coordinates when its equation in rectangular coordinates is known, 
and vice versa. 

From the figures we also have 

/)* = «> -h y\ e = tan-* -> 



(I) 



(2) 



0? 



sin $ = cos tf = 



These equations express the polar coordinates of any point in terms 
of the rectangular coordinates. They are not as convenient for use 
as (I), although the first one is at times very convenient. 

Ex. 1. Find the equation of the circle x* -H J^ = 25 in polar coordinates. 

Solution. Substitute the values of x and y given by (I). This gives 
p» C082 ^ + p2 sin2 = 26, or (by 3, p. 19) p« = 25 ; and hence p = ± 5, which 
is the required equation. It expresses the fact that the point (p, 0) is five 
units from the origin. 
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Ex. 8. Find the equation of the lemniscate (Ex. 2, p. 152) p^ = a^coB20 
in rectangular coordinates. 

Solution, By 14, p. 20, we have 

/»«= a«(cos2^-8in«^). 
Multiplying by p«, p* = a« (p2 oos« ^ - p« sin^ ^). 

From (2) and (I), (x^ + y^^ = a^(x^ - y^. Ana. 

63. Applications. 

Theorem IL The general equation of the straight line in polar 
coordinates is 

(II) p{A cos ^ + jB sin «) + C = 0, 

where A, B, and C are arbitrary constants. 

Proof, The general equation of the line in rectangular coordi- 
nates is (Theorem II, p. 86) 

AX'\-By-\-C — 0, 

By substitution from (I) we obtain (II). q.e.d. 

When A = the line is parallel to the polar axis, when B = it is perpen- 
dicular to the polar axis, and when C = it passes through the pole. 

In like manner we obtain 

Theorem in. The general equation of the circle in polar coordi- 
nates is 

(III) p^ -h p (D cos « -h JS: sin tf) 4- -P = 0, 
where D, E, and F are arbitrary constants, 

Corollaity. If the pole is on the circumference and the polar axis 
passes through the center, the equation is 

p — 2r cos $ = 0, 

where r is the radius of the circle. 

For if the center lies on the polar axis, or X-axis, ^ = (Corollary, p. 131) ; 
and if the circle passes through the pole, or origin, F=0, The abscissa of the 

center equals the radius, and hence (Theorem I, p. 131) — -- = r, or D = ~ 2r. 
Substituting these values of D, E, and F in (III) gives p — 2 r cos = 0. 

Theorem IV. ITie length I of the line joining two points Pi (pi, 6i) 
and Pj (pj, 0%) is given by 

(IV) P = p^* + p,*-2 p^, cos ($, - tf.). 
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Proof, Let the rectangular codrdinates of Pi and P^ be respec- 
tively (a?!, yi) and (arj, y,). Then by Theorem I, p. 155, 

Xi = pi cos 6u 05, = Pa cos tfj, 
yi = pi sin ^1, y, = p, sin ^,. 

By Theorem IV, p. 31, 

and hence /* = (pi cos ^i — ps cos ^,)" -h (pi sin 9i — p, sin Oi)\ 

Removing parentheses and using 3, p. 19, and 11, p. 20, we 
obtain (IV). q.e.d. 

PROBLEMS 

1. Transform the following equations into polar cobrdinates and plot 
Uieir loci. 

(a) X - 3y = 0. Am. = tan-> (i). 

(b) y + 6 = 0. AuB, p = . 

^ ' sin^ 

(c) «« + y« = 16. Ana, p = ± 4. 

(d) X* + y" — ax = 0. Ana. p = a cos tf. 

(e) 2xy = 7. -4?i«. p2gin2^ = 7. 
(f)x«-y« = a«. Ana. p«co82^ = a«. 

(g) X cos w + y sin (u — p = 0. ^na. p cos (0 — w) — |) = 0. 

(h) (1 ~ 6«)x« + y« - 2capx - eap2 = q. ^n,. ^ = ?E 

1 - e cos 

(i) 2xy + 4yS-8x + 9 = 0. Ana. p2(sin2^ + 48in«^ -8pcos^ + 9 = 0. 
8. Transform equations 1 to 21, p. 158, into rectangular coordinates. 

8. Find the polar coordinates of the points (3, 4), (-4, 3), (5, — 12), 
(4, 6). 

4. Find the rectangular coordinates of the points ( 6* - )« ("^9 — )* 
(3, jr). V 2/ \ 4 / 

6. Transform into rectangular coordinates p = ^ • 

1 — e cos ^ 

64. Equation of a locus. The equation of a locus may often 
be found with more ease in polar than in rectangular coordinates, 
especially if the locus is described by the end of a line of variable 
length revolving about a fixed point. The steps in the process 
of finding the polar equation of a locus correspond to those in the 
Rule on p. 53. 
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Ex. 1. Find the locns of the middle points of the chords of the circle 
C:p — 2r cos = which pass through the pole which is on the circle. 

Solution. Let P(/», ^ be any point on the locos. Then, by hypothesis, 

OP = i OQ, 

where Q is a point on C. 

But OP = /> and OQ = 2rcoetf. 

Hence p = ** cos 0. 

From the Corollary (p. 156) it is seen that 
the locos is a circle described on the radios 
of C through as a diameter. 

Ex. 2. The radios of a circle is prolonged a distance equal to the ordinate 
of its extremity. Find the locus of the end of this line. 

Solution, Let r be the radius of the circle, let its center be the pole, and 
let P(p, $) be any point on the locus. Then, 
by hypothesis, 

OP=OB+ CB. 

But OP = p, 

OB = r, 
and CB = r sin $. 

lience the equation of the locus of P is 

/> = r + r sin ^. 
The locus of this equation is called a cardioid. 



P(P,e) 




PROBLEMS 

1. Chords passing through a fixed point on a circle are extended their 
own lengths. Find the locus of their extremities. 

Ans. A circle whose radius is a diameter of the given circle. 

8. Chords of the circle p = 10 cos $ which pass through the pole are 
extended 10 units. Find the locus of the extremities of these lines. 

Ans. p = 10 (1 + cos e). 

8. Chords of the circle p = 2 a cos which pass through the pole are 
extended a distance 2b. Find the locus of their extremities. 

Ana. p = 2 (& + a cos 0). 
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4. Find the locus of the middle points of the lines drawn from a fixed 
point to a given circle. 

Hint. Take the fixed point for the pole and let the polar axis pau tbroagh the center 
of the circle. 

Ans. A circle whose radins is half that of the given circle and whose 
center is midway between the pole and the center of the given circle. 

6. A line is drawn from a fixed point O meeting a fixed line in Pi. Find 
the locus of a point P on this line such that OPi • OP = a'. Ana. A circle. 

6. A line is drawn through a fixed point O meeting a fixed circle in Pj 
and Ps. Find the locus of a point P on this line such that 

QP = 2 ^^' ' ^^' . Ans. A straight line. 
OPi + OPa * 
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85. When we are at liberty to choose the axes as we please 
we generally choose them so that our results shall hare the sim- 
plest possible form. When the axes are given it is important 
that we be able to find the equation of a given curve referred to 
some other axes. The operation of changing from one pair of 
axes to a second pair is known as a tnmsfonnatioii of coiMiiuttea. 
We r^pard the axes as moved from their given position to a new 
position and we seek formulas which express the old coordinates 
in terms of the new coordinates. 

66. Translation of the axes. If the axes be moved from a first 

position OX and OF to a second position O'X' and OT such that 

O'X* and O'y are respectively parallel to OX and OF, then the 

axes are said to be translated from the first to the second position. 

Let the new origin be 0'(h, k) and let the coordinates of 

any point P before and after the 
translation be respectively (x, y) 
and (x\ y'). Projecting OP and 
OO'P on OX, we obtain (Theoren? 
XI, p. 48) 

aj = a?' 4- A. 
Similarly, y = y' -|- ^. 

Hence, 

Theorem L If the axes be translated to a new origin (A, A;), and 
if (t, y) and (as', y') are respectively the coordinaies of any point P 
before and after the translation, then 

/TV (x = x* + h, 




ex = a?' -h /it, 
ty = y' + ifc. 
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Equations (I) are called the eqoatiODs for transUtiiig the utea. 
To find the equation of a curve referred to the new axes vhen 
its equation referred to the old axes is given, we substitute the 
values of X and y given by (I) in the given equation. For the 
given equation expresses the fact that P{x, y) lies on the given 
curve, and since equations (I) are true for all values of (x, y), the 
new equation gives a relation between x' and y' which expresses 
that P{x', y') lies ou the curve and is therefore (p. 63) the equa- 
tion of the curve in the new coordinates. 

b. 1. TnuiHfonii the equation 

-c3 + ^_aa; + 4v-12 = 
when the ixes ai« trauslaud to the new origin (3, — 2). 

Solution. Here h = 3 and k = — 2, bo equationa (1) become 
x = x'-i-3,y = y'-2. 

SubHtitaUng In the given eqaaUon, ne 
obtain 
(if + a.)^ + (y'-2)'-6(x' + S) 

+ 4(y'-2)-12 = 0, 
or, reducing, i^ + ^ = 25. 

This result could eaaily be foreseen. 
For the locus of the given equation is 
(Theorem I, p. 181) a circle whose center ia 
(3, ~-2) and whose radios is 6. When the 
origin is translated to the center the equa- 
tion of the circle must necessarily have 
the form obtained (Corollar;, p. SB). 



1. Tlud thenewcoQrdinaleaot ihepointfl (3, — 5) and (- 4, 2) when t^e 
axes are translated to the new origin (3, 6). 

S. Transform the following equations when the axes are translated to the 
new origin indicated and plot both pairs of axes and the curve. 

(a) Sz~iy = 9, (2,0). 

(b) 3^ + ifl-ix-2y = 0, (2, 1). 

(c) u»-6x + 9 = 0, (!.0). 

(d) 3^ + 1^-1 = 0, (-3, -2). 

(e) j^-2ta + t« = 0. (^. O). 

(f) z«-4v»+8i+24v-20 = 0, (-4, 



Ins. 
Ins. 
In». 


3a'-4^ = 0. 


4/+ 12 = 


=0 


Ins. 


x^ -41^ = 0. 
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r Darife eqnatioiM (I) if (X ■ in (a) the 
qnadzant ; (e) the fourth qnadnuit 



qoadnnt ; (b) the 



87. RoUtioa of the axes. Let the axes OX and OF be rotated 
about O tlirough an angle to the positions OX' and 0}\ The 
equations giviiig the coordinates of any point referred to OX and 
OY in terms of its coordinates referred to OX^ and Ol** are called 
the equatioaa for rotating the 



n. The equations for rotating the axes th rough an angle 




6 are 









Proof. Let P be any point 
whose old and new coordi- 
^ nates are respectively (x, y) 
^ and (x', y*). Draw OP and 
draw PAT perpendicular to 0X\ Project OP and 0^fP on OX 



The proj. of OP on OX 
The proj. of OAf on OX 

The proj. of JTP on OX = 



X. 

x'cos^. 



(Theorem III, p. 31) 
(Theorem II, p. 30) 

y' COB (? + ^ )• (Theorem II, p. 30) 
= -y'Bin^. (by6, p. 20) 



Hence (Theorem XI, p. 48) 

X = x' cos ^ — y' sin 0. 



In like manner, projecting OP and OM'P on OY, we obtain 

n -f y' cos ^ 



y = x' cos ( TT - ^ 



= x' sin ^ + y cos ^. 



Q.B.D. 



If the equation of a curve in x and y is given, we substitute 
from (II) in order to find the equation of the same curve referred 
to OX' and or. 
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Ks. 1. Tranrform the equation x> — v> = 16 wben the axes are rotated 
through — ■ 

SolviUm. Since 



and coB- = -— . 
4 v^ 

equation! (II) become 

X=^JZJC, y=t±£. 

SabeUtDting In the gire 
equation, we obtain 



(^rc^)"-' 



V2 / V V2 
r, simplifying, x'y" + 8 = 



1. Find the coordinates of the points <S, 1), (- 2, 6), and (4, - 1) when 
ttie axes are rotated through -■ 

S. Transform the following eqnaUons when the axes are rotated throng^ 
the indicated angle. Plot both pairs of axes and the curve. 
(a) as- V = 0,5. Aw. y' = (i. 

(b> x> + 22v + y= = 8,^. Ata. ^ = i. 

(c) y» = 4i, -|. Aw. jf^^Ay'. 

(d) a!» + 4«v + I/' = lfl.~ Ant. 3i'«-i^ = l6. 
<e) a« + V* = t*. «. Ana. 3^ + y^ = i«. 

(f) a!" + 2iy + j)" + 4i-4y = 0, -~ .^m. ■v^i^ + 4z' = 0. 

S. Derive equations (II) it 6 is obtuse. 

68. General transformation of cotirdinates. If the axes are 
moved in any manner, they may be brought from the old position 
to the new position by translating them to the new origin and 
then rotating them through the proper angle. 
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(III) 



fx = a?' CO 

\y = a?' sL 



r 


> 


^ 

> 




"~x" 







^ 














x' 



Theorem HL If the axes he translated to a new origin (A, k) and 
then rotated through an angle 0, the equations of the transformor 
turn of coordinates are 

a; = x' COB 9 — If' sin 9 + h, 
sin + If ' cos + A;. 

Proof. To translate the axes to O'X" and O'F" we have, by (I), 

x = x" -{- hy 
y = y" -h k, 

where (x", y") are the coQ;rdi- 
nates of any point P referred 
to O'X" and O'r'. 

To rotate the axes we set, 

t»y (11), 

x" = a;' cos — y' sin $, 
y" = x' sin -\- y^ cos 0. 

Substituting these values of a;" and y", we obtain (III), q.b.d. 

69. Classification of loci. The loci of algebraic equations 
(p. 17) are classified according to the degree of the equations. 
This classification is justified by the following theorem, which 
shows that the degree of the equation of a locus is the same no 
matter how the axes are chosen. 

Theorem IV. The degree of the equation of a locus is unchanged 
by a transformation of coordinates. 

Proof Since equations (III) are of the first degree in x^ and 
y', the degree of an equation cannot be raised when the values of 
X and y given by (III) are substituted. Neither can the degree 
be lowered; for then the degree must be raised if we transform 
back to the old axes, and we have seen that it cannot be raised 
by changing the axes.* 

As the degree can neither be raised nor lowered by a trans- 
formation of coordinates, it must remain unchanged. q.b.d. 



* ThlB alBO follows from the fact that when equations (III) are solved for x' and y' the 
results are of the first degree in x and y. 
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70. Simplification of equations by transformation of coordi- 
nates. The principal use made of transformation of coordinates 
is to discuss the various forms in which the equation of a curve 
may be put. In particular, they enable us to deduce simple forms 
to which an equation may be reduced. 

Rule to simplifi/ the form of an equation. 

First step. Substitute the values of x and y given by (I) [or (II)] 
and collect like powers of x' and y\ 

Second step. Set equal to zero the coefficients of two term^ 
obtained in the first step which contain h and k (or one coeffir 
dent containing ff). 

Third step. Solve the equcUions obtained in the second step for 
h and k* (or ff). 

Fourth step. Substitute these values for h and k (or $) in the 
result of the first step. The result will be the required equation. 

In many examples it is necessary to apply the rule twice in 
order to rotate the axes, and then translate them, or vice versa. 
It is usually simpler to do this than to employ equations (III) 
in the Rule and do both together. Just what coefficients are 
set equal to zero in the second step will depend on the object 
in view. 

It is often convenient to drop the primes in the new equation 
and remember that the equation is referred to the new axes. 

Ex. 1. Simplify the equation t/^ — Sx -{- Q y -{- 17 = hy traxudating the 
axes. 

Solution. First step. Set x = a/ + A and y = 1/^ -^-k. 

This gives (/ + *)« - 8(z' + A) + 6(1^ + fc) + 17 = 0, or 

(1) i^-8«' + 2*; /+ ifca t=0. 

+ 6 



/+ k^ 


-8A 


+ 6* 


+ 17 



• It may not be possible to solye these equations (Theorem IV, p. 90). 

t These Tortleal ban play the part of parentheses. Thus 2 A; + 6 is the ooefflolent of y' 
and lfl — 8h + 6k+n iB the constant term. Their use enables us to collect like powers 
of d/ and y^ at the soms time that we remore the parentheses in the preceding equation. 
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Second ttep. Setting the coefficient of y' and the constADt term, tba onl; 
coefficients containing h Euid k, equal to zero, ne 
obtain 

(2) 2fc+e = 0, 

(8) **-8A + 6t + l7=0. 

Tliird aUp. Solving (2) and (3) for h and k. 



Fourth step. Sntotituting in (I), remember- 
ing that h and 1; satiaf; (2) and (3), we liave 

The locus is Uie parabola plotted in the figure 
which shows the new end old axes. 



Ei. 2. SimpUfy J!' + 4lfS- 
b7 translating the axes. 

Solution. Firatstep. Setx 
This gives 






-16t 

+ 1 
Second step. Set the coefficients of x! and y' equal to zero. This give 

2A-2 = 0, 8jt-16 = 0. 
Third Btep. Solving, we obtain 

A = 1, A = 2. 
Fourth step. Substituting in (4), weobt&in 

J'" + 4 1^ = 18. 
Plotting OQ the new axes, we obtain the 

Ex. 3. Remove the asy-term from x> + 4zv+^ = 4bf rotating the ai 

. First step. Seta = ii!'coa9 — y' sine and y = x'ainff + ^ct 



whence 

cos'Sli^ — Zsinfcc 
-)■ 4 sin ff cos e 4- 4 (coa* B 
.fsin^^l +2Binec( 
or, by 3, p. 19, and 14, p. 20, 



i0 Ix-i^+sin** \y^ = i 

- s\t?9) — 4sin0cos0 

i9 \ + cos^ e I 

!tf.iV+{l-2 8in2en^ = 4. 
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Second itep. Setting the coefBclent of tiy" equal to zero, we Iutb 

coB2e = 0. 
Third step. Hence 
2ff--. ..*--. 

Fourth step. Subetitnling In 
(5), we obtain, since sin — = 1 
(p. 21), 

8x^-1/^ = 4. 

Tbe locDS of this equation is 
the hyperbola plotted on the 
new axes in the figure. 

From coa 2 tf = wB get, in general, 20 = — + n;r, where n is any pcaiUve 
or negative integer, or zero, and hence tf = — -H n — ■ Then the zy-term ma]r 
he removed by giving 9 any one of these values. For most purposes we 
choose the smalleM positive value of tf as in this example. 

Ex. 4. Simplify z* + 6z* + 12z -4 y -t- 4 = by translating tbe axes. 

SoVatwn. First step. Set . 

* = i' + A, v = y' + jt 
We obwin 

{6)x^ + 3A]z^+ 3ft>|x'-4j/'-l- ft' =0. 
+ 6 + 12ft + 6ft' 

1 +12 I +12A 

- 4* 
+ * 
Second step. Set equal to zero the coefBcient 
of 3f* and the constant term. This gives 
3A + 6 = 0, 
A» + 6A» + 12A-4ft + 4!=0. 
Third step. Solving, 

A = -2, i = -l. 
Fourth step. Substitnting in (6), we obtain 
a!^-4/ = 0, 
wtuMB locus is the cubical parabola in the figure. 
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PROBLEKS 
1. Simplify the following equations by translating the axes. Plot both 



paiiB of axes and the corye. 

(a) x« + 6x + 8 = 0. 

(b) a;2-4y + 8=:0. 

(c) x« + 2/* + 4x - 6y - 8 = 0. 

(d) ya-6x-10y + 19 = 0. 

(e) x* - y« + 8x - 14y - 88 = 0. 

(f) xa + 4y2-16x + 24y + 84 = 0. 

(g) y» + 8x-40 = 0. 

(h) x» - i/« + 14y - 49 = 0. 
(1) 4x2 - 4xy+ y« - 40x+ 20y+ 99 



= 0. 



Ans. x^ ■= 1. 

Am, x^ = 4/. 

Am, x'2 + 3^ = 16. 

A-M, y'^ = 6x\ 

An8. x'«-jr*=0. 

Ans. x'« + 4y^ = 16. 

Ans. 8x' + y^ = 0. 

Ans, y^ = x^. 

Ans. (2x'-y0*-l=0. 



8. Remove the xy-term from the following equations by rotating the axes 



Plot both pairs of axes and the ciirve. 

(a) x2-2xy + y« = 12. 

(b) x2-2xy + y« + 8x + 8y = 0. 

(c) xy = 18. 

(d) 26xa + 14xy + 26 y^ = 288. 

(e) 3x8-10xy + 3y2 = 0. 

(f) 6x2 + 20 V5xy + 26 y« = 324. 



Ans. y^ = 6. 
Ans. V2y^ + 8x' = 0. 
Ans. x^-y^ = 36. 
Ans. 16x'2 + 9y'2 = 144. 
Ans. x'*- 42^ = 0. 
Ans. 9x'2- 1^ = 81. 



71. Application to equations of the first and second degrees. 

In this section we shall apply the Rule of the preceding section 
to the proof of some general theorems. 

Theorem V. Bi/ moving the axes the general equation of the first 

degree, 

Ax + By + C = 0, 

may he transformed into jc' = 0. 

Proof Apply the Rule on p. 165, using equations (III). 

Set x=sx^ cos fl — y' sin ^ -j- A, 

y = x' sin tf -h y' cos 6-\-k. 

This gives 



(1) 



A cos $ 
+ -B sin ^ 



x' — A sin 


y' + Ah 


-f- ^ cos d 


+ Bk 


• 


+ c 



= 0. 
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Setting the coefficient of y^ and the constant term equal to zero 
gives 

(2) - il sin tf + 5 cos ^ = 0, 

(3) Ah-\-Bk + C=^0. 



From (2), 



tantf = -7* or 
A 



=•»-(!) 



From (3) we can determine many pairs of values of h and k. 
One pair is 

A = - ^, Aj = 0. 

A 

Substituting in (1) the last two terms drop out, and dividing 
• by the coefficient of «' we have left «' = 0. q.e.d. 

We have moved the origin to a point (A, k) on the given line 
Ly since (3) is the condition that {h, k) lies on the line, and then 
rotated the axes until the new axis of 
y coincides with L, The particular 
point chosen for (A, k) was the point 0' 
where L cuts the X-axis. 

This theorem is evident geometric- 
ally. For aj' = is the equation of 
the new F-axis, .and evidently any line 
may be chosen as the F-axis. But the theorem may be used to 
prove that the locus of every equation of the first degree is a 
straight line, if we prove it as above, for it is evident that the 
locus of x' = is a straight line. 

Theorem VL The term in xy may always he removed from an 
equation of the second degree, 

Ax^ -h Bxy + Cy^ + Dx + Ey-\-F=rO, 

by rotating the axes through an angle such that 




(VI) 



tan20 = 



A^C 
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Froof. Set 
and 

This gives 

(4) A cos* e 

-h i? sin tf cos B 
+ C sin* B 



x = x' cos — y* sin 
y = »' sin ^ -f- y' cos 0. 



x'*— 2^sintfcos^ 
H-5(cos*d-sin*^) 
+ 2 C sin tf cos ^ 

+ D cos ^ 



y 



ft 



— B sin $ cos $ 
+ Ccos*^ 

a;'-Z>sind y' 4-1^=0. 
+ -& cos tf 



+ ^sintf 

Setting the coefficient of «'y' equal to zero, we have 

(C - ^)2 sin ^ cos ^ + 5(cos* $ - sin* ff) = 0, 
or (14, p. 20), (C - ^)sin 2 ^ + jB cos 2 tf = 0. 

B 



Hence 



tan 2 tf = 



A-C 

If $ satisfies this relation, on substituting in (4) we obtain an 
equation without the term in xy. q.b.d. 

Corollary. In transforming an equation of the second degree by 
rotating the axes the constant term is unchanged unless the new 
equation is multiplied or divided by som>e constant. 

For the constant term in (4) is the same as that of the given equation. 

Theorem vix. The terms of the first degree mxiy be removed from 
an equation of the second degree, 

Ax^ + Bxy + Cy* -{- Dx 4- Ey -\- F = Oy 

by translating the a^es, provided that the discriminant of the terms 
of the second degree, ^ = B^ — AAC, is not zero. 

Froof. Set x = x' -{- h, y = y' + k. 

This gives 

= 0. 



(6) Ax'^ -h Bxy + Cy'* -\'2Ah 


x' -f Bh 


y' + Ah' 


-{-Bk 


-{-2Ck 


-f- Bhk 


+ D 


+ ^ 


+ CA:* 


+ Dh 


■^Ek 






•fF 
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Setting equal to zero the coefficients of x^ and f/\ we obtain 

ft 

(6) 2Ah + Bk-\-D = 0, 

(7) Bh + 2Ck + E = 0. 

These equations can be solved for h and k unless (Theorem 

IV, p. 90) 

2A _ B 

B '^2C' 
or B^-4:AC = 0. 

If the values obtained be substituted in (5), the resulting equa- 
tion will not contain the terms of the first degree. q.e.d. 

Corollary L If an equation of the second degree he transformed 
by translating the axes, the coefficients of the terms of the second 
degree are unchanged unless the new equation be multiplied or 
divided by some constant. 

For these coefficients in (5) are the same as in the given equation. 

Corollary IL When A is not zero the locus of an equation of the 
second degree has a center of symmetry. 

For if the terms of the first degree be removed the locus wiU l>^ symmetrical 
with respect to the new origin (Theorem V, p. 73). 

If A = B^ — ^AC=0, equations (6) and CO may stiU be solved for h and k 

2A B D 
if (Theorem IV, p. 90) -^ = tt; = «» when the new origin (A, *) may be any 

Jo 20 Jit 

point on the line 2Az-\- By + D = 0. In this case every point on that line will 

be a center of symmetry. 

For example, consider aj* + 4a;y + 4y2 + 42 + 8y + 3 = 0. For this equation 

equations (6) and (7) become 

2A + 4ifc + 4 = 0, 

4A + 8* + 8 = 0. 

In these equations the coefficients are all proportional and there is an infinite 
number of solutions. One solution is A = — 2, A; = 0. For these values the given 
equation reduces to 

a:« + 4 «y + 4y« — 1 = 0, 

* 

or (z + 2y + 1) (a; + 2y- 1) = 0. 

The locus consists of two parallel lines and evidently is symmetrical with 
respect to any point on the line midway between those lines. 
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MISCELLAITBOUS PROBLEMS 

1. Simplify and plot. 

(a) y« - 5y + 6 = 0. (e) x« + 4a;y + ya = 8. 

• (b) x« + 2xy H- y« - 6x - 6y + 5 = 0. (t) x^-9y^-2z- 36y + 4 = 0. 

(c) y» + 6x - lOy + 2 = 0. . (g) 26y^ - 16xs + 50y - 119 = 0. 

(d) «a + 4y« «. 8x - 16y = 0. (h) x« + 2xy + y^ - 8x = 0. 

S. Find the point to which the origin must be moved to remove the terms 
of the first degree from an equation of the second degree (Theorem VII). 

8. To what point (A, k) must we translate the axes to transform 
(1 - e«)x» + y* ~ 2px + p^ = into (1 - e«)x« + y« - 2^^- €«p2 = 0? 

4. Simplify the second equation in problem 3. 

5. Derive from a figure the equations for rotating the axes through + — 

It ^ 

and T and verify by substitution in (II), p. 162. 

6. Prove that every equation of the first degree may be transformed into 
y' = by moving the axes. In how many ways is this possible f 

7. The equation for rotating the polar axis through an angle is 
d = ^ + 0. 

8. The equations of transformation from rectangular to polar coordi- 
nates, when the pole is the point (A, k) and the polar axis makes an angle of 
^ with the X-axis, are 

x = ^H-pcos(^ + ^), 
y = fc + p sin (^ + 0). 

0. The equations of transformation from rectangular coordinates to 
oblique coordinates are ^ 

X = x^ + y' cos w, 
y = y' sin w, 

if the X-axes coincide and the angle between OX' and OT' is w. 

10. The equations of transformation from one set of oblique axes to any 
other set with the same origin are 

sin w sin w 

sin0 sin^ 
y = xr-, — + tr- — » 
sin 09 sin ta 

where u is the angle between OX and OF, ^ is the angle from OX to OX'y 
and V" is the angle from OX to OT', 
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CONIC SECTIONS AND EQUATIONS OF THE SECOND DEGREE 

72. Equation in polar coordinates. The locus of a point P is 
called a conic section* if the ratio of its distances from a fixed 
point F and a fixed line DD is constant. F is called the focus, 
DD the directrix, and the constant ratio the eccentricity. The 
line through the focus perpendicular to the directrix is called 
the principal axis. 

Theorem I. If the pole is the focus and the polar a>xis the princi- 
pal cutis of a conic section, then the polar equation of the conic is 



(J) 



P = 



ep 



1 — €COS$ 



where e is the eccentricity and p is the distance from, the directrix 
to the focus. 



= c. 



P(/>.^) 



Proof Let P be any point on the conic. Then, by definition, 

FP 
EP 

From the figure, FP = p 

and ' EP = HM = p + pcosO. 

Substituting these values of FP and ^ 
EP, we have 




£ .. 



p -\- p cos 6 



= e\ 



or, solving for p, 



^ ~ 1 — c cos d 



Q.B.D. 



• Beoftose theie eunrei may be regarded as the intenectioiui of a oone of reyolution 
with a plane. 

178 
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From (I) we see that 

1. A conic is symmetrical with respect to the principal axis. 

For sabstitutiDg — ^ for changes only the form of the equation, since 
COS (— S) = cos B. 

2. In plotting, no values of need be excluded. 

The otJier properties to be discussed (p. 151) show that three 

cases must be considered according as e = 1. 
The parabola 6 = 1. When e = 1, (I) becomes 

_ p 
^ 1 — cos e* 

and the locus is called a parabola. 

P 

1. For ^ = p = oo, and for = tt p=^' The parabola 

therefore crosses the principal axis but once at the point O, 

called the vertex, which is ^ to the left of the focus Fy or mid- 
way between JP and I>D, 

2. p becomes infinite when the denominator, 1 — cos 0, vanishes. 
If 1 — cos ^ = 0, then cos tf = 1 ; and hence d = is the only 
value less than 2 n for which p is infinite. 

TT 

3. When Q increases from to -t-j 

then cos B decreases from 1 to 0, 

1 — cos 6 increases from to 1, 

p decreases from oo to j9, 

and the point P (p, 0) describes the parabola 
from infinity to B. 

TT 

When increases from ^ to w, 

then cos decreases from to — 1, 

1 — cos $ increases from 1 to 2, 

p decreases from jo to ^> 

and the point P(p, ff) describes the parabola from B to the 
vertex O. 
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On account of the symmetry with respect to the axis, when 

3 TT 

$ increases from ir to -^-j P(p9 ff) describes the parahola from 

Sir 
to jB'; and when $ increases from -^ to 2 tt, from B' to infinity. 

When e < 1 the conic is called an elliiwe, and when e>ly 
an hyperbola. The points of similarity and difference in these 
curves are brought out by considering them simultaneously. 



TheeUipae, e<l. 



1. For 6 = p = 



ep 



e 



1-e l-e 
As e < 1, the denominator, and hence 
p, is poBitive, so that we obtain a point 
A on the ellipse to the right of F, 

As — § 1 when e<l, according as e 
^ - • then FA may be greater, equal to, or 
less than FH, 



The hyperbola, e > 1. 
1. For ^ = p = -^ = * 



l-e l-e 
As e > 1, the denominator, and hence 
/», is negative, so that we obtain a 
pioint A on the hyperbola to the ^/t 
otF, 

Am >1 (nnmerically) when «>1, 

l-e 

then p>p ; so A lies to the left of J7. 





For^ = *^ = -^ = -^ 
1+e 1+e 



p, p\B 



positive, and hence we obtain a point 
A' to the left of F. 

Ab <1, then p<p; bo Af lies 

1 + e 

between H and F, 

A and A' are called the vertices of 
the ellipse. 



For e — itp:= 



ep 



e 



p. pis 



1+c 1+e 
positive, and hence we obtain a sec- 
ond point A' to the left of F, 



Afl 



<1, then p<p\ BO A' Ilea 



l + e 
between H and F, 

A and A' are called the vertices of 
the hyperbola. 
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The eUipM, e < 1. 

2. p becomes inflDite if 
1 — c cos ^ = 0, 

or cos = -' 

e 

As e<l, then ->1; and hence 

e 
there are no values of for which 

p becomes infinite. 

8. When _ 

increases from to — « 

2 

then cos 6 decreases from 1 to 0, 
1 — e cos ^ increases from 1 — e to 1 ; 

hence p decreases from to ep, 

1 — e 

and P{pi0) describes the ellipse from 

^ toC. 



When 6 increases from - to ie, 

2 

then cos $ decreases from to — 1, 
1 — e cos 6 increases from 1 to 1 + e ; 

hence p decreases from ep to -^ i 

l + e 

and P (p, $) describes the ellipse from 
Cto^'. 

The rest of the ellipse, A'C'A, 
may be obtained from the symmetry 
with respect to the principal axis. 

The ellipse is a closed curve. 



The hyperbola, e > 1. 

2. p becomes infinite if 

1 — e cos ^ = 0, 

^ 1 
or cos^ = -- 

e 

As 6 > 1, then - < 1 ; and hence 

e 

there are two values of $ for which 
p becomes infinite. 

8. When 
$ increases from to cos~^f - Y 

then cos decreases from 1 to - 1 

e 

1 — e cos ^ increases from 1 — e to ; 

hence p decreases from -^- to — od, 

l — e 

and P{pj 6) describes the lower half 

of the left-hand branch from A to 

infinity. 

When 

6 increases from cos-^ ( - ) to — » 

\e/ 2 

then cos B decreases from - to 0, 

e 

1 — e cos 9 increases from to 1 ; 

hence p decreases from oo to ep, 

and P (fi, 6) describes the upper part of 

the right-hand branch from infinity 

toC. 

When increases from — to *, 

2 

then cos $ decreases from to — 1, 
1 — e cos ^ increases from 1 to 1 +e ; 

ep 

1 + c' 
and P (p, e) describes the hyperbola 

from C to A'. 

The rest of the hyperbola, A'C 
to infinity and infinity to A, may be 
obtained from the symmetry with 
respect to the principal axis. 

The hyperbola has two it^nile 
branches. 



hence p decreases from ep to 



CONIC SECTIONS 177 



PROBLEMS 



1. Plot and discuss the following conies. Find e and j>, and draw the 
focus and directrix of each. 

2 . V 3 

(a)p = 



{h)p = 
(c)p = 
(d)p = 



1 — cos9 
2 

1 — i cos tf 

8 

1-2COS0 

6 

2 -2cos9 



(e)^ = 


S- 


-costf 


(*)/> = 




6 


2- 


-3 cos 9 


(g)P = 




2 


2- 


-cos^ 


(h)/> = 




12 


3 


-4cos^ 



8. Transform the equations in problem 1 into rectangular coordinates, 
simplify by the Rule on p. 166, and discuss the resulting equations. Find 
the coordinates of the focus and the equation of the directrix in the new 
Tariables. Plot the locus of each equation, its focus, and directrix on the 
new axes. 

Am. (a) y« = 4a;, (1,0), aj = -l. 

^ ' jyk ^ y ' V 3 / 8 

«« 1/2 /16 «\ 4 

^ ' iyi Y ^3 / 3 

(d)|/« = 5x, (1,0), x = -i. , 
. x« 1^ ^ / 3 ^\ 27 

«« !/• /48 ^\ 27 

8. Transform (I) into rectangular coordinates, simplify, and find the coor- 
dinates of the focus and the equation of the directrix in the new rectangular 
coOrdtaates if (a) c = 1, (b) c^l. 

Ans. (a) V« = 2ia, (|, o), a; = -| 
(1 - ^a 1 - ^ 



178 ANALYTIC GEOMETRY 

4. Derive the eqaatlon of a conic section when (a) the focus lies to the 
left of the directrix ; (b) the polar axis is parallel to the directrix. 

Arts, (a)p = -— ^— .; (b) /, = "^ 



1 + ecos0 1 - c sin ^ 

5. Plot and discuss the following conies. Find e and p, and draw the 
directrix of each. 



1 + cos 9 ^ ' 3 + 10 cos ^ 



1 — sin tf 3 — sin tf 

73. Transformation to rectangular coordinates. 

Theorem EL If the origin is the focus and the X-dxis the princi- 
pal axis of a conic section, then its equation is 

(II) (1 - e«) x« -h y* - 2 e^px ~ e^ = 0, 

where e is the eccentricity and x = —p is the equation of the 
directrix. 

Proof Clearing fractions in (I), p. 173, we obtain 

p — ep cos = ep. 

Set p = ± Vx*-f y* and p cos ^ = a; (p. 155). This gives 

± Va' 4- y^ — ex = ep, 

or ± Vx' -f- y* = ex -{- ep. 

Squaring and collecting like powers of x and y, we have the 
required equation. Sinpe the directrix DD (Fig., p. 173) lies p 
units to the left of F its equation is a; =—p- q.«.d. 

74. Simplification and discussion of the equation in rectangu- 
lar coordinates. The parabola, e = 1. 

When « = 1, (II) becomes 

y*-2px-p* = 0. 

Applying the Rule on p. 166, we substitute 

(1) a? = x' -h A, y = y' -h k, 
obtaining 

(2) y^ - 2px' + 2 V + A:« - 2ph - /?« = 0. 
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Set the coefficient of y^ and the constant term equal to zero 
and solve for h and k. This gives 



(3) 



A=-|, A; = 0. 



Substituting these values in (2) and dropping primes, the equa- 
tion of the parabola becomes y^ = 2px, 

From (3) we see that the origin has been 
removed from F to O, the vertex of the ^ y^ 
parabola. It is easily seen that the new * 

coordinates of the focus are (^, 0|, and x 

the new equation of the directrix is 

P 
2 



Hence 




Theorem HI. If the origin is the vertex and the X-axis the axis 
of a paraJbola, then its equation is 

(III) y« = 2i>aj. 

The focus is the point [ ^, J, and the equation of the directrix 
isx 1. 



A general diacassion of (III) gives us the following properties of the 

parabola in addition to those already obtained 
(p. 174). 

1. It passes through the origin but does not cut 
the axes elsewhere. 

2. Values of x having the sign opposite to that 
of p are to be excluded (Rule, p. 78). Hence the 
curve lies to the right of YT' when p is positive and 
to the l^ when p is negative. 

8. No values of y are to be excluded ; hence the 
curve extends indefinitely up and down. 

Theorem IV. If the origin is the vertex and the Y-axis the axis 
of a parabola, then its equation is 




(IV) 



QC^ = ^py. 
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The foeus is the point 



.•«,(o,|), 



and the equation of the directrix 




Proof. TraDsfonn (III) ty rotating the 
axesthrougli — -^. Equations (II), p.l62, 

give ufl for # = — -r 

x = y', 




Substituting in (III) and dropping primes, we obtain x* = 2py. 
After rotating Uia axes the vbole' figure ia 
tamed through — iE the positive direclion. 

The parabola lies aftore or below ilie JT-aiis 
according bb p is positite or negative. 

Equations (III) and (IV) are called 
the typical forms of the equation of the 
parabola. 

Equations of the forms 

Ax* + Ei/ = and Ci/' + Dx= 0, 
There A, E, C, and D are different from zero, may, by tran8po> 
sition and division, be written in one 
of the typical forms (III) or (IV), 
so that in each case the locus is a 
parabola. 

Ex. 1. Plot thelocnBofi* + 4y = and 
find the focuB and directrii. 

Solulion, The given equation may be 

*" " ir" = -4y. 

Comparing with (IV), the locos is seen lo be a parabola for which p = — 2. 
Its focos Ib therefore the point (0, — 1) and its directrix the line y = l. 

Ex. 2. Fiud the equation of the parabola whose vertex is the point ff 
(S, — 2) and whose directrix ia parallel to the F-axis, If p = 3. 
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SotutUm. Refarred to O'Z' and OT' as axes, the eqn&ttou of the parabola 
la (Theorem III) 
(4) y^^OxT. 

The equallon for translating the axes from 
Oto (7 are (Theorem I, p. 160) 

x = X' + S, v = /-2, 
whence 
(6) a' = * - 3, / = i; + 2. 

SabetitDtJDg in (4), we obt^a as the re- 
quired equation 

(g + 2)* = 0{x-3), 
or v' — Ox + iy + 22 = 0. 

Refened to O'X' and OT', the coflTdiDatea 
of f are (Theorem III) (J, 0) and the aqua- 
tioD of DD Is X' = - ;. B; (5) we see that, 

referred to OX and OT, the coOidinates of f are ({, - 2) and tike equation 
ofi)DlB«=i. 



(a) V> = ix. (d) v*~6x = 0. 

(b) y» + 4x = 0. (e) x* + lOv = 0. 

(c) xa-8v = 0. (f) v' + a: = 0. 

8. If the directrix is parallel to the F-aiis, find the equation of the 
parabola for which 

(a) p = 8, if the Tertex u (3, i). Am. {y - i)* = 12 (i - 8). 

(b) p = - 4, if the vertex is (2, - 3). Ana. (y + 8)* = - 8 (i - 2). 

(c) J) = 8, if the vertex is (- 5, 7). An». (y - 7)' = 16(i + 6). 

(d) J) = 4, if the vertex U (A, k). An». (y - i)' = 8 (z - A). 

S. The chord through tbe focus perpendlcoiar to the axis is called the latui 
lectom. Find the length of the latus rectum of ^ = 2px. Ana. 2 p. 

4. What is the equation of the parabola whose axia is parallel to the axis 
of ^and whose vertex Is the point {a, |S)7 Ana. (x — ay = 2p{y — p). 

5. Transform to polar coitrdinates and discuss the lesulUng equations 
(a) y* = 2px, (b) ^ = 2py, 

S. Prove that the abscissas of two pointa on the parabola (III) are propor- 
Uonal to the aquaivs ol tbe ordinales of those points. 
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75. Simplification and discussion of the equation in rectan- 
gular coordinates. Central conies, e ^ 1. When 6^1, equation 
(II), p. 178, is 

(1 - e^)x^ 4-2/^-2 e^x - eY = 0. 

To simplify (Rule, p. 165), set 

(1) a; = x' + A, y = y' 4- k, 

which gives 



(2) (1 - e^x'^ 4- y'* + 2 A (1 - e^ 



aj'4-2A;y'-t-(l-6*)A* 
+ k^ 
-2e^h 

-eY 

Setting the coefficients of x' and y' equal to zero gives 

2 A(l - e«) - 2 e»i? = 0, 2k = 0, 
whence 

h = :r^. k = 0. 
1 — e* 



= 0. 



(3) 



Substituting in (2) and dropping primes, we obtain 



>2^3 



(l-e')x»+y*-^, = 0, 



or 



X 



3 



eY 



+ 



r 



ey 



= 1. 



(1 - ey 1 - e 



3 



This is obtained by transposing the constant term, diyiding by it, and then 
dividing numerator and denominator of the first fraction by 1 — e^. 



T?ie dlipae, e < 1. 

From (8) it is seen that h is posi- 
tive when e < 1. Hence the new ori- 
gin O lies to the right of the focus F, 



The hyperbolOy e > 1. 

From (3) it is seen that h is neiora- 
tive when e > 1. Hence the new ori- 
gin O lies to the left of the focus F. 

Further, ->1 numerically, so 

1 -c« 

h>p numerically ; and hence the 

new origin lies to the left of the 

dbectrix DD. 
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The locus of (4) is symmetrical with respect to YT (Theorem 
V, p. 73). Hence is th^ middle point of AA\ Construct in 



D 








r 


k 






d' 


E 


— 


/ 


1 




B 


■^ 


\ 


*' 


X' 




A 


F 









h 


X 


D 






^ 


r' 


B^ 


^ 




ur 




either figure F and Z>'2>' symmetrical respectively to F and DD 
with- respect to YY\ Then F and D^D^ are a new focus and 
directrix. 

For let P and P' be two points on the cnrve, Bymmetrical with respect to YY\ 

Then from the symmetry PF = P'F' and PE = P'E', But since, by definition, 

PF P'F' 

■p^ = e, then -^;^ = e. Hence the same conic is traced by P', using F" as focus 

and I/D' as directrix, as is traced by P, using F as focus and DD as directrix. 

Since the locus of (4) is symmetrical with respect to the origin 
(Theorem V, p. 73), it is called a central conic, and the center of 
symmetry is called the center. Hence a central conic has two foci 
and two directrices. 

The coordinates of the focus F in either figure are 



(-A-) 



For the old coordinates of F were (0, 0). Substituting in (1), the new cooidl 
nates are a;' = — ft, y' = — ife, or, from (3), ( -^-i» ^ )• 



The coordinates of F* are therefore 



(i^' ») 



The new equation of the directrix DD is a; = — ^ • ' 
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For from (1) and (3), x = x' + 



6» 



I y = v'. Snbstitatiiig in x = — p 



l-e« 



(Theorem 11) and dropping primes, we obtain a; = — 

P 

Hence the equation of D*D^ is « = ^ % ' 

We thus have the 

Lemma. The equation of a central conic whose center is the origin 
and whose principal axis is the X-axis is 

^« 

(4) 



aj" 



ey 



/i5« foci are the points ( ± :j — ^—jj I 

and its directrices are the lines x—±. ^ n ' 

1 — e' 



The ellipse^ e < 1. 
For convenience set 

(6)« = ^.,6.= «^ 



The hyperbdUL, e > 1. 
For convenience set 



l-c» 



l-c» 



c = 



C«p (6) 



l-c* 



1-^ 



<jap« e«»p 

■ , c— — 



l-c» 



l-e« 



a* and 5> are the denominators in (4) 
and e 1b the absoissa of one focua. Since 
e<l, 1-e* iB poaitive; and hence a, 6*, 
and c are p09itivt. 



We have at once 



a?-ft» = 



e«p5 



and 
c 



(1 - ^ 1 - c« 



ofl and -ft* are the denominators In (4) 
and c is the abscissa of one focns. Since 
e > 1 , 1 - «s is negative; and hence a, 6*, and 
c are positive. 

We have at once 

a« + y= ^ ^ 

(1 _ c«)« 1 - ^ 



and 



(1 - ^)« 



= d» 



cV 



e^ p 



(1-^)8 1 - <^ 1 - c* 



a^ _ e«p« ^ _ e^ _ _ p 
c ~ (1 - e2)a "*" l-c« - 1-^ 



Hence the directrices (Lemma) are Hence the directrices (Lemma) are 



the lines x = ± — • 

c 

Bj substitution from (6) in (4) we 

obtain 



the lines x = ± — . 

c 

By substitution from (6) in (4) we 

obtain 
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The eZZifwe, e < 1. 

The intercepts are x = ± a and 
y = ± 6. AA' = 2 a is called the 
major axis and BB' = 26 the minor 
axis. Since a* — 6* = c* is positive, 
then a > 6, and the ma^or axis is 
greater than the viin'Jt axis. 




Hence we may restate the Lemma 
as follows. 

Theorem V. The equation of an 
ellipse whose center is the origin and 
whose foci are on the X-axis is 

(V) *• 






where 2 a is the major axis and Shthe 
minor axis. If c'^^za^^ ft*, then the 
foci are (± c, 0) and the directrices 

are x = ± — • 
c 

Equations (6) also enable ns to 

express e and p, the constants of (I), 

p. 173, in terms of a, &, and c, the 

constants Of (V). For 



(7) 
and 

(9) 



ft«_ ^ 



cp 



1-ca 



(?p 



= e 



The hyperbola^ e > 1. 

The intercepts are x = ± a, but the 
hyperbola does not cut the F-axis. 
AA' = 2a is called the transyerse 
axis and BB" = 26 the conjugate 
axis. 




Hence we may restate the Lemma 
as follows. 

Theorem VI. The equation of an 
hyperbola whose center is the origin 
and whose foci are on the X-axis is 



(VI) 






wJiere B a is the transverse axis and £b 
the conjugate axis. If c* = «'+&*, 
then the foci are (± c, 0) and the 

directrices are x = ± — . 

c 

Equations (6) also enable us to 

express e and p, the constants of (I), 

p. 173, in terms of a, &, and c, the 

constants of (VI). For 



= jp. 



(8) £ = - 

a 

and 

(10) ^ = 

C 



gP 

l-es 



= e 



c«pg 
l-e^ 



l-e» 



= !>• 
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The ellipse, e<l. 

In the figure OB = b, Or = c\ 
and since c* = a* — 6^^ then BF' — a. 
Hence to draw the fociy with ^ as a 
center and radius OA, describe arcs 
cutting XX' at F and F'. Then F 
and F' are the foci. 

If a = &, then (V) becomes 

xs + y« = a«, 
whose locus is a circle. 

Transform (V) by rotating the 
axes through an angle of (Theo- 
rem II, p. 162). We obtain 

Theorem VII. TJie equation of an 
ellipse whose center is the origin and 
whose foci are on the Y-axis is 




where iaisthe major axis and £h is 
the minor axis. If c^ =z a^ — Ij^, the 
foci are (0, ± c) and the directrices 

are the lines y = ± — • 



The hyperbola, e>l. 

In the figure OB = 6, OA' = a; 
and since c^ = a^ -\- 6^, then BA' = c. 
Hence to draw the foci, with O as a 
center and radius BA', describe arcs 
cutting XX' at F and F', Then F 
and F' are the foci. 

If a = &, then (YI) becomes 

x« - y2 = a^ 

whose locus is called an equilateral 
hjrperbola. 

Transform (VI) by rotating the 

axes through an angle of (Theo- 

rem II, p. 162). We obtain 

Theorem Vm. The equation of an 
hyperbola whose center is the origin 
and whose foci are on the Y-axis is 

(VIII) — ^ + I?! = 1, 




where B a is the transverse axis and t b 

is the conjugaJte axis. Ifc^ = a^-\-l^, 

thefoH are (0, ± c) and the directrices 

a^ 
are the lines y = ±-— 

c 
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TheeUip»e,e<l. The hyperbola, e>l. 

The eBBential differeoce betneen The eoseatUI difference betweea 

(V) and (Vll) is that In (V) the de- (VI) and (VIII) is that the coeffl- 

noroinator of z' U larger than that cient of y* la Degative in (VI), while 

of v*i 'fhile in (VII) the denominator In (VIII) the coefficient of X> is nega- 

of ]/< U the larger. (V) and (VII) tlve. (VI) and (VIII) are called the 

are called the typical forma of the typkal forms of the equation of an 

equation of an ellipHe. hyperbola. 

An equation of the form 

Ax* + Cf + F=0, 

where A, C, and F are all difleient from zero, may always be 
writteiL in the form 

(11) 



-+^= 



The loeua of this equation will be 

1. An ellipse if a and fi are both positive, a* will be equal to 
the larger denominator and i* to the smaller. 

2. An hyperbola if a and fi have opposite signs, a' will be 
equal to the positive denominator and i* to the negative denomi- 
nator. 

3. If a and )3 are both negative, (11) will have no locus. 

Bs. 1. Find the axes, toci, directrices, and 
eccentricity of the ellipse 4a!« + y» = 16. 
SotuliOTi. Dividing b; 16, we obtain 



The second denominator Is the larger. By 
lomparison with (VII), . 

6" = 4, a» = 16, c» = 18 - 4 = 12. 
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Hence the major axis AA"^ = 8, the minor axis BR = 4, the foci F and P 
are the points (0, db '^^)t ^^'^ the equations of the directrices DD and I/iy 

a? 16 4 ^ 

are y = ± - = ± -— = ± - Vi2 . 
c Vi2 3 

Vi2 4 1 

From (7) and (9), e = — - and p = -— = - Vi2. 

4 Vl2 3 



. PROBLEMS 

1. Plot the loci, directrices, and foci of the following equations and find 
6 and p. 

(a) X? + 9y« = 81. (e) 9yS - 4x2 = 36. 

(b) 9x« - 16y« = 144. (f) x^ - y* = 25. 

(c) 16xJ» + y« = 26. (g) 4xa + 7ya = 13. 

(d) 4x« + 9y2 = 36. (h) 6x« - 3y2 = 14. 

8. Find the equation of the ellipse whose center is the origin and whose 
foci are on the X-azis if 

(a) a = 5, 6 = 8. Am, 9x« + 25y2 = 226. 

(b) a = 6, e = J. Am, 32x3 + 36y2 = 1162. 

(c) 6 = 4, c = 3. Ans. 16x2 + 26y2 = 400. 

(d) c = 8, e = J. Ana. bx^ + 9ya = 720, 

8. Find the equation of the hyperbola whose center is the origin and 
whose foci are on the X-axis if 

(a) a = 3, 6 = 5. Am. 26x2 - 9y2 = 225. 

(b) a = 4, c = 5. An8. 9x2 - 16y2 = 144. 
(c)e=i, a = 6. Ans. 6x2-4y2 = 125. 
(d) c = 8, c = 4. Am. 16x2 - y2 = 00. 

4. Show that the latus rectum (chord through the focus perpendicular to 

the principal axis) of the ellipse and hyperbola is -— 

a 

6. What is the eccentricity of an equilateral hyperbola ? Am. VS. 

6. Transform (V) and (VI) to polar coordinates and discuss the resulting 
equations. 

7. Where are the foci and directrices of the circle ? 

8. What are the equations of the ellipse and hyperbola whose centers 
are the point (a, /9) and whose principal axes are parallel to the X^ois? 

Am. (l.:i^ + (y^:M^iAj^.^L^^(y^^ 

a2 ^ 62 ' a2 62 -^- 
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76. Conjugate h3rperl>olas and asymptotes. Two hyperbolas 
are called conjugate hyperbolas if the transverse and conjugate 
axes of one are respectively the conjugate and transverse axes of 
the other. They will have the same center and their principal 
axes (p. 173) will be perpendicular. 

If the equation of an hyperbola is given in typical form, then 
the equation of the conjugate hyperbola is found by changing the 
signs of the coefficients of x* and y^ in the given equation. 

For if one equation be written in the form (VI) and the other in the form (VIII), 
then the positive denominator of either is numerically the same as the negative 
denominator of the other. Hence the transverse axis of either is the conjugate 
axis of the other. 

Thus the loci of the equations 

(1) 16aj« - y»= 16 and - 16«« + y«= 16 
are conjugate hyperbolas. They may be written 

X* ifi x^ tf^ 

— - — = land - — + — = 1. 

1 16 1 16 

The foci of the first are on the Xaxis, those of the second on the T-axis. The 
transverse axis of the first and the conjugate axis of the second are equal to 2, 
while the conjugate axis of the first and the transverse axis of the second are 
equal to S. 

The foci of two conjugate hyperbolas are equally distant from 
the origin. 

For <? (Theorems VI and YIII) equals the sum of the squares of the semi- 
transverse and semi-conjugate axes, and that sum is the same for two conjugate 
hyperbolas. 

Thus in the first of the hyperbolas above <^ = 1 + 16, while in the second 
<J3 = 16 + 1. 

If in one of the typical forms of the equation of an hyperbola 
we replace the constant term by zero, then the locus of the new 
equation is a pair of lines (Theorem, p. 66) which are called the 
asymptotes of the hyperbola. 

Thus the asymptotes of the hyperbola 

(2) b^^ - ay = aW 
are the lines 

(3) ft V - aV = 0, 
or 

(4) 6« + ay = and ftx — ay = 0. 
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Both of these lines pass through the origin, and their slopes are respectively 

(6) and - • 

a a 

An important property of the asymptotes is given by 

Theorem IX. The branches of the hyperbola approach its a^ifrnp- 
totes as they recede to infinity. 

Proof, Let P^ (xi, y^) be a point on either branch of (2) near 
the first of the asymptotes (4). The distance from this line to 
Pi (Fig., p. 191) is (Rule, p. 106) 

(6) d = ^^^ ^ ^^^ . 

Since P^ lies on (2), 6^i» - a^i' = aW. 

a%^ 



Factoring, bxi -\- ayi = 



bxi — ayi 

a^b^ 
Substituting in (6), d = ^ • 

-\-Vb'-{-a\bx,-^ay,) 

As Pi recedes to infinity, Xi and yi become infinite and d 
approaches zero. 

For bxi and ayi cannot cancel, since Xi and yi have opposite signs in the second 
and fourth quadrants. 

Hence the curve approaches closer and closer to its asymptotes. 

Q.B.D. 

Two conjugate hyperbolas have the same asymptotes. 

For if we replace the constant term in both equations by zero, the resulting 
equations differ only in form and hence have the same loci. 

Thus the asymptotes of the conjugate hyperbolas (1) are respectively the loci of 

16x2 _y2==0 and -16x^ + y^ = 0, 
which are the same. 

An hyperbola may be drawn with fair accuracy by the fol- 
lowing 

Construction, Lay off OA = OA' = a on the axis on which the 
foci lie, and OB = OB' = 5 on the other axis. Draw lines through 
A, A', Bf B* parallel to the axes, forming a rectangle.* Draw the 

• An ellipse may be drawn with fair accuraoy by inscribing it In such a rectangle. 
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diagonals of the rectangle and the circumscribed circle. Draw 
the branches of the 
hyperbola tangent to 
the sides of the rec- 
tangle at A and A* 
and approaching nearer 
and nearer to the di- 
agonals. The conju- 
gate hyperbola may 
be drawn tangent to 
the sides of the rec- 
tangle at B and B* 
and approaching the diagonals. The foci of both are the points 
in which the circle cuts the axes. 

The diagonals will be the asymptotes, because two of the vertices of the rec- 
tangle (± a, i: 6) will lie on each asymptote (4). Half the diagonal will eqnal c, 
the distance from the origin to the foci, because (^ = a^ + l^, 

77. The equilateral hyperbola referred to its asymptotes. The equation 
of the equilateral hyperbola (p. 186) is 

(1) x2 - y3 = ffi. 

Its asymptotes are the lines 

X — y = and x -f y = 0. 

These lines are perpendicular (Corollary III, p. 87), and henoe they may 
be used as co5rdlnate axes. 

Theorem X. The equation of an equilatercU hyperbola referred to ite asymp- 
totes is 
(X) 2xy = a*. 

Proof The axes must be rotated through 

to coincide with the asymptotes. 

Hence we substitute (Theorem II, p. 162) 

V2 ' V2 

in (1). This gives 

2 2 ""'^- 



\> 


Y 




// 


A 

/ 1 


\ 


? 






/ 


\ 




// 


V^^ 


^ 

^ 



Or, reducing and dropping primes, 

2xy =:a^. 



Q.B.D 
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78. Focal property of central conies. A line joining a point on 
a conic to a focus is called a focal radius. Two focal radii^ one to 
each focus, may evidently be drawn from any point on a central 



conic. 

Theorem XI. The sum of the focal 
radii from any point on an ellipse is 
equal to the mojor axis IB a. 



Theorem zn. T?ie difference of the 
focal radii from any point on an 
hyperbola is equal to the transiterse 
axis 2 a, 
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Proof. Let P be any point on the 
ellipse. By definition (p. 178), 

r = c . PE, r^ = e' PE'. 

Hence r + r^=^ e(PE + PE^ 

= e'HH\ 
ft 
From (7), p. 186, c = -♦ 

a 

and from the equations of the direc- 
trices (Theorem V), 

c 

C d' 

Hence r + r' = --2 — = 2a. 

a c 

Q.B.D. 



Proof, Let P be any point on the 
hyperbola. By definition (p. 173), 

r = c . PE, r' = c • PW, 

Hence r^-r = eiPE' - PE) 
= e • HH', 

From (8), p. 186, e= -, 

a 

and from the equations of the direc- 
trices (Theorem VI), 

a^ 

c 



c cfi 
Hence r'~r = -«2— = 2a. 



a 



Q.E.D. 



79. Mechanical construction of conies. Theorems XI and XII afford simple 
methods of drawing ellipses and hyperbolas. Place two tacks in the drawing 
board at the foci F and jPT and wind a string about them as indicated. 

If the string be held fast at A, and a pencil be placed in the loop FPF' 
and be moved so as to keep the string taut, then PF + PF' is constant and 
P describes an ellipse. If the major axis is to be 2 a, then the length of the 
loop FPr must be 2a, 
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If the pencil be tied to the string at P, and both strings be palled in or 
let out at A at the same time, then PF" — PF will be constant and P will 
describe an hyperbola. If the transverse axis is to be 2 a, the strings must 
be adjusted at the start so that the difference between PF" and PP equals 2 a. 





To describe a parabola, place a right triangle with one leg EB on the 
directrix DD. Fasten one end of a string whose length is AE at the focus 
P, and the other end to the triangle at A. With a pencil at P keep the 
string taut. Then PF= P^;and as the triangle is moved along DD the 
point P will describe a parabola. 

PROBLEMS 

1. Find the equations of the asymptotes and hyperbolas conjugate to the 
following hyperbolas, and plot. 

(a) 4«« - y* = 56. (c) 16x2 - y» + 64 = 0. 

(b) 9xa - 26y« = 100. (d) Sx^ - 16y« + 25 = 0. 

8. Prove Theorem IX for the asymptote which passes through the first 
and third quadrants. 

8. If e and e^ are the eccentricities of .two conjugate hyperbolas, then 

4. The distance from an asymptote of an hyx)erbola to its foci is numer- 
ically equal to 6. 

5. The distance from a line through a focus of an hyperbola, perpen- 
dicular to an asymptote, to the center is numerically equal to a. 

6. The product of the distances from the asymptotes to any point on the 
hyperbola is constant. 

7. The focal radius of a point Pi (Xi, yi) on the parabola v^ = 2px is 



194 ANALYTIC GEOMETRY 

8. The focal radii of a point Pi (xi, yi) on the ellipse ¥z^ + aV = a^ 
are r = a — csci and r^ = a-^ ezi. 

9. The focal radii of a point on the hyperbola bW — a?y^ = a^ are 
T — exi" a and r^ = ezi + a when Pi is on the right-hand branch, or 
r = — cxi — a and r' = — cxi + a when Pi is on the left-hand branch. 

10. The distance from a point on an equilateral hyperbola to the center 
is a mean proportional between the focal radii of the point. 

11. The eccentricity of an hyperbola equals the secant of the inclination 
of one asymptote. 

80. Types of loci of equations of the second degree. All of 

the equations of the conic sections that we have considered are 
of the second degree. If the axes be moved in any manner, the 
equation will still be of the second degree (Theorem IV, p. 164), 
although its form may be altered considerably. We have now to 
consider the different possible forms of loci of equations of the 
second degree. 

By Theorem VI, p. 169, the term in xy may be removed by 
rotating the axes. Hence we only need to consider an equation 
of the form 

(1) ^ic« + Cy« + i)x H- £y 4- -F = 0. 

It is necessary to distinguish two cases. 
Case I. Neither A nor C is zero. 
Case II. Either ^ or C is zero. 

A and C cannot both be zero, as then (1) would not be of the second degree. 

Case I 

When neither A nor C is zero, then A = ^ — 4^Cis not zero, 
and hence (Theorem VII, p. 170) we can remove the terms in 
X and y by translating the axes. Then (1) becomes (Corollary I, 
p. 171) 

(2) Ax'^ -h Cy'« -h F = 0. 

We distinguish two types of loci according as A and C have the 
same or different signs. 
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ElUptic type, A and C 


haioe 


the 


9ame tign. 










1. F'^tfl 


1.* Then 


(2) 


may 


be 


written 


a /3 


1, 






where a = - 


^' a- 


c 


• 





Hyperbolic tjrpe, A and C have dif- 
ferent 8ign8. 

1. F'jtO* Then (2) may be 



written 



^ + ^ = 1, 



Hence, if the sign of F" is different 
from that of A and C, the locus is an 
ellipse; but if the sign of F* is the 
same as that of A and C, there is no 
locui, 

2. JP' = 0. The locus is a point. 
It may be regarded as an ellipse 
whose axes are zero and it is called 
a degenerate ellipse. 



W F^ 

where a = — -, /3 = — — ■• 
A C 

Hence the locus is an hyperbola whose 
foci are on the J-azLs if the signs of 
F^ and A are the same, or on the 
X-axis if the signs of F' and C are 
the same. 

2. F' = 0. The locus is a pair of 
intersecting lines. It may be regarded 
as an hyperbola whose axes are zero 
and it-is called a degenerate hyperbola. 



Case II 

When either ^4 or C is zero the locus is said to belong to the 
parabolic type. We can always suppose ^4 = and C ^ 0, so that 
(1) becomes 

(3) Cy^-\-Dx + Ey-^F=0. 

For UA^O and C= 0, (1) becomes -4a:» + Dx + Ey -\- F=0. Rotate the axes 
(Theorem II, p. 162) through -• by setting x=—y',y=it'. This equation becomes 
Ay^'\-Ex'-'Dy' + F=0, which is of the form (3). 

By translating the axes (3) may be reduced to one of the forms 

(4) Cy^'\-Dx = OoT 

(5) Cy« + F' = 0. 

For substitute in (3), a; = x' + A, y = y' + ft. 
This gives 



(6) 



Cy^-\-D2f-\-2 Ck 

+ E 



= 0. 



y' + CJfi 

+ Dh 

+ Ek 

-\-F 
If we determine h and k from 

2Ck + E = 0, Ck^ + Dh-{-Ek + F = 0, 

then (6) reduces to (4). But if D = 0, we cannot solve the last equation for A, so 
that we cannot always remove the constant term. In this case (6) reduces to (5). 

• Bead " F' not equal to zero " or "^ different from sero." 
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Comparing (4) with (III), p. 179, the locus is seen to be Q,paralh 

— •— - 

when F' and C have different signs, or the single line y = 
when F' = 0. If F' and C have the same sign, there is no locus. 
When the locus of an equation of the second degree is a pair of 
pai'allel lines or a single line it is called a degenerate parabola. 
We have thus proved 

Theorem XUI. The locus of an equation of the second degree is 

a conic, a point, or a pair of straight lines, which 'may he coincident. 

By moving the axes its equation may he reduced to 07ie of the three 

forms 

Ax^ + Cy* + F* = 0, Cy^-{-Dx=zO, Cy^ -{- F* = 0, 

where A, C, and D are different from zei*o. 

Corollary. The locus of an equation in which the term in xy is 

lacking, Ax^ ■{• Cy^ -{■ Dx -\- Ey ^ F ^ 0, 

will helong to 

the parabolic type if A =0 or C = 0, 

t?ie elliptic type if A and C have the same sign, 

the hyperholic type if A atid C have different signs, 

PROBLEMS 
1. To what point is the origin moved to transform (1) into (2) ? 

Atis. ( , V 

V 2A 20/ 

8. To what point \b the origin moved to transform (3) into (4) ? into (5) ? 

Ans. (?^^. -^\ K-AV 
\ 4C2) 2Cr \ ' 2(7/ 

8. Simplify Ax^ + Dx + Ey + F = Ohy translating the axes (a) if ^ 9* 0, 
(b) if ^ = 0, and find the point to which the origin is moved. 

Ans, (a)^x» + ^2. = 0, (-_, — .^_); 



(b)^x« + F' = 0, (-^'O) 



• In describing the final form of the equation it is unnecessary to indicate by primes 
what terms are different from those in (1). 
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4. To what types do the loci of the following equations belong? 

(a) 4a:« + y« - 13x + 7 y - 1 = 0. (e) x^ + 7 y« - 8x + 1 = 0. 

(b) y2 + 3x - 43/ + = 0. (f) x^ + y^ - 6x -f 8y = 0. 

(c) 121x2 -44y2 + 68x- 4=0. " (g) 3x2 - 4ya - 6y + 9 = 0. 

(d) x« + 4y-3 = 0. (h) x2-8x + 9y-ll = 0. 

(i) The equations in problem 1, p. 172, which do not contain the xy-term. 

81. Construction of the locus of an equation of the second 
degree. To remove the ay-term from 

(1) Ax^ -h Bxy -^ cy + Dx-\'Ey-\'F=0 

it is necessary to rotate the axes through an angle such that 
(Theorem VI, p. 169) 

(2) tan 2^= ^ > 

while in the formulas for rotating the axes [(II), p. 162] we need 
sin and cos $. By 1 and 3, p. 19, we have 

(3) cos 2 ^ = ± 



Vl -f tan^ 2 $ 



From (2) we can choose 2 ^ in the first or second quadrant so 
the slffn in (3) must be the same as in (2). $ will then be acute ; 
and from 15, p. 20, we have 



(4) 



. ^ /I - cos 2 ^ ^ . ^11 + cos 20 
sm tf = + yj » cos d = -f \ 



In simplifying a numerical equation of the form (1) the com- 
putation is simplified, if A = B^ — 4 ^4 C ^ 0, by first removing 
the terras in x and y (Theorem VII, p. 170) and then the xy-term. 

Hence we have the 

Rule to construct the locus of a numerical equation of the second 
degree. 

First step. Complete ^-^ B^ — J^AC, 
Second step. Simplify the equation by 

(a) translating and then rotating the axes t/ A ¥= 0; 
(6) rotating and then translating the axes i/ A = 0. 
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Third step. Determine the nature of the locus by inspection of 
the equation (§ 80, p. 194). 

Fourth step. Flat all of the axes used and the locus. 

In the second step the equations for rotating the axes are 
found from equations (2), (3), (4), and (II), p. 162. But if the 
xy-term is lacking, it is not necessary to rotate the axes. The 
equations for translating the axes are found by the Bule on 
p. 165. 

Ex. 1. Construct and discuss the locus of 

x^ + 4xy + 4y2 + 12x - 6y = 0. 

Solution. First step. Here A = 4* -4- 1-4 = 0. 

Second step. Hence 'we rotate the axes through an angle such that, 
by (2), 

tan29 = =--' 

1-4 8 

Then by (3), cos 2 ^ = - f , 

2 1 

and by (4), sin = —=. and cos $ = 



V5 Vs 

The equations for rotating the axes [(II), p. 162] become 

Substituting in the given equation,* we obtain 

x'a- 4=2^ = 0. 

It is not necessary to translate the axes. 
Third step. This equation may be written 

X^ = —=}/. 

Hence the locus is a parabola for which p = — =, and whose focus is on 
the F'-axis. "^5 

* When A = the terme of the second degree form a perfect square. The vork of 
suhstitation is simplified if the given equation is first written in the form 

(x + 2y)»+12ar-6y = 0. 

It vill be shown in Chapter XII that when A = the locus is always of the parahoUo 
type. 
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Fourth step. The figure shows both seta of axes,* the parabola, its fociu 
and directrix. 

In the new codrdinatea the focus 



is the point | 0, — - ) and thedireo- 
\ aVfi-' 



trix is the line / = - — = (Theorem 

2V5 
IV, p. 170). The old cotirdinatea of 
the fociia maj' be found by Bubeli- 
tating the new coOrdinateB for x" 
and y' in (1), and the equation of 
the directrix in the old coordinates 
may be found by solving (1) for y' 
and subatituting in the equation given above. 

Ex. 2. Construct the locus of 

6 K» + 6 KV + 5 J/' + 22 1 - 6 y + 21 = 0. 

SohdUm. First step. A^(P-4.6-57^0. 

Second step. Hence we translate the axes first. It is foond that the equft- 
lions for translating the axes are 

I = I' - 4, y = / + 8, 
and that the traDsfonned equation is 

From (2) it is seen that the axes must be rotated through — ■ Hence we 
set * 

and the final equation is 



Third step. The simplified equa- 
tion may be written 



Hence the locus is an ellipse whose major axis is 8, whose minor axis is i, 
and whose foci are on the r"-axi8. 

Fourth step. The figure shows the three seta of axee and the ellipse, 

■Thstnalinntionof 0^'ls«, uidhanoc lu elope, tons, may be obutned f rom (4). In 
thli oiamplB tan»-^- - — + — -2, uid the .T-uU nuj be oonitmoted bj tba 
method givan In the tootnote, p. SS. 
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PROBLEMS 

1. Simplify the following equations and constmct their loci, foci, and 
directrices. 

(a) 3«» - 4xy + 8aj - 1 = 0. Arts. «"« - 4y"a + 1 = 0. 

(b) 4aJ2 + 4xy + y* + 8aj-16y = 0. Ara. 5aj^-8V6/ = 0. 

(c) 41x« - 24xy + 34y« + 25 = 0. Ana. x'^ + 2/« + 1 = 0. 

(d) 17aJ« - 12xy + 8y» - 68x + 24y - 12 = 0. 

Ans: x"« + 4y"«-16 = 0. 

(e) y« + 6x-6y + 21 =0. Ans, y^ + 6x' = 0. 

(f) x« - 6xy + 9y« + 4x - 12y + 4 = 0. An8. y"« = 0. 

(g) 12xy - 5y2 + 48y - 36 = 0. Ans. 4x"a - 9y"a = 36. 
(h) 4x«-12xy + 9y« + 2x-3y-12 = 0. 

Ans. 62/'«-40 = 0. 
(i) 14x«-4xy + lly«-88x + 34y + 149 = 0. 

Ans. 2x"2 + 8y"a = 0. 
(j) 12x« + 8xy + 18y2 + 48x + 16y + 43 = 0. 

Ans. 4x* + 2y« = l. 
(k) 9x« + 24xy + 163/«-86x-48y + 61 = 0. 

Ans. x"« + l = 0. 
(1) 7x« + 50xy + 7ya = 60. ^n«. 16x'» - 9j^ = 26. 

(m) x* + 3xy-3y«+ 6x + 9y + 9 = 0. Ans. 3 x"2 - 7 y''» = 0. 
(n) 16x« - 24xy + 9y« - 60x - 80y + 400 = 0. 

Ans. /'«~4x" = 0. 
(o) 96x» + 66xy - lOi^ - 66x + 20y + 194 = 0. 

Ans. 6x"»-y"» + 12 = 0. 
(p) 6*»-6xy-7y"-166x + 1320 = 0. Ans. 16x"a - 11 y''*- 380 = 0. 

82. Systems of conies. The purpose of this section is to 
illustrate by examples and problems the relations between 
conies and degenerate conies and between conies of different 
types. 

A system of conies of the same type shows how the degenerate 
conies appear as limiting forms, while a system of conies of dif- 
ferent types shows that the parabolic type is intermediate between 
the elliptic and hyperbolic typea 

Bz. 1. Discuss the system of conies represented by as^ + 4 y^ = iL 

Solution. Since the coefficients of x^ and y* have the same sign, the locus 
belongs to the elliptic type (Corollary, p. 196). When k is positiye the locus 
is an ellipse ; when A; = the locus is the origin, — a degenerate ellipse; and 
when k is negative there is no locus. 
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In tbe figure the locus U plotted for k = 100, B4, 86, 16, 4, 1, 0. It ia wen 
tbftt as k spproacbes zero the ellipses become smaller and finally degenerftte 
into a point. As KM>n as il becomes negative there ia no locoa. Hence the 



la when the locue la an ellipse and 

Ez. % DisciUB the sjetem ol con ica represented by 4x> — 16^ = t. 
Solution. Since the coefficients of z* and y* have opposite ^gna, tbe lociu 



belongs to the byperboHc type. Tbe hyperbolas will all have the same 
aaymptotea (p. 189), namely, the linee z ± 2 y = 0. Tbe given eqnation may 
be written . . 



nie locna ia an hyperbola whoee foci are on tbe X-axls when t is positive and 
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on the r-axia when k Is negative. For it = the given equation sbowa that 
the lociu ia the pair ol aaymptotes. 

In the f gnre the locos is plotted for 1: = 2Sa, 144, 64, 18, 0, - 41, - 266. 
It la Been that as k approaches zero, whether it la positive or negative, the 
hypert>olaa become more poiDted and lie closer to the aaymptoteaand finally 
degenerate into the asymptoUs. Hence a pair of Intetsecting linea la a lim- 
iting case between the caaes when the hyperbolas have their foci on the .Z-axis 
and on the F-axis. 

Bz. 3. Discnaa the sjrstem of conies represented by y* = 2 Iz + 16. 

Solution. As only one term of tlie second degree la present, the locos 
belooga to the parabolic type (Coroilsry, p. 196). The given equation may t>e 

stmi^lfled (Rule, p. 165) by translating the axes to tlie new origin ( — r> o)' 
We thus obtain * 

j^ = 2Ja!'. 

The locna ia therefore a parabola whose vertex is (— -, 0) and tor which 
p = Ic. It will be turned to the right when Ic ia positive, and to the left when 
k la negative. But if i; = 0, the locus is the degenerate parabola y = ± 4. 



In the figure the locua is plotted for * = ± 4, ± 2, ±1, ± J, 0. It ia aeen 
that as 1: approachea zero, whether it la positive or negative, the vertex recedes 
from the origin and the parabola lies closer to the linea ]/ = ±i and finally 
degenerates into theae lines. Tbe degenerate parabola cou^sting of two 
parallel lines appears as a limiting cox between the casea when the parab- 
olas are turned to the right and to the left. 
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Ex. 4. Dlscnn the ajsWin represented by — — - + ' = 1. 

Solution. Wben 1; < 9 the tocua la an ellipae whoae foci are ( ± c, 0) where 
e» = (25 - t) - (9 - *) = 16 (Theorem T, p. 186). When »< J:< 25 the locua 
is aa bjperbola whose foci are (± c, 0), where e' = (26 - t) - (8 - t) = 16 
(TbeoTem VI, p. 186). When Jl:>26 there is no locus. Since the ellipees and 
hyperbolas have the same foci, ( ± 4, 0), tbey are called confocil. 

Clearing of fractions, we obtain 

(fi - fc)i» + (25 - t) i/a = {» - *) (26 - k). 
Hence when Jt = 9 or 26 the locus is a de^nerate parabola y^ = ot3^ = 0. 

In the figure the locus is plotted for ifc = - 66, - 24, 0, 7, 9, 11, 16, 21, 
34, 26. Amk increases and approaches 9 the ellipses flatten out and finally 



degenerate into the X-azis, and as k decreases and approaches 9 the hyper- 
bolas flatten out and degenerate into the .Z-aiis. Hence the locus of the 
parabolic type, v' = 0, appears as a limiting case lietween the ellipees and 
hyperbolaai As k increases and iqiproachea 25 the two branches of the 
hyperbolas lie closer to the F-«x!s, and in the Ibnit they coincide with 
the 7-a^. 

Ei. 6. Plot and discnss the locus olkx' + 2j^ — Bx = 0. 

SotuUon. 11 k = 0, the locus is a parabola. It k is not zero, the locna Is 

an ellipse or hyperbola according as 1: is positive or negative. The locns 
passes through the origin for all values of le. 
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Simplifying by tnuulating the axei (Rule, p. 16G), it Is found that If the 
origin laf-i t the equation becomes 



From this the axes may be determined and tbe lociu sketched. 

In the figure the locus is plotted for ifc = I, }, t, 0, - 1, - t. If fcla posi- 
tive and approachea zero, the ellipees tvecome longer and lie closer to the 



parabola. If t is negatiTe and approaches zero, the light-hsjid branches of 
the hyperbolas lie closer to the parabola and the left-hand branches recede 
from the origin. This shows that tJie parabola is a limltiTig form beboeen ifte 
i^ipae and hyperMa. 

How does the locns behave if k approaches -|- eo or — co ? 



1. Plot on separate sheets tbe foci and directrices of the conies plotted in 
examples I, 2, and 3. Where are the foci and directrices of the degenerate 
conic in each syBtem? Verify the results analytically. 

I. Plot the following syslemB of conies and show that the conies of each 
system belong to the same type. Draw enough conies so that the degenerate 
oonlca of the system appear as limiting cases. 

W^ + ?^ = i. (c)^-!^ = k. 

^ ' la 9 " 10 9 

(b) v' = 2kt. (A) s« = 2A:if - 9. 

t. Problem 1 for the systems In problem 2. 
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4. Plot the system — + ^ = 1 for positive values of k. What is the locus 

k lo 

if i(: = 16 ? Show how the foci and directrices behave as k increases or 

decreases and approaches 16. Where are the foci and directrices of a 

circle ? 

6 . Plot the system in problem 4 for positive and negative values of ik. Show 
how the conies change as k approaches zero when it is positive and negative. 

6. Plot the following systems of conies and show that all of the conies of 
each system are confocal. Discuss degenerate cases and show that two 
conies of each system pass through every point in the plane. 

(b) y« = 2fcc + ifc«. (d) x« = 2ifcy + kK 

7. Plot and discuss the systems 

(a) 16(x - fc)2 + 9y2 = 144. (c) (y - k)^ = 4z. 

(b) xy = *. (d) 4(x-ifc)2-9(y-ik)« = 36. 

8. Plot the following systems and discuss the locus as k approaches zero 
and infinity. Show how the foci and directrices behave in each case. 

^ ' fc2 86 ^ ' k^ SQ 

9. Show that all of the conies of the following systems pass through the 
points of intersection of the conies obtained by setting the parentheses equal 
to zero. Plot the systems and discuss the loci for the values of k indicated. 

(a) (ya-4a;) + ifc(ya + 4a;) = 0, A: = +l, -1. 

(b) (a^ + y«-16) + A;(xa-y2-4) = 0, A: = + l, -1,-4. 

(c) (»2 + y» - 16) + fc(xa - y2 _ 16) = 0, ik = + 1, - 1. 

(d) (x2 + 16ya - 64) + A:(xa - 4y2 - 36) = 0, Jk = - 1, 4, - V- 

(e) a« + 4y + *(aja-4y + 16) = 0,ifc = + l, -1. 

MISCELLANEOUS PROBLEMS 

1. Construct the loci of the following equations, their foci and directrices. 

(a) 9x» + 24xy+ 16y3 - 60x + 80y - 276 = 0. 

(b) 56x« - 64xy + 109ya _ 17635 + 282y - 896 = 0. 

(c) 6x»-12xy + 6x-36y-63 = 0. 

8. Find the value otpity^ = 2px passes through the point (8, — 1). 

x^ 2^ 
8. Find the values of a and b if — ^iz~^ passes through the points 

(8, - 6) and (4, 8). ^' ^ 

4. Find the equation of the locus of a point P if the sum of its distances 
from the points (c, 0) and (— c, 0) is 2 a. 
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6. Find the equation of the locus of a point P if the difference of its 
distances from the points (c, 0) and (— c, 0) is 2a. 

6. Find the equation of the locus of a point if its distances from the line 
X = — — and the point ( — » j are equaL 

7. Show that a conic or degenerate conic may be found which satisfies 
five conditions, and formulate a rule by which to find its equation. 

Hint. Compare p. 93 and p. 133. 

8. Find the equation of the conies which satisfy the following conditions. 

(a) Passing through (0, 0), (1, 2), (1, - 2), (4, 4), (4, - 4). 

(b) Passing through (0, 0), (0, 1), (2, 4), (0, 4), (- 1, - 2). 

(c) Passing through (3, 7), (4, 6), (5, 8) if ^ = B and C = 0. 

(d) Passing through (1, 2), (3, 4), (4, 2), (2, - 1), (4, 2). 

(e) Passing through (0, 0), (0, 1), (1, 0), (6, 6), (6, 6). 

(f) Passing through (0, 0), (2, 0), (- 3, 2), (6, 2) with its axes parallel to 
the coordinate axes. 

9. What is the nature of a conic which passes through five points, of 
which three or four are on a straight line? 

The circle whose radius is a and whose center is the center of 
a central conic is called the auxiliary circle. 

10. The ordinates of points on an ellipse and the auxiliary circle which 
have the same abscissas are in the ratio of 6 : a. 

11. The area of an ellipse is Tcab. 

Hint. Divide the major axis into equal parts. With these as bases Inscribe rectan- 
gles in the ellipse and auxiliary circle. Apply problem 10 and Increase the number of 
rectangles indefinitely. 

12. The auxiliary circle of an hyperbola passes through the intersections 
of the directrices and asymptotes. 

18. Show that the locus otxy-\-Dx + Ey-{-F=0\B either an equilateral 
hyperbola whose asymptotes are parallel to the coordinate axes or a pair of 
perpendicular lines. 

14. Discuss the form of the locus of x^ - y^-h Dz + Ey + F= 0. 



CHAPTER IX 

TANGENTS AND NORMALS 

83. The slope of the tangent. Let Pi be a fixed point on a 
curve C and let P^h^ 2k second point on C near Pi. Let Pj 
approach Pi by moving along C. Then the limiting position 
PiT of the secant through Pi and P, is called the tangent to C 
at Pi. 

It is evident that the slope of PiT is the limit of the slope 
of PiPa. The coordinates of Pg may be written (xi + A, yi -f k), 




where h and k will be positive or negative numbers according 
to the relative positions of Pi and P,. The slope of the secant 
through Pi and P, is therefore (Theorem V, p. 36) 



(1) 



Xi — Xi — h h 



As Pa approaches Pi both h and k approach zero^ and hence t 

^ 

approaches -' which is indeterminate. The actual value of the 

k 
limit of -r may be found in any case from the conditions that 

Pi and Ps lie on C (Corollary^ p. 53), as in the example 
following. 
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Xx. 1. I1ndllMil<veof theUngentUithecnrTBC:8v=x*atui;point 
Pt(x,,Vi)oaC. 

SoMioit. Let Pi (Zt, Si) and P, (z, -)- A, pi + t) be two poinU on C. 
Then (Corollai7, p. &3) 
(2) 8y, = i.« 

And 8{v, + lr) = (x, + A)», 

(8) 8^1 + 81 = a,« + 3xi*h + 8a!,tf + A*. 

Sabtncliog (3) from (3), we obUin 

8i: = SZ|*A+3z,Ai + V. 
Factoring, 8i = A(3X|i + 3ziA-i- ft*); 



and bence 



3it' + 3z|A + A* 



8iiM-3iiA + A» _ 



Hence the slope tn ot the tangent at Pi is m = — -■ 

C la ajmnietrical witb reepect to O, and the tangents at symmetrical points 
are parallel since only even powera of Zi and j/i occor in the value of >». The 
tangent at the origin is remarkable in that tt eroua the eunt. 

The method employed in this example is geoeral and may be 
formulated in the following 

Rnle to determine the slope of the tangent to a curve C at a point 
PiOnC. 

First step. Let Pi(Xi, y,) and P,(xt + h, i/, + k) be two points 
on C. Substitute their coordinates in the equation of C and 
subtract. 

Second step. Solve the result of the first step for — i* the slope 
of the secant through P, and Pj. 

Third step. Find the limit of the result of the second step when 
A and k approach zero. This limit is the required slope. 

£ MpvMel J, 10 that tiM equation li not MJMit In tha 
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Bz.S. Find the slope of the tangent to the Mmicabfcal panbol* Sy* = x' 

Sotvtion. FiratBtep. Let Pi(xi, Vi) and Pi(zi-i- At Vi + fc) be two points 
on the oiirve. Then (Corollary, p. 63) 
(4) Sn^ = Xi' 

and 8:/i* + 0*T/i + 84* = ai' + 8«i'A+3!CiA*+fc'. 
Sabtracling, 

6yik + 31* = Bzi'h + ZxiK> + k*. 
Second step. Factoring, 

i(evi + 3fc} = A(3z,« + 3ziA + A>). 
Hence t ^3x.' + 3x.A + A*^ 

A 6^1-!- 3Jt 

Third step. As A and k approach zero, 

A 6y, + 3* 

Hence the slope of the tangent at Pi is m = --^■ 

At the ori^ "* ~ A "'^'^ '^ Indetennioate. To find the valne of m at tlie 
origin, we may either apply the rale a second time, setting Xi = and yi = 0, 
or eliminate yi from the value of m by means of (4), thus obtaining a value 
which la determinate at the origin. 

PROBLEMS 
1. Find the slopes of the tangents to the following corves at the points 



(a) t« = ex, Pi(2, 4). .4ns. 1. 

(b) a:* + v" = 26, Pi(8, -4). Ant. J. 

(c) 4x* + v» = ie, Pi(0,4). Am. 0. 

(d) X* - 9y» = 81, Pi<15, - 4). Ana. - ,V 

S. Find the slopes of the tangents Ut the following corvee at the point 
Pi{ii. »i). 

(a) y' = 6x. Ana. ^■ 

0>) iey = aE«. Ak*. ^■ 

(c) a? + y» = 18. Ant. - 5^. 



• -rrz 



1-- 




S-r-i 


^ 


li^ 




*-4r. 




J'. - - 




Ml 




5'r 




ft 




*i-i 


*~ 


4-ri 




i-ri 




s^^^i 





tC Eqtuaxm% of taa^est sad MraaL ^-f^ 1^^ &: :o» tL« 

///^ <y«//i?///n <>/*/« tirolrjht i»u^ " V . p. ^5""- 

Thifl iif.*'p* iSim/Aij'j thy ft ^q»'^flon '-y w-^it** cr" f ^^ canditSon 

E«. 1* TmA tl*^ e^iuati^m of tl* ta-iztat to C : S jr = x» at PiUi- jrO- 

Holyiiz/n, yirid no^p. From Ex, 1, p. 2«'«?. iLe >I-»pe is m = — -^• 
H-'/y/MJ ut^fj;, HiiWAi the eqiiati'rr: of the tan^ct is 

(J; 3a5|«z- 8y-3xi* + 8yi=0. 

Third nUfp, Since Pi \'u-n on C, 8 yi = Xi*. 
HutMUtufiri;( in (1), we obtain 

(2; 3zi»r-8y-2xi» = 0. 

Tlif; mHnul to a curve C at a point P^ on C is the line through 
/'i ii«?rp<*nclifular to the tangent to C at Pj. /f^ equation isfatind 
from ill tit. of the tangent by the Rule on p. 114, using Theorem 
XII, p. 117. 
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Ex. 2. Find the equation of the normal at Pi to the carre in Ex. 1. 

Solution, The equation of any line perpendicular to (2) has the form 
(Theorem XU, p. 117) 

(3) 8x + 8aJi«y + ik = 0. 

If Pi lies on this line, then (Corollary, p. 63) 

8xi+ 3x1*^1 H-* = 0, 
whence * = — 8 aji — 3 Xi^i. 

Substituting in (3), the equation of the normal is 

8x + 3xi«y - 8xi - 3xi«yi = 0. 

a 

PROBLEMS 

1. Find the equations of the tangents and normals at Pi (xi, yi) to the 
curves in (a) to (e), problem 2, p. 200. 

Ans. (a) yiv = 3 (x + Xi), yix + 3 y = xiyi + 3 yi, 

(b) Xi^ — 4 y = 12 yi, 4 X + Xi*y = 4 xi + Xi»yi. 

(c) Xix + yiy = 16, ViX — Xiy = 0. 

(d) xix - Viy = 4, yix -f Xiy = 2 xiyi. 

(e) (3xiaH-2xi)x-2yi2/-Xi«=0, 2yiX+(3xi2 + 2xi)y = 3xi«yi + 4xiyi. 

2. Find the coordinates of a point on each of the curres in (/) to (j), 
problem 2, p. 209, and then find the equations of the tangent and normal at 
that point. 

3. Find the equations of the tangents and normals to the following curves 
at the points indicated. 

(a) y2 - 8x + 4y = 0, (0, 0). An8, 2x - y = 0, x + 2y = 0. 

(b) xy = 4, (2, 2). Ans. x + y = 4, x-y = 0. 

(c) x« — 4y2=:26, Pi(xi, yi). Ans, XiX-4yii/=2o, 4yiX+Xiy=5xiyi. 

(d) x« + 2xy = 4, Pi(xi,yi). 

Ans. (xi + yi) X + Xiy = 4, XiX - (xi + yi) y = Xi' - xiyi - yi*. 

(e) y« = 2px, Pi(xi, yi). Ans. yiy=p(x + xi), yiX+py=xiyiH-i)yi. 

W^ + S = ^' ^1(351, yi). 

(g) Wx« - aV = a^, Pi («i, yi). 

Ans. bh^iz - a«yiy = a^ft*, o«yiX + 6*Xiy = (a^ + 6")xiyi. 
(h) x« - y« + x« = 0, (0, 0). Ans. y = ± x, x = =F y. 
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85. Equations of tangents and normals to the conic sec^ons. 

Theorem L The equation of the tangent to the circle 

C : «» + y* = r« 
at the point Pi (xi, y{) on C is 
(I) a5ix + y^y = r^. 

Proof, Let Pi (xi, yi) and P% {xi + A, yi + fc) be two points on the circle C. 

Then (Corollary, p. 53) 

(1) «!» + yi« = r* 
and (xi + k)^ + (yi + Jk)« = »«, 
or 

(2) a;i«H-2xiA + Aa + yi^ + 2yifc + *« = !«. 

Subtracting (1) from (2), we have 

2xi* + A« + 2 Vik + ik» = 0. 

Transposing and factoring, this becomes 

*(2yi + A;) = -A(2xi +A), 
*__2xijf^ 
A" 




whence 



2yi + fc 
is the slope of the secant through Pi and Pj. 

Letting Ps approach Pi, h and k approach zero, so that m, the slope of the 
tangent at Pi,, is 

m = limit of = -» 

2yi + * yi 

The equation of the tangent at Pi is then (Theorem'V, p. 96) 

y-Vi=-—(x-zi), 
Vi 
or xix + yiy = Xi« + yi«. 

But by (1), xi» + yi9 = »^, 

so that the required equation is 

Xix + yiy = r*. q.b.d. 

Theorem n. I%e equation of the tangent to the locus of 
Ax^ + Bxy 4- Cy* + Dsc + -Ey 4- -P = 
at the point Pi (iCi, yi) on the locus is 

(II) 
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Proof. Let Pi (xi, yi) and Pt (xi + A, yi + Ac) be two poinU on the conio. 
Then (Corollary, p. 63) 

(3) -4X1* + BxiVi + Cvi^ + Itei + Syi + P = and 

A(xi + h)^ + B(xi + h)(yi + k)-\'C{yi + k)^ + D(xi-^h)-\-E(yi + k) + F:=0. 

Clearing parentheses, we haye 

(4) Axi^ + 2Axih + Ah* H- Bxiyi H- Bxik + Byih + Bhk 

+ Cyi* H- 2 Cyiik + Ck* + Dxi + DA + ^yi + J&* + P = 0. 

Subtracting (3) from (4), we obtain 
(6) 2Axih + Ah* -f Bxik + ByiA + Bhk + 2 Cyiife f Ck* + DA -f P* = 0. 

Transposing all the terms containing h and factoring, (5) becomes ' 
k{Bxi + 2 Cyi + Cfc + P) = - h{2Axi -^ Ah -^ Byi + P* + D), 

k 2Axi + Byi-{- n + Ah-^ Bk 



whence 



h Pxi + 2 Cyi -\-E + Ck 



This is the slope of the secant P1P2 [(1), p. 207]. 

Letting Ps approach Pi, h and k will approach zero and the slope of the 



m = — 

Bxi + 2 Cyi + P 

The equation of the tangent line is then (Theorem Y, p. 05) 

.y ,. - 2^x^_+Pyi + D 
^~^^ — P.i + 2Cyi + P<^"^^>- 

To reduce this equation to the required form we first clear of fractions and 
transpose. This gives 

(2-4x1 + Byi + D)x + (Pxi + 2 Cyi + P)y 

- {2Axi* + 2 Bxiyi + 2 Cyi* + Dxi + Pyi) = 0. 

But from (3) the last parenthesis in this equation equals 

- (2>Xi + Eyi + 2 P). 

Substituting, the equation of the tangent line is 
(2-4x1 + Pyi + D)x + (Bxi + 2 Cyi + P)y + (Dri + Pyi + 2 P) = 0. 

Removing the parentheses, collecting the coefficients oi A, P, C, D, P, 
and P, and dividing by (2), we obtain (II). q.b.d. 

Theorem II enables us to write down the equation of the tan- 
gent to the locus of any equation of the second degree. It is 
remembered most easily in the form of the following Rule. 
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Rule to write the equation of the tangent ai P^ (xiy y^ to the locus 
of an equation of tlie second deqree. 

First step. Substitute XiX and yxy for x^ and y*, — — - — ^ for 

xy, and — - — - and g^ for x and y in the given equation. 

Second step. Substitute the numerical values of Xi and yj, if given, 
in the result of the first step. The result is the required equation. 

In like manner, or at once from this Bule, we have 
Theorem III, The equation of the tangent at Pi (xi, y^) to the 

ellipse. hh^^ + a^y^ = a%^ is b^x-ipc + c^Viy = «*&*; 

hyperbola b^x^ — ay = a^^* is b^XiX — o^VxV = «*&* > 
parabola y^ = 2px is y^y = p (a? + ajj). 

By the method on p. 210, we obtain 

Theorem IV. The equation of the normal at P\(xi, y^ to the 

ellipse b^x^ + a^y^ = a%^ is a^y^x — h^x^y = (a* — ft*)«il/i> 

hyperbola b^x^ — a^y^ = a^b^ is a^y^x + h^x^y = (a* + h^)xiyi\ 
parabola y^ = 2px is y^x + py = x^y^ + pyx- 

PROBLEMS. 

1. Find the equations of the tangenU and normals to the following conies 
nt the points indicated. 

(a) 3 x« - 10 y« = 17, (3, 1). (d) 2 z« - y* = 14, (3, - 2). 

(b) y2 = 4 X, (9, - 6). (e) x^ + 6 y^ = 14, (3, 1). 

(c) xa + y« = 26, (- 3, - 4). (f) x» = 6y, (- 6, 6). 

(g) x2-xy + 2x-7=0, (3,2). 

(h) xy - ya H- 6x + 8y - 6 = 0, (- 1, 4). 

The directed lengths on the tangent and normal from the point 
of contact to the .Y-axis are called the length of the tangent and the 
length of the normal respectively. Their projections on the J!C-axis 
are known as the subtangent and subnormal. 

8. Find the subtangents and subnormals in (a), (b), (d), and (e), prob- 
lem 1. ^n«. (a) -ViA; (h)-18,2; (d)-f,6; (e)}, -f. 

8. Find the lengths of the tangents and normals in (a), (b), (d), and (e), 
problem 1. Ans. (a) \ Vl81, ^ VIsi ; (b) 6 VlO, 2 VIo ; 

(d) J Vio, 2 ViO; (e) } Vsi, i VS. 
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4. Find the subtangents and subnormals of (a) the ellipse, (b) the hyper- 
bola, (c) the parabola. 

Ans, (a) , - —Xi ; (b) , —Xi ; (c) - 2xi, p. 

Xi a^ Xi a* 

5. Show how to draw the tangent to a parabola by means of the sub- 
normal or subtangeut. 

6. Prove that a point Pi on a parabola and the intersections of the 
tangent and normal to the parabola at Pi with the axis are equally distant 
from the focus. 

7. Show how to draw a tangent to a parabola by means of problem 6. 

8. The normal to a circle pfisses through the center. 

9. If the normal to an ellipse passes through the center, the ellipse is a 
circle. 

10. The distance from a tangent to a parabola to the focus is half the 
length of the normal drawn at the point of contact. 

11. Find the equation of the tangent at a vertex to (a) the parabola; 
(b) the ellipse; (c) the hyperbola. 

12. Find the subnormal of a point Pi on an equilateral hyperbola. 

Ans. Xi. 

18. In an equilateral hyperbola the length of the normal at Pi is equal to 
the distance from the origin to Pi. 

86. Tangents to a curve from a point not on the curve. 

Ex. 1. Find the equations of the tangents to the parabola ^ = 4a; which 
pass through P2(— 3, — 2). 

Solution. Let the point of 
contact of a line drawn through 
Ps tangent to the parabola be 
Pi. Then by Theorem III the 
equation of that line is 

(1) yiy = 2x + 2xi. 

Since Pa lies on this line 
(Corollary, p. 63), 

(2) -2yi=-6 + 2xi; 
and since Pi lies on the parabola, 

(3) yi« = 4xi. 

The coordinates of Pi, the 
point of contact, must satisfy 
(2) and (3). Solving them, we 
find that Pi may be either of the points (1, 2) or (9, — 6). 
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If (1, 2) be the point of contact, the tangent line is, from (1), 

2y = 2x + ^, 
or « — y + 1 = 0. 

If (9, — 6) be the point of contact, the tangent line is 

-ey = 2« + 18, 
or «-3y + 9 = 0. 

The method employed may be stated thus : 

Rule to determine the eqtiations of the tangents to a curve C 
passing throtigh P^ix^y yj) not on C, 

m 

First step. Let Pi (xi, y^ he the point of tangeney of one of the 
tangents^ and find the eqiuitian of the tangent to C at Pi (Rule, 
p. 210). 

Second step. Write the conditions that (x^y y^) satisfy the result 
of the first step and (xi, yi) the equation of C, and solve these equa- 
tions for Xi and yi. 

Third step. Sttbstitute each pair of values obtained in the second 
step in the result of the first step. The resulting equations are the 
required equations. 

PR0BLBH8 

1. Find the equations of the tangents to the following ctures which pass 
through the point indicated and construct the figure. 

(a) «« + y« = 26, (7, - 1). Ans. 3x-4y = 26, 4a: + 3y = 26. 

(b) y« = 4x, (- 1, 0). Ans, y = x+l, y + « + l = 0. 

(c) lea^ + 26y« = 400, (8, - 4). Ans, y + 4 = 0, 3x - 2y = 17. " 

(d) 8y = x», (2, 0). Ans. y = 0, 27« - 8y - 64 = 0. 

(e) «« + 16y« - 100 = 0, (1, 2). Ans, None. 

(f) 2xy + y« = 8, (- 8, 8). Ans, 2x + 3y - 8 = 0, 4x + 3y + 8 = 0. 

(g) y* + 4x-6y = 0, (-1, -1). Ans. 2x-3y = 0, 2x-y + 2 = 0. 
(h) x* + 4y = 0, (0, - 6). Ans. None. 

(i) x» - 3ya + 2x + 19 = 0, (- 1, 2). 

Ans. x + 3y — 6 = 0, X — 8y + 7 = 0. 
(j) ya = x», (J, 0). Ans, y = 0, 3x-y-4 = 0, 3x + y-4 = 0. 

8. Find the equations of the lines joining the points of contact of the 
tangents in (a), (b), (c), (f), (g), and (i), problem 1. 

Ans. (a) 7x - y = 25 ; (b) x = 1 ; (c) 12x - 26y = 100; 
W« = l; (g) x-2y = 0; (i)y=:6. 



TANGENTS AND NORMALS 



217 



87. Properties of tangents and nonnab to oonics. 

Theorem Y. If a point moves off to if^vUy on the parabola ^ = ipz, the 
tangent at that point approaches parallelism 
with the X-axis. Y' ' 

Proof. The equation of the tangent at the 
point Pi(xi, yi) is (Theorem III, p. 214) 

Viy = iw + pxi. 
Its slope is (Corollary I, p. 86) 

III = — • 
Vi 

As Pi recedes to infinity yi becomes Infinite, 

and hence m approaches zero, that is, the tangent 

approaches parallelism with the X-axis. q. e . d. Y* 

Theorem VLlfa point moves off to ir^finity on the hyperMa 

bhi^-^a'^y^ = aVjf^, 

the tangent at that point approaches coincidence with an asymptote. 

Proof. The equation of the tangent at the point Pi (xi, ^i) is (Theorem 
m, p. 214) 
(1) 6«xix - a^yiy = a«6*. 

62Xi 




Its slope is (Corollary I, p. 86) 



m = 



a«y, 




As Pi recedes to infinity Xi and yi become infinite and m has the Inde- 



terminate form — . 



Bat since Pi lies on the hyperbola, 

Wxi« - a«yi« a cW 
Dividing by o^i', transposing, and extracting the square root| 

av^ 11 Vi* 



ayi 



Multiplying by -1 

a 



m 



a«yi a \ y^ 
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From this form of m we see that as Vi becomes inflnlK m approachea 
± -I the slopes of the asymptotes [(5), p. 190], aa a liiuit. The iulercepta ot 

(1) are — and ■ As their limits are zero the limiting poBilion of the 

tangent will pass through the origin. Hence the tangent at Fj approacbes 
coincidence with an asymptote. q.b.p. 

These theoremH ahom an essential distinction Ijetween the form of the 
paralwla and that of the right-hand branch of the hyperlwla. 

TtMOtem vn. The lanyent aitd Tiormal to an eUipae bisect rupecttcely the 
seternol and internal anglei formed by thefoc<U radii <tftM point of contact* 
Prottf. The eqnstion of the lines joining Pi {zi, y,) on tha ellipse 
H^^ + a^^ = a?V 
to the focus ^"(0, 0) (Theorem V, p. 186) U 
(Theorem VII, p. 97) 

yix + {c - Xi)y - cyi =0, 
and the equation of PiF is 

yix ~{c + x,)y + cyi = 0. 
The equation of the Ungent AB is 
(Theorem 111, p. 214) 

Wii* + (fiifiy = 0*6'. 
We shall ebon that the angle 6 which A B makes with PjF^ equals the 
angle 4> which PiF malces with AB. 
By Theorem X, p. 109, 

^,' - V kx, 4 ft'zi' _ (g ij/i' + 6'ji* ) - feaar, 
~ fr'itii'i + a^cui - d^ij/i ~ aVyi - (a^ — d^Zij/i ' 
But since Pi lies on the ellipse, 

aVi' + i^i' = 1*6*1 
and (Theorem V, p. 186) a^-lf = c>. 

a25a-i,!M, btfa'-cxt) b* 



<Ai/i - r^iyi cvi(a' - cxi) q/, 
In like manner 

_ - i'eii - 6'ii' - aV|J _ {Ifixi' + a 



b^XiVi - a»cyi - a^iVi a^l/i + (a* - 6«)Zil/i 
a'6» + 6%i, 5" 



aacvi + c*«,vi cy, 
I application In the so-called irblsperlDg giUarlia. 
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Hence tan = tan ; and since and ^ are both less than k, ^ = 0. 
That iB, AB bisects the external angle of FPi and F'Pu and hence, also, 
CD bisects the internal angle. q.b.d. 

In like manner we may prove the following theorems. 

Theorem Vm. TJie tangent and normal to an hyperbola bisect respec- 
tively the internal and external angles formed by the focal radii of the poird 
of contact. 




. r| ; 5/^ ^^ 
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Theorem IX. The tangent and normal to a parabola bisect respectively the 
internal and external angles formed by the focal radius of the point of contact 
and the line through thai point parallel to the axis.* 

These theorems give rules for constructing the tangent and normal to a 
conic by means of ruler and compasses. 

Construction. To construct the tangent and normal to an ellipse or hyper- 
bola at any point, join that point to the foci and bisect the angles formed by 
these lines. To construct the tangent and normal to a parabola at any point, 
draw lines through it to the focus and parallel to the axis, and bisect the 
angles formed by these lines. 

The angle which one curve makes with a second is the angle which the 
tangent to the first makes with the tangent to the second if the tangents are 
drawn at a point of intersection. 



Theorem X. Confocal ellipses and hyperbolas intersect at right angles. 
Proof. liCt 



(2) 



— h — = 1 and -— — f:i = 1 



a3 62 



a'a 6^2 



be an ellipse and hyperbola with the same foci. Then 

(8) a2 - 62 = a'2 + 6'2. 

For if the foci are (db c, 0), then in the ellipse c* = a*'-lf and In the hyperbola c*— a'« + 6^ 
(Theorems V and VI, p. 185). 



* This theorem finds application in reflectors for lights. 
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• The equations of tbe tangents to (2) at a point of intersection Pi (a^i, yi) 
are (Rule, p. 214) 

It is to be proved that the lines (4) are perpendicular, that is (Corollary 
m, p. 87), that 

(6) J^-yii = 0. 

Bmde Pi lies on both curves (2), we have 

a« 62 a'* ft'* 

Subtracting these equations, we obtain 

(a«-a'^)xi« (b^ + ^yi' ^Q 

But from (8), a" - o^ = ft^ + 6"*, 

and hence (6) reduces to (5) and the lines (4) are perpendicular. q.e.d. 

In like manner we prove 

Theorem XI. Two parabolas with the samefoctLS and axis which are turned 
in opposite directions intersect at right angles. 

Hence the confocal systems in section 82, p. 200 (Ex. 4 and problem 6), 
are such that the two curves of the system through any point intersect at 
right angles. 

PROBLEMS 

1. Tangents to an ellipse and its auxiliary circle (p. 206) at points with 
the same abscissa intersect on the X-axis. 

2. The point of contact of a tangent to an hyperbola is midway between 
the points in which the tangent meets the asymptotes. 

8. The foot of the perpendicular from the focus of a parabola to a tan- 
gent lies on the tangent at the vertex. 

4. The foot of the perpendicular from a focus of a central conic to a 
tangent lies on the auxiliary circle (p. 206). 

6. Tangents to a parabola from a point on the directrix are perpendicular 
to each other. 

6. Tangents to a parabola at the extremities of a chord which pass 
through the focus are perpendicular to each other. 

7. The ordinate of the point of intersection of the directrix of a parabola 
and the line through the focus perpendicular to a tangent is the same as that 
of the point of contact. 



TANGENTS AND NORMALS 221 

I. How may problem T be nsed to draw a tangent to a parabola f 

9. Tbe line drawn perpendlcnlar to a tangent to a central conic from a 

focna and tbe line passing through the center and the point of contact inUr- 

Bect on tbe corresponding directrix. 

10. Tbe angle which one tangent to a parabola makes nith a second la 
ball tbe an^e which the focal radius drawn to the point of contact of tbe 
first makes with that drawn to the point of contact of tbe second. 

11. Tbe product of the disUkncee from a tangent to a central conic to the 
foci is constant. 

IS. Tangents to an; conic at the ends of tbe latus rectum (double chord 
through the focus perpendicular to the principal axis) pass through tbe 
intersection of the directrix end principal axis. 

18. Tangents to a parabola at tbe extremities of tbe latos rectum are 
perpendicular. 

14. Tbe equation of the parabola referred to tbe tangents in problem 13 ia 

X* - 2xy-\-y* - 2 ■^p(x + y) -f 2p« - 0, 
or (compare p. 17) a:' + y* = \p VS. 

15. The area of the triangle formed b; a tangent to an hyperbola and 
tbe asymptotes is constant 

16. Tbe area of tbe parallelogram formed by the asymptotes of an 
hyperbola and lines drawn through a point ou the hyperbola parallel to 
tbe asymptotes is constant. 

8fi. Tangent to a curve at the origin. If a curTs passes through 
the origin, the equation of the tangent at 
that point is easily found. 

Ex. 1. Find tbe equation of the tangent at the 

Ortgl.» C:«.-i.-2, = 0. 

Solution. To find tbe slope of tbe tangent at 
Pi (0, 0), let Pi (0 + A, + jfc) be a second point 
on C. The conditions that Pi and P| lie on C 
gi«e but one equation, 

fti-4ft-2fc = 0, 
whence tbe slope of tbe secant PiPi is [(1), p. 207] 

"=^— ^-^ 

Letting Pi approach Pi, h and k approach zero, 
and tbe slope of tbe tangent is tbe limit of m, 
which ts ~ 2. 
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Hence the eqoation of the tangent is (Theorem I, p. 68) 

y = -2x, 
or 2x + y = 0. 

Notice that this equation may be obtained at once by setting the terms of 
the first degree in the equation of C equal to zero. 

If a curve passes through the origin, the constant term in its 
equation must be zero (Theorem VI, p. 73), so that its equation 
must have the form 

Ax-{-By'\- Cx^ + Dxy 4- Ei/ 4- Fa^ H = 0, 

where the dots indicate that there may be other terms whose 
d^ree in x and y may be three or greater. 

Theorem XTT. The equation of the tangent at the origin to the 
curve C whose equation arranged according to ascending powers of 
X and y is 

Ax + By-^ Cx* + Dxy -f Ey^ + Fx» H = 0, 

is Ax 4- By = 0. 

ITiat is, the equation of the tangent to C at the origin is obtained 
by setting equal to zero the terms of the first degree in x and y. 

Proof Pi(0, 0) lies on C Let P2(h, A:) be a second point 
on C. Then (Corollary, p. 53) 

Ah 4- 5^ -h Ch^ 4- DJik 4- Ek^ + F?i* -{ = 0. 

Transposing all terms containing h, and factoring, 

k(B'\- Ek-{ ) = -h(A -{- Ch -\-Dk'\- Fh^ -{-'-'), 

k _ A + Ch + I)k -^ Fh^-\ 

" h~~ B-\- Ek-\ 

k 
Letting Pg approach Pi, the limit of -ry which is the slope of 

A 

the tangent, is seen to be 

B 

Hence the equation of the tangent is (Theorem V, p. 96) 

A 

or Ax^By = 0. q.b.d. 

If -4 = and B = 0, the terms of the lowest degree, if set equal to zero, will 
be the equation of the two or more lines which will then be tangent to C at 
the origin. For example, if the equation of C is ajS - i/2 -f- a^ = o, the two lines 
«* — y« = will be tangent to C at the origin (problem 3, (h), p. 211). 
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89. Second method of finding the equation of a tangent. The 
tangent to a curve C at a point Pi may now be found as follows. 
Transforu C by moving the origin to P, (Theorem I, p. 160). 
The equation of the tangent at P, in the new codrdinates is then 
found immediately by Theorem XII. Transform it by translating ' 
the ases to their first position. The result is the equation of the 
tangent at Pi in the given coordinates. 

Ex. 1. Und the cquaUoo of the tangent to C lit^ -2i/^ + 3f = at 
Pi{-2, 2) which lies on C. 

Solution. Set {Theorem I, p. IdO) 
x = 3^-2, y = y' + 2. 

The equation of C becomes 

4 (I- - 2)» - 2 (/ + 2)» + (i' - 2)' = 0. 

Only the terms of the first degree are 
needed, and th«*e may be picked oid withmU 
clearing the parentheteM. The equation of 
the tangent is therefore 

*(-ix')-2-iv' + 12x' = 0, 
or !r' + 2i/- = 0. 

To Iransfonn to the old axes, set 
x' = x + i, y' = v-2. 

We thoB obtain 

a; + 2tf-2 = 0, 
which ta the equation of the tangent to C at Pi. 



1. Find the equations of the tangents at the origin to 
(a) 3£' + 2xy + ^-6x + Bv = 0. {A) y = x* -2x^ + x. 

(b> ij/ - j/« + 1 ~ 3 V = 0. (a) z» + y* + I - 2/ = 0. 

(c) I" + 4 li/ — 81 + 4^ = 0. (f) i' + i'-3iv-4j/* = 0. 

t. Find the equations of the tangents to the following curves at the poinia 
indicaied by the method of section 88. 

(a) flji«-tS + 2a;-4-0, (2,S). Ant. lflz-6i/-3 = 0. 

(b) i» + 4xi? + 6i(-7 =0, (-1, 8). Aiu. f,x + y + 2=a. 

(c) iv + ei-4y-e = 0, (2,3). Am. 9x-2y-\2 = a. 

(d) y» + 4i + 2y + 8 = 0, (-4,2). Am. 2a! + 3v + 2 = 0. 

(e) y* = i« + 8, (2, 4). An». 3k-2v + 2 = 0. 

(f) V = ii*-8a!»-8»« + 4x + 4, (0,4). An*. y = ix + 4. 
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8. Find the angle which the locus of xy + 4y — 2a; = makes at the 

origin with that of a:^ + 4zy + x + By = 0. ^^ 5. 

4 

4. Find the angle which the line 2x-3y — 9 = makes with the loons 
of acy + 6« - 4y - 19 = at (8, - 1). ^^ ^^ 

MISCELLANEOUS PROBLEMS 

1. Find the equations of the tangents and the normals to the following 
conies at the points indicated. 

(a) x« + 4xy - 4x - lOy + 7 = 0, (3, - 2). 

(b) xy-4x + 3y-4 = 0, (-1,4). 

(c) xy + y« + 2x + 2y = 0, (- 3, 3). 

(d) y« + 4x + 6y - 27 = 0, (5, - 7). 

(e) x« + 3xy + y« - lOy - 1 = 0, (2, 8). 

(f) x« - 8x + 3y - 14 = 0, (1, 7). 

8. Find the equation of one of the tangents to the ellipse x' + 9^ — 4x 
+ 9 y = which is parallel to the line 4x — 9y— 30 = 0. 

8. For what point of the parabola y^ = 2px is the length of the tangent 
equal to four times the abscissa of the point of contact f 

4. What is the length of the tangent to a parabola at an extremity of 
the latus rectum? Restate the equation of the parabola in problem 14, 
p. 221, in terms of this length. 

6. For what point on the parabola y* = 2|ix is the normal equal to 
(a) twice the subtangent? (b) the difference between the subtangent and 
the subnormal ? 

6. Through a point of the ellipse lAn* + aV = a^ft^ and that point of 
the auxiliary circle with the same abscissa normals are drawn. What Is 
the ratio of the subnormals ? 

7. For what points of an hyperbola is the subtangent equal to th« 
subnormal ? 

8. The ordinate of a point on an equilateral hyperbola and the length of 
the tangent drawn from the foot of that ordinate to the auxiliary circle are 
equal. 

9. A tangent to a parabola meets the directrix and latus rectum produced 
at points equally distant from the focus. 

10. The semi-conjugate axis of a central conic is a mean proportional 
between the distance from the center to a tangent and the length of the 
normal drawn at the point of contact. 
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11. Find the points of the ellipse for which the lengths of the tangent 
and normal are eqaal. 

IS. Any point on an equilateral hyperbola is the middle point of that part 
of the normal included between the axes of the hyperbola. 

18. A circle is drawn through a point on the minor axis of an ellipse and 
through the foci. Show that the lines drawn through the given point and 
the points of intersection of the circle and ellipse are normal to the ellipse. 

14. How many normals may be drawn through a given point to (a) an 
ellipse? (b) an hyperbola? (c) a parabola? 



CHAPTER X 

RELATIONS BETWEEN A LINE AND A CONIC. APPUCA- 
TIONS OF THE THEORY OF QUADRATICS 

90. Relative positions of a line and conic. If a line and conic 
are given, it is evident that 

(a) the lliie is a secant of the conic, 
(li) the line is tangent to the conic, or 
(c) the line does not meet the conic. 

The coordinates of the points of intersection of the line and 
conic are found by solving their equations (Rule, p. 76), which 
are of the first and second degrees respectively. To solve, we 
eliminate y* and arrange the resulting equation in the form 
(1) Ax^ •{- Bx -{- C = (^. 

Denote the roots by x^ and x^ and the discriminant 5*— 4 A C by A. 
Analytically the three cases above present themselves as follows : 

(a) If ^ is positive, the line is a secant. 

For Zx fti^d X2 are real and anequal (Theorem II, p. 3), and hence they are the 
abscissas of the points of intersection, which must be distinct. 

(b) If A is zero, the line is a tanr/ent. 

For in this case z^ ~ z^* so that the points of intersection coincide. 

(c) If A is negative, the line does not meet the conic. 

For Xx and o^ are imaginary, and hence there are no points of intersection 
(p. 77). 

If ^ = 0, one root of (1) is infinite (Theorem IV, p. 15) and one point of inter- 
section is said to be " at infinity." 

If ^ = and ^ = 0, then both roots of (1) are infinite and the line is said to be 
" tangent at infinity." 

If ^ = 0, J? = 0, and C = 0, then (1) is satisfied by all values of z, and hence 
has an infinite number of roots. All of the point-s on the line lie on the conic; 
that is, the conic is degenerate and consists of straight lines of which the giyen 
line is one. 

*If one equation does not contain y, then x is found by solving that equation. But 
for our purpoMs it is unnecessary to complete the solution. 

226 
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In solving the equations of the line and conic it might be easier 
to eliminate x than y. Then (1) would be a quadratic in y, but 
the result of the discussion would be the saine. 



Ex. 1. Determine the relaUve ponitions of th« 
line 3 z — 2 1/ + 6 = and tbe pitrabola if> + 4 z = 0. 

Solution. It ia easier to eliminate x than y. 
Solving the equation of the line for x, we obtaiD 

_ 2y -6 

X ^j 

Substituting In ^ + 4 z = 0, we get 

3|/» + 8!/-24 = 0. 
The diacriminant of this quadratic la 
A = 8!-4.3{-24) = 352.- 
As A 1h poritlve, the line ia a secant. 

Zz. 2. Determine the relBtive position of the line 4z + v 
+ 6 = and the ellipse 1> + i/' = 0, 

SUvtion. It is easier ia eliminate y thau z. From the 
first equation, 

V = -(4n-6). 

Substituting In the aecond and arranging, we get 

25z« + 40a: + 16 = 0. 
The discriminant is A = 40* - 4 • 25 . 10 = 0. Hence the 
line Is a tangent. 

Ex. 3. Determine the relative position of the lo«l ofx' — v* + 3x — 8v = 
and a - y = 0. 

Solution. Eliminating v, we get 

i^-3? + Zx-3z = <i, 

or 0-z' + 0-a: + O = 0. 

Aa this equation is true for all values of X, 
then all of the poinUi on the line lie on the conic. 
The equation of the conic ma7 evident!; be 
written (I - v) (I + y + 3) = 0. The locus of 
this equation is (Theorem, p. 66) the degenerate 
conic coDslstlng of the pair of lines 

z-V = 0. !i + !/ + 8 = 0, 
of which one is the given line. 
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PROBLEMS 

1. Determine the relatiye poeitioDB of the loci of the following equations 
and plot their loci. 

(a) X + y + 1 = 0, x^ = 4 y. Ana. Tangent 

(b) X - 2y -h 20 = 0, x« + i/« = 16. Ans. Do not meet 

(c) y»-4x = 0, 2x + 8y-8 = 0. Ans, Secant 

(d) x> + y« - X - 2y = 0, X + 2y = 6. Ans, Tangent 

(e) 2xy — 8x - y = 0, y + 3x — 6 = 0. Ans. Tangent 

(f) x« + y*-6x-8y = 0, x-2y = 6. Ans. Secant 

(g) 4x« + y« - 16x = 0, x + y-8 = 0. Ans. Do not meet 
(h) x« + y«-8x-6 = 0, x + 8 = 0. Ans. Do not meet 
(i) 8x2- 6y« + 16x- 82 = 0, 2x-3y = 0. Ans. Secant 

(j) x« + xy + 2x + y = 0, 2x + y4-4 = 0. Ans. Tangent 

(k) x? + 2xy + y« + 4x-4y = 0, x + y = 1. 

Ans. Secant, with one point of intersection at infinity. 

(1) 4xa-y« + 4x + l = 0, 2x-y-hl = 0. Ans. line is part of conic. 

(m) xa + 4xy + y« + 4x-6y = 0, 2x-8y = 0. Ans. Tangent 

(n) x2 - 4y« + 8y - 20 = 0, X - 2y + 2 = 0. Ans. Tangent at infinity. 

(o) x2-6xy + 9ya + x-3y-2 = 0, x-3y = l. 

Ans. Line is part of conic, 
(p) Ox* - 6xy - 6ya = 18, 2x - 3y = 0. Ans. Tangent at infinity. 

8. Find the middle i>oints of the chords of the conies in (c), (f), and (i), 
problem 1, which are formed by the given line. 

Ans. (c) (^,t, -3); (f) (y, -J); (i) (- }. -1). 

8. Literpret Theorem II, p. 8, geometrically by determining the relative 
positions of the parabola y = Ax^ + Bx + C and the line y = 0. Construct 
the figure if 

(a) A = \, B=-l, C=0; (b) A = \, B=C=Oj (c) A = \, 5=1, C=0. 

91. Relative positions of lines of a system and a conici and 
of a line and conies of a system. Given a system of lines (that 
is, an equation of the first degree containing a parameter k) and 
a conic, we can determine the values of k for which the lines of 
the system intersect, are tangent to, or do not meet the conic, as 
follows. 

Eliminate a; or ^, as may be more convenient, from the equa- 
tions of the system of lines and the conic, thus obtaining an 
equation either of the form 

(1) Ay^-\-Bi/ + C = or Ax^ -{• Bx -\- C z=z 0. 
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The discriminant A will be in general a quadratic in k. 
Determine the values of k for whicti A is positive, zero, or 
negative (Theorem III, p. 11) and apply the resulta of the 
preceding section. 

The same process serves to separate the conies of a system 
(that is, the loci of an equation of the second degree containing 
a parameter k) into three classes according as they intersect, are 
tangent to, or do not meet a given line. Only here the values of ft, 
if any, for which the equation has no locus must be excluded. 

Ex. 1. Find the values of Je for which the line y = 2z + k bteisects, la 
tangent to, or does not meet the ellipse ie* + 4y* — ei + 4y = 0. 

Sotuiion. Eliminating j/ by sutwtitution in the second equation, we obtain 
17x* + 16fcH-4t* + 4t = 0. 

The diactiminsnt of this quadratic is 

A = (19 fc)* - 4 - 17 (4 1» + 4 1) = - 16(t* + 17 A). 



By (o), (6), and (e), p. 226, 

<a) tbe line is a secant li -lS{lfi + I7k}>0; 

(b) the line is a tangent if -16(1:* + 17fc) = 0; 

(c) the tine does not meet the ellipse if - 16 (it* 4 IT k) < 0. 
Apply Theorem III, p. 11, to the quadraUc ~K{k' + nk). 

Since & = (— 16 17)9 is positive, ^ =— le, and the roots are and — 17, 

(a) if -17<t<0, the quadratic -19(f + 17i)>0; 

(b) it 6 = or -17, the quadratic -19(is + 17 1) = 0; 

(c) if J:<-17ori>0, the quadratic - 16(i" + 17i)<0. 

(a) the line is a secant if — 17 < t < 0. 

(b) the Ibe is a tangent if it = or - 17. 

(c) thellnedoesnotraeettheellipeelf it< — IT orl:>0. 

The lines of the system are all parallel. The figure shows tbe two tangent 

lines and indicates where the limes lie for different values of it. 
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PROBLEMS 

1. Determine the values of k for which the loci of the following equations 
(:i) intersect, (b) are tangent, (c) do not meet. Construct the figure in each 
case. 

(a) y = fee - 1, X* = 4 y. 

Ans. (a) A;>lorik<-l; (b) * = ±1; (c) -l<fc<l. 

(b) a; + 2y = *, x* + y* = 6. 

Ans. (a)-6<fc<5; (b)A; = ±6; (c) ik>5 or i< - 6. 

(c) x« + y« = fc, 5x - 4y + 10 = 0. 

Am. (a)ifc>4; (b)i = 4; (c) 0<A;<4. 

(d) y = ifcx + 2, x« - 8y = 0. Ana, (a) For all values of k, 

(e) x« + y* - 2 fcc = 0, y = X. 

Ans. (a) For all values except k = 0; (b) Jk = 0. 

(f) 4xa-y« = 16, y = kz. 

Ana. (a) -2<ik<2; (b)A;=i2; (c) *>2 or *< - 2. 

(g) y8 = 2ifcx, X - 2y + 2 = 0. 

Ana. (a) A; > 1 or A: <0 ; (b) i = or 1; (c) <ik < 1. 
(h) x^ + 4y2 - 8x = 0, y = ifcx + 2 - 4ik. 

Ana. (a) All values except k = 0\ (b) Jb = 0. 
(i) xy = ifc, 2x + y + 4=0. Ana. (a) ik<2; {b)ifc = 2; (c) i>2. 
0) ajy + 2^-4x + 8y = 0, x-2y + A: = 0. 

Ana. (a) A:>48or*<0; (b) * = or 48 ; (c) 48>ik>0. 
(k) 4x« + ya-6x + 6y = 0, y = fee + 1 - ifc. 

Ana. (a) ifc>lorfc<-|f ; (b) Jk = 1 or - Jf ; (c)-|f<ik<l. 

2. Determine the values of k for which the loci of the following equations 
are tangent and construct the figure. 

(a) x« - 4y + 16 = 0, y = k. Ana. fc = 4. 

(b) 9x2 4. i6y2 = 144^ y ~ X = Jfe. Ana. .k = ±6. 

(c) 4xy + y« + 16 = 0, x = k. Ana. k = ±2. 

(d) x^ + 4xy + y« = ifc, y = 2x + 1. Ana. k = -.^. 

(e) x« + 2xy + y2 + 8x - 6y = 0, 4x - 3y = ifc. Ana. k = 0. 

(f) sfi-^ 2xy -4xH-2y = 0, 2x-y + A;-8 = 0. Ana. k = Z or 13. 

92. Tangents to a conic. If in the preceding section the value 
of the discriminant of (1) is zero, then the line and conic are tan- 
gent. The equation obtained by setting that discriminant equal 
to zero is called the condition for tangency. Hence the condition 
for tangency of a line and conic is found by eliminating either 
a; or ^ from their equations and setting the discriminant of the 
resulting quadratic equal to zero. 

Thus in Ex. 1, p. 229, the condition for tangency is A = - 16 (*a -f. 17 fc) = q. 
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Ex. 1. Find the condition for tangency of the line - + ? = 1 and the parab- 
ola v' = ipx. 

Solution. ElimlnatiDgzby Eolving the first equation f or x and tubatitnting 
in the second, we get 

fty* + 2 apir -2abp = 0. 

The discriminant of this quadratic is 

A = {2 ap)> - 46(- 2a6p) = 4 ap{ap + 21^. 

Hence the condition for tangency is 

4ap(ap + 2 6=) = or ap(ap + 25^ = 0. 

Rule to find the equation of a line tangent to a given eontc and 
satisfying a second coTtdition. 

first step. Write the equation of the system of lines Batisfying 
the second condition. 

Second step. Find the condition for tangeney of the equation 
found in the first step and the ginen conic. 

Third step. Solre the equation found in the second step for the 
value of the parameter of the system of lines and sxdistitute the real 
values found in the equation of the system. The equations obtained 
are the required equations. 

Ex. S. Find the equations of the lines with the slope ) which are tangent 
to the hyperhoia z' — 6 ^ + 12 y — 16 = and find the points of tangeney. 

Solution. Fiial step. The lines of the system 
0) V = \x + k 

have the slope J (Theorem I, p. 58). 



Second step. Solving (1) for x and subetitatiag tn the given equation, 
(2) ys + (4 1 - a)y + 9 - 2 A" = 0. 

Hence Che condition for tangeney is 

(4t-6)»-4(0-2Jr') = 0. 
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Third step. Solving this equation, Xc = or 2. 
Substituting in (1), we get the required equations, namely, 

(3) X - 2y = 0, X - 2y + 4 = 0. 

To find the points of tangency we substitute each value of k in (2), which 
then assumes the second form of (7), p. 4, namely, 

if ik = 0, (2) becomes (y - 8)» = ; /. y = 3 ; 
if ifc = 2, (2) becomes (y + 1)» = ; .-. y = - 1. 

Hence 3 and — 1 are the ordinates of the points of contact. Then, from (1) , 

if jb = and y = 3, we have x = 6 ; 
if A; = 2 and y = — 1, we have x = — 6. 

Hence, if ik = 0, the point of contact is (6, 3) ; 

if X; = 2, the point of contact is (— 6, — 1). 

The points of contact may also be found by solving each of equations (3) 
with the given equation. 

PROBLEMS 

1. Determine the condition for tangency of the loci of the following 
equations. 

(a) 4x«+y*-4x-8=0, y=2x+ifc. Ana. *« + 2* - 17 =0. 

(b) xy 4- X - 6 = 0, x = *y + 5. Ans. *a + 14* + 25 = 0. 

(c) x2 ~ y* = a\ y=:kx. Ans. * = ± 1. 

(d) aJ« + y« = ra, 4y-3x = 4fc. Ans. 16Jfc2 = 25*«. 

(e) x» + y« = r-J, y = mx-\- b. Ans. (2m6)a-4(l+m«)(6»-r<)=:0. 

(f)» ^ + f = 1, ± + £ = 1. Ans. — + - = 1. 

(g)* -i-~ = l| - + - = 1. Ans. — - — = 1. 

(^)* ^ + !!o = 1» y = mx + /5. Ans. ahn^ + ft' - jS* = 0. 

a* Or 

(i)» ^ - ^ = 1» y = mx + p. Ans, a^m^ - ft* - /S* = 0. 

(J)* x^ + y* = **, X cos w + y sin w — p = 0. 

Ans. p» - r« = 0. 

(k)* 2xy = o2, - + ^ = 1. Ans. a/5 = 2a«. 

(X p 

(!)• xa + y« = r«, Ax + By = 1. Ans. Ah^ + B^ = 1. 

* In these problems it is assumed that the constants involved are not lero. 
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8. Find the equatioDS of the tangents to the foUowing oonlcs which satisfy 
the condition indicated, and their points of contact Verify the latter approx- 
imately by constracting the figure. 

(a) y^ = 4 X, slope = J. Ana. x — 2^ + 4 = 0. 

(b) 2« + ya = 16, slope = - J. Ans. 4» + 3y ± 20 = 0. 

(c) 9x«+16y» = 144, 8lope = - J. Ana, x + 4y±4Vlo = 0. 

(d) x< - 4 y3 = 36, perpendicular to6x-42^ + 9 = 0. 

Ana. 2x + 3y± 3^7 = 0. 

(e) x»+2y«-x+y=0, slope=-l. Ana. x + y = 1, 2x + 2y + 1 = 0. 

(f) x*=4y, passing through (0, —1). Ana. y =± x — 1. 

(g) x> = 8 y, passing through (0, 2). Ana. None, 
(h) 4xa - y« = 16, slope = 2. Ana. y - 2x. 
(i) xy + y* -4x + 8y = 0, parallel to 2x - 4y = 7. 

Ana. x = 2y, x-2y + 48 = 0. 
(j) 4x3 + ys - 6x + 6y = 0, passing through (1, 1). 

Ana. x-y=0, 10x+lly-80=0. 
(k) x» + 2xy + y« + 8x - 6y = 0, slope = J. 

Ana. 4 X — 8 y = 0. 
(1) X* + 2xy - 4x + 2y = 0, slope = 2. 

^ns. y = 2x, 2x-y + 10 = 0. 

(m) y* = 2px, slope = m. ilns. y = mx + — . 

2m 

(n) IW + oV = a*6«i slope = m. -4n». y = mx ± Va%i« + 6*. 

(o) 2 xy = («*, slope = m, ^n«. y =iwx±a V— 2 m. 

8. Find the highest and lowest points of the conic 

(a) x« + 6xy + 9y«-6x = 0. Ana. Highest (f, J). 

(b) X? - 2xy - 4x - 4y - 8 = 0. Ana. (0, - 2), (- 4, - 6). 

(c) x2-y«-4x + 8y-16 = 0. Ana. None. 

Hint. Find the points of contact of the horizontal tangents. 

93. Tangent in terms of its slope. The method of the preced- 
ing section for finding a tangent with a given slope may be 
applied to general equations and yield formulas for the equati'"*" 
of a tangent in terms of its slope. 

Theorem L The eqvMion of a tangent to the paraibola t^ = 2px 
in terms of its slope m is 

(I) y = mx + 



lion 



2m 



2&4 AXALXnC GE^JMETBT 



Frvif. T^:?r.ir,at:r^ x froci y = "i* -^ i and y* = ?/*, ^re otaua 

» •* -^ 2 , ,f 2/.i = a 
lAnuik iLe or^i:::'.n for tar^«;rr is 



A = (-2/. •-4'* 2/.l:=a, 






Hurjfeth-tiiig ill y = wjr -f Ir. we ol-iain (I). 

In like manner we prove 

ntorem IL 27i« equation of a tanneni in ierwu of its slope 
t^j the 

circle a:«-hy* = r* u y = »w * r %^1 - m«; 



1, Find the eqaations of the common UngenU to the following purs of 
con ten. CoiiAtnict the figure in each case. 

(a) i^ = r>x, 9a;« + 9y« = 16. -4ii«. 9xil2y + 20 = 0. 

(b) 9a^ + 10j^=144, 7a5»-32y« = 224. ^i«. ±z-y±6 = 0. 
(r) ae* + y« = 49, a^ + y2-20y + 99 = 0. 

^n«. ±4x-3y + 35 = 0, ±8x-4y + 36 = 0. 

///n^ Find tb« eqiuitions of a tangent to each conic in terms of its slope and then 
(lct«?rmine the slope so that the two lines coincide (Theorem HI, p. 88). 

%» Two tangents, one tangent, or no tangent can be drawn from a point 
l'\ Uu Vi) ^ ^h<^ lociut of 

(a) ^ ■.-2px according as y^ — 2pxi is poaitiye, zero, or negative. 

(b) 6*3!^ + aV = <^b^ according as ft^Xi^ + a'^i* - a^ is positive, zero, 
or negative. 

(c) b^x^ ~ aV = ofl^ according as ft^ci^ - a^i* - a%* is negative, aero, 
or poHltive. 

S. Two perpendicular tangents to 

(a) a parabola intersect on the directrix. 

(b) an ellipse intersect on the circle x^ ^.^a == a* + 6*. 

(c) an hyperbola intersect on the circle x^ + y^ = a' ~ ^. 
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94. The equation in p. In the following sections we shall sappose that the 
line is giyen in parametric form (Theorem XV, p. 124), 



(1) 



r X = xi -f p cos or, 



The geometric Bignifieance of these equations should be constantly borne In mind. 
A line is given which passes through P^ (x^, y^ and whose direction cosines (p. 12^ are 

cos a and cos ^ (or whose slope is m = ^^^ « — i by (I), p. 28). The point (a:, y) or 

COB u COo CI 

(xi + p cos a, Vi + p cos ^) is that point on the line whose directed distance from P^ is Um 
Tulable /». 




Suppose the conic is the parabola 
(2) y2 _ 2px = 0. 

If the point (xi + p cos a, yi + /> cos /3) on (1) lies on (2), then (Corollary, 

p. 63) 

(yi + /) cos iS)^ — 2p (xi + p cos a) = 0, 
or 



(3) 



C08« /3 . /)« + (2 yi cos /5 - 2p cos a) p + (Vi^ - 2pxi) = 0. 



This equation is called the equation in p for the parabola. Its roots, 
/>! and p2i are the directed lengths PiPs and PiPs from Pi to the points 
of intersection of the line and parabola. 

For p is the distance from P^ to the point (or, -f p cos a^y^-^p cos ^); and when p satisfies 
equation (3) the point (x^ + p cos a^yi + p cos ^) lies on the parabola. 

Hence 

Theorem m. The directed distances from Pi (xi, yi) to the points of inter' 
section of the line 

X = Xi + p cos <r, y = yi + p cos ^ 

and the parabola y^ = 2px are the roots of the equation in p, 

(III) co8«/3. p2 + (2yi cos/9 - 2p cos a)p + (yi^ - 2pxi) = a 
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The equation in p for any conic is the equation whose roots are the 
distances from a point Pi to the points of intersection of the conic and the 
line through Pi whose direction angles are a and /9. The method used in 
proving Theorem III is general and justifies the 

^vlt for forming the equation in p for any conic, 

Substiikde Xi + p cos a for x and yi + p cos /9 for y in the equation of the 
conic and arrange the result according to powers of p, 

m 

For convenience of reference we state the following theorems which are 
proved by this Rule. 

Theonm IV. T?ie equation in pfor the central conic bh^ ± aV — a*^ = is 

(IV) 

(6acos«a±a«co8«/J)p2 + (2 WxiCosa±2a*yiCos/5)p + (Wxi^i a«j^i« - a^ = 0. 

Theorem V. The equation in p for the locus of 

Ax^ + Bzy + C]/^ + Dx-\-Ey-\- F= 
is 

(V) (-4co8?a + Bcosacos/8 + CcoB^p)ff^ 

+ [(2-4x1 + Byi + D)cos a + (Bxi + 2 Cyi + E)coBp]p 
+ (Axi^ + Bxivi + Cyi« + Dxi + Eyi + P) = * 

The relative position of the line (1) and a conic depends upon the discrimi- 
nant of the equation in p. For according as the roots of the equation in p 
are real and unequal, real and equal, or imaginary (Theorem II, p. 3), the 
line and conic will intersect, be tangent, or not meet at all. 

PROBLEMS 

1. Find the equation in p for each of the following conies. 

(a) xy = 8. (e) 2x2 + xy + 8x - 4y = 0. 

(b) x^ + y« = 9. (f) x« + 2xy + y3 - 4x = 0. 

(c) 8x2 - y2 = 16. (g) xy + 4x - 8y - 3 = 0. 

(d) x2 - y2 + 4x - 6y = 0. (h) x^ + 4xy + y» - 8x = 0. 

2. What can be said of the coefficients and roots of the equation in p 

(a) if Pi (xi, yi) lies on the conic ? 

(b) if the line is tangent to the conic at Pi ? 

(c) if the line meets the conic at infinity ? 

(d) if Pi is the middle point of the chord formed by the line? 

* Notice that tbe ooeffloient of p* is found by sabstHuting cos a for x and coe/3 for y 
in the termfl of the second degree in the giren equation. The constant term is found by 
substituting x^ for x and y, for y throughout the given equation. Ck>mpare the coeift 
cients of cot a and cot j8 within the brackets with equations (6) and (7), p. 171. 
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S. Determine the relatiye position of the folloinng lines and conies and 
construct the figures. 



(a) y«-4« + 4 = 






^x = 2 =p, 



(b) 4xy + 8y*-4x + 4y-16 = 



VlO 



Ana. Tangent 



y = l + 



Vio 



(c) 4a^ + 9y»-40x-72y + 100 = - 



x = -2-— p, 
V2 



(d) Sz^ + xy-Ajfl-x + y^O 



AnB, Do not meet. 

rx = 8-ip, 

^tu. Line is part of conic. 

(e)4^-9y. = 86 {111 + 17. 

AnB. Secant with one point of intersection at infinity. 

95. Tangents. We shall show how to find the equation of a tangent to a 
conic by means of the equation in p by considering the tangent to the parab- 
ola y^ — 2 jw = at the point Pi (xi, ^i). Let 

(1) X =Xi + pcos£r, y = vi + /)C08/5 

be any secant through Pi intersecting the parabola at Ps. One root of the 
equation in p is pi = PiPs and the other is ps = 0. Hence (III), p. 236, 
becomes (Case I, p. 4) 

cos«/3 • p« + (2 yi cos /3 — 2p cos a) p = 0. 
[Or the ooDBtant term la zero by the Corollary, p. 63.] 

When Pi approaches Pi the line becomes tangent (p. 207), and as pi 
becomes zero we must have (Case III, p. 6) 

(2) 2yiC08/3 — 2pcosa = 0. 

This is the condition that (1) is tangent to the 
parabola. Solving (1) for cos a and cos p and substi- 
tuting in (2), we obtain 

2yiy - 2PX - 2yi« + 2pzi = 0. 

But since yi> = 2j9Xi this reduces to 

yiy-p(X + Xi) = 0, 

which is the form given in Theorem in, p. 214. 
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96. Asymptotic directions and asymptotes. If the coefficient of ps in 
the equation in p is zero, then one root is infinite (Theorem IV, p. 15); and 
hence the line and conic have one point of intersection at an infinite distance 
from Pi. The direction of such a line is called an asjrmptotic directioii. 

Theorem VI. The asymptotic directions of the hyperbola are parallel to the 
asymptotes, of the parabola are parallel to the axis, while the ellipae has no 
asymptotic directions. 

Proof, Set the coefficient of p^ in the equation in p for the hyperbola 

[(IV), p. 236] equal to zero. This gives 

fts cos2 a - a« cos«/3 = 0. 

cosi? b 

.'. m = =±-' 

cos a a 

Therefore the slopes of the asymptotic direc- 
tions are the same as those of the asymptotes 
[(5), p. 190]. 




Similarly for the parabola m = 



C08/3 

cos a 



= 0, so 




that the asymptotic direction is parallel to the axis. 

COB 8 b I 

For the ellipse, in like manner, m = = ± - v — i so the slopes of 

*^' cos a a '^ 

the asymptotic directions are imaginary ; that is, there 
are no asymptotic directions. q.b.d. 

Corollary. Every line having the asymptotic direction 
of a conic intersects the conic in but one point in the 
finite part of the plane. 

If both roots of the equation in p become infinite, 
the line is said to be ^* tangent to the conic at infinity*' 
and is called an asymptote. Using this definition of 
the asymptotes, we have, in justification of the prelimi- 
naiy definition on p. 189, the following theorem. 

Theorem Vn. T?ie equMion of the asymptotes of the hyperbola 

62x« - aV = a*^ is l^x^ - a V = 0. 

Proof, Both roots of the equation in p for the hyperbola [(IV), p. 236] 
will be infinite if (Theorem IV, p. 15) 

6»cos«n:-a2cos«/3 = and 2 6«Xi cos a - 2 a«yi cos /3 = 0. 
From the first equation, cos p = ±- cos a. 

Substituting in the second, we get bzi =F ayi = as the condition that Pi 
should lie on an asymptote. But this is the condition that Pi should lie on 
one of the lines bxT ay = or b^x'^ — a^^ = 0. Hence this equation is the 
equation of the asymptotes. q.b.d. 
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The method of the proof justifies the 

Rale for finding the equation of the asymptotes of any hyperbola. 
First step. Derive the equation in p (Rule, p. 236). 
Second step. Set the coefficients of f^ and p equal to zero. 
Third step. Eliminate co8 a and cos ^ from these equations and drop the 
9\d)scripts on Xi and yi. 

PROBLEMS 

1. Find the equations of the tangents to the following conies drawn from 
the points indicated. (The method of section 95 can be applied whether Pi 
lies on the conic or not.) 

(a) xy = 16, (4, 4). Ans. x + y = 8. 

(b) x2 + 2xy = 4, (2, 0). Ans. x + y = 2. 

(c) x^ = 4y, (0, - 1). Ans. x* - (y + 1)« = 0, or x = ± (y + 1). 

(d) x2-3y2 + 2x+19 = 0, (-1, 2). Ans. (x + 3y - 5)(x-3y + 7)= 0. 

2. Determine the slopes of the asymptotic directions of the following 
conies. 

(a) x2-xy~6y2-8x = 0. Ans. i, - J. 

(b) xy - ya + 4x - 6 = 0. Ans. 0, 1. 

(c) x» + 4xi/ + 4ya_2x = 0. Ans. -J. 

(d) 4x« + xy + y2_3 = o. ulna. None. 

(e) 9x2 - 6xy + y2 - 2 y + 6 = 0. Ans. 3. 

(f) x2 + 6xy + 4ya = 10. Ans. - J, - 1. 

(g) xy + Dx + ^y + F = 0. Ans. 0, «. 

8. Determine whether the loci of the equations in problem 2 belong to the 
elliptic, hyperbolic, or parabolic type. 

4. Find the equations of the asymptotes of the following hyperbolas. 

(a) xy - y* + 2x = 0. Ans. y + 2 = 0, x-y + 2 = 0. 

(b) 2x2 - xy - 4 = 0. ^n«. x = 0, 2x-y = 0. 

(c) x2 - 6xy + 8y« = 10. Ans. x-4y = 0, x-2y = 0. 

(d) xy - 4 X - 3 y = 0. Ans. x = 3, y = 4. 

(e) 2x2 _*jxy + 3y2 = 14. Ans. 2x - y = 0, x - 3y = 0. 

(f) x2-4y2 + 2x + 8y = 0. Ara. x - 2y + 3 = 0, x -f 2y - 1 = 0. 

5. Find the equations of the asymptotes of the hyperbolas (a), (b), (f), 
and (g) in problem 2. 

Ans. (a) 75x - 25y + 296 = 0, 60x + 25y - 184 = 0; 
(b) y + 4 = 0, x-y-f4 = 0; 

(f) x + 4y = 0, x + y = 0; 

(g) X + -E? = 0, y + D = 0. 

6. Froye that the parabola has no asymptotes. 
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7. Show that the asymptotic directioiiB of the locus of Aafi + Bacy + Cffl 
+ Dx + ^y + i^ = Oare determined by the locus of As^ + Bxy + Cy^ = 0. 

8. By means of problem 7 show that the locus of the general equation 
of the second degree belongs to the hyperbolic, parabolic, or elliptic type 
according m A = B^ — 4AC ia positive, zero, or negatire. 

9. Show how to determine the direction of the axis of any parabola by 
means of problems 7 and 8. 

97. Centers. The problem of this section is to determine the center of 
p symmetry, if there is a center, of the locus of 

(1) Asfi + Bxy + Cjfl-\-Dx + Ey + F = 0. 

That is, we seek a point Pi(Xi, Vi) which is the middle 
point of every chord of (1) drawn through it. 

If Pi is the middle point of the chord PsPt formed by 

the line 

X = xi + p cos a, y^yi + pcoBpj 
p 

* then the roots of the equation in p must be equal numer- 

ically with opposite signs. Hence the coefficient of p in (V), p. 236, must be 
zero (Case II, p. 4). 

(2) /. (2Axi + Byi + D)cos a + (Bxi + 2 Cyi + J&)cos/3 = 0. 

If Pi is the middle point of every chord passing throu^ it, (2) is satisfied 
by all values of cos a and coe/3. For cos/S = and cos a = we get 

(3) 2-4x1 -f Byi + D = 0, Bzi -{- 2 Cyi + E = 0, 

and if equations (3) are satisfied, (2) is always satisfied. 

We can solve (8) for a single pair of values of xi and yi (Theoram IV, 
p. 00) unless 

and the locus of (1) will have a single center. But if A = there will be 

B D 
no center unless at the same time — = — * when every point on the Hn f^ 

2U S 

2Az + By + D = will be a center. 

Hence we have 

Theorem vm. The locu8 of 

Az^ + Bxy + Cj/^-\-Dx + Ey + F= 

will have a single center of symmetry ifd, = B^ — ^AC isnot zero. {T A = 

S D 
there toiil be no center unleea — - = — , when all of the points on a line wiU 

be centers, ^^ ^ 

CoroUaxy. The center will be the point af ifUersection of the lines 
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Kthelcwiu li of the illlptlo or hyp«rbo][c type (p. 135). thare will be a (Incla oenter. 
Bat If the iDca* belODgs to the parkbollo type, there is no ceatar unloi tha local d^en- 
erAt«*. If the looua ti > pair of panllel llnei, iben every point on the lioe mldwky 
between them la a senter. 

To find the center in a numerical example ire proceed as in tbe above 
proof as far aa equations (S) and then solve those equations. 

PROBLEMS 
1. Find the centers of the following conies. 

{a) x'' + xy-i = 0. Ant. (0, 0). 

(b) !c'-2iy + y'-i« = 0. An*. None. 

le) xy-2y^ + iz~iy = 0. Am. (-12,-4). 

Ant. Any point ol the line z — 4v-t-l=0. 

(e) a;» + 4iv + iF'-8j! = 0. Am. (-),!). 

(f) 4i> + 12«y + 0y»-2a: + 6 = 0. Ant. None. 

(g) ix^ + 12xy-i-9j/'-ix-6y-S = 0. 

Ant. Any point of the line 2ai + 8i/— 1=0, 
9. If all the coefScients of the general equation of the second degree 
except B are constant, and if B varies so that B' — iAC approaches zero, 
how does the center of the locos behave ? 

98. Diimetera. The locus of tlie middle points of a Bystem of parallel 
chords of a curve is called a diam«tet ot tha curve. 
Consider the ellipse 

tftcs + aV = a=6* 
and the Hyatem of parallel lines whose 
direction angles are a and p. The para- 
metric equations of that line through 
Pi(ii, Vi) are (Theorem XV, p. 124) 
x = Xi + pcoBa, y = yi+poQip. 
If Pi is the middle point of the chord, 
then the roots pi = PiP, and pj = PiPj 
of the equation in p [(IV), p. 236] must 

be equal numerically with opposite signs. Hence (Cam II, p. i) 
2b^icoaa + 2a^icosp^ 0. 
Dividing hy 2 cos a and setUng m = — -^ (p. 235), we get 
ffx,+ ahnvi = 
u the condition that (Xi, Vi) i^* U>e middle point of a chord whose slope is m. 
This la the condition that Pi should lie on the line 
Diy r V>x + o*mv = 0. 
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Hence we have 

Theorem IX. The diameter of the ellipse 

IW + a V = a** 
hiaecting aU chords toUh the slope m is 

(IX) b^x + a*my = O. 

ThiB reasoning may be applied to any conic, and justifies the 
Rule for deriving the equation of a diameter of a conic bisecting all chords 
vnth the slope m. 

First step. Derive the equation in /> {Rule, p. 236). 
Second step. Set the coefficient of p equal to zero. 



Third step. Replace Xi and yihy x and y respectively^ and 



cos/9 
cos or 



by tn. 



The result is the required equation. 

By tliis means we prove 

Theorem X. The diameter bisecting aU chords with the slope m of the 

hyperbola Wr« - a^^ = a-b^ is h*x — a*my = O ; 

parabola ifi = 2pzis fny=p. 





Corollary. All the diameters of the parabola are paraUel to its axis, and 
every line parallel to the axis is a diameter. 

Theorem XL TJie diameter of the locus of 

Ax^ + Bxy -\- Cy^ -^ Dx + Ey + F = 
bisecting all chords of slope m is 

(XI) 2 Ax + By + n + m(Bx + 2Cy + JE)=0. 

Corollary. The diameter passes through the center if the locu^ has a center^ 
and every line through the center is a diameter. 

Hint, Apply the Corollary, p. 240, and Theorem XIII, p. 119. 
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PROBLEMS 

1. Find the equation of the diameter of each of the following conies which 
biaecta the chords with the given slope m. 

(a) x»-4y2 = 16, m = 2. Ans. x-Sy = 0. 

(b) y« = 4x, m = - f Ans. y + 4 = 0. 

(c) xy = 6, m = 3. Ajui. y + Sx = 0. 

(d) X* - xy — 8 = 0, m = l. Ans. x-y = 0. 

(e) x2 - 4ya + 4x - 16 = 0, m = - 1. Ans. x + 4y + 2 = 0. 

(f) xy + 2y2 -4x -2^ + 6 = 0, w = |. Ans. 2x + lly-16 = 0. 

8. Find the equation of that diameter of 

■ (a) 4x« + 92^ = 36 passing through (3, 2). Ans. 2x - 3y = 0. 

(b) y^ = 4x passing through (2, 1). Ans. y = 1. 

(c) xy = 8 passing through (— 2, 3). Ans. ^x -\- 2y :=z 0. 

(d) x2 — 4 y + 6 = passing through (3, — 4). Ans. x = 3. 

(e) xy — y> + 2 X - 4 ±= passing through (6, 2). Ans. 4x-9y — 2 = 0. 

8 . Find the slope of (XI) if ^ - 4 -4 C = 0. How may the result be inter- 
preted by means of problems 8 and 0, p. 240 ? 

4. What relation exists between m', the slope of (XI), and m ? 

Ans. 2 Cmm' + -B (wi -f m') + 2-4 = 0. 

6. What does the result of problem 4 become for 

(a) the ellipse ft^^a ^ ^2^2 = ^252 ? Ans. mm' = - — • 

(b) the hyperbola Mx^ _ ^aya = (,252 ? ^^3. rum' = — . 

(c) the parabola y^ = 2px? Ans. nV = 0. 

6. By means of problem 5 discuss the relative directions of a set of 
parallel chords and the diameter bisecting them. 

7. Find the equation of the chord of the locus of 

(a) x3 + y^ = 26 which is bisected at the point (2, 1). 

Ans. 2x + y — 6 = 0. 

(b) 4x' — y^ = whicli is bisected at the point (4, 2). 

Ans. 8x-y-80 = 0. 

(c) xy = 4 which is bisected at the point (6, 3). 

Am. 3x + 6y-80 = 0. 

(d) X* — xy — 8 = which is bisected at the point (4, 0). 

Ana. 2x~y-8 = 0. 
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99. Conjugate diameters of central conies. In every system of parallel 
chords of a central conic there is one which passes through the center and 
which is therefore a diameter (Corollary to Theorem XI). This diameter 
and the one bisecting the chords parallel to it are called conjugate diameters. 



T?ie ellipse 


The hyperbola 


Let m be the slope of a diameter 


Let 771 be the slope of a diameter 


of the ellipse 


of the hyperbola 


IW + aV = a^¥. 


6^x2 - aV = a^' 


From Theorem IX the slope of 


From Theorem X the slope of the 


the conjugate diameter is (Corollary 


conjugate diameter is (Corollary I, 


I, p. 86) 

m' = — 


p. 86) 

ahn 


6» 

.'. mm = -• 

a" 


.'. 7n7n = — . 
a^ 



Hence 

Theorem Xn. If m and m' are the 
slopes of two conjugate diameters of 
the ellipse IW + aV = ^252, t/ien 

(XII) mw'= -• 




Corollary. Conjugate diameters of 
the ellipse lie in deferent quadrants. 



For m and m' hare opposite signs since 
their product is negative. 



Hence 

Theorem XTTT. If m and m' are the 
slopes of two conjugate diameters of 
the hyperbola h^£^ - d^y^ = a:^, then 



(xm) 



mm^ = 



a' 




Corollary. Conjugate diameters of 
the hyperbola lie in the same quad- 
ra}vtj but on opposite sides of the 
asymptotes. 

For m and m' have the same sign since 
their product is positive, and if one is 

numerically less than _ , the other must be 

a » 
numerically greater than " which is the 

a 
slope of one asymptote [(6), p. 190]. 
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The ellipse 

The length of a diameter of the 
ellipse, or of its conjugate diameter, 
is that part of the line included 
between the points of intersection 
of the line and the ellipse. 

Construction, To construct the 
diameter conjugate to a given diam- 
eter AB^ draw a chord EF parallel 
to AB^ and then draw the diameter 
CD bisecting EF. 



The hyperbola, 

The length of that one of two con- 
jugate diameters of the hyperbola 
which does not meet the hyperbola 
is defined to be that part of the line 
included between the branches of 
the conjugate hyperbola (p. 189). 

Construction, To construct the 
diameter conjugate to a given diam- 
eter AB^ draw a chord EF parallel 
to ^JB, and then draw the diameter 
CD bisecting EF. 



Theorem XIV. Given a point 
P\ (aci, Vi) on the ellipse 6^x2 -j. ahf^ 
= a^*, the equation of the diameter 
conjugate to the diameter through Pi 
is 

(XIV) b^ix + a^yiy^ = O. 

Proof, The diameter through Pi 
passes through the origin (Corollary, 
p. 242), and hence its slope is (Theo- 
rem V, p. 35) 171 = —- Then, from 
(XII), the slope of the conjugate 



diameter is m' = — 



Wxi 
a^Vi 



tion of the line through the origin 
with the slope m' is (Theorem V, 
p. 05) 

62X1 



y = - 



ah/i 



aJi 



which may be written in the form 

(XIV). Q.B.D. 

CoroUaiy. The points of intersec- 
tion of (XIV) with the ellipse are 

\ b a / \ b a / 



Theorem XV. Given a point 
-Pi(aJii Vi) on the hyperbola 6^x2 — a^y^ 
= a262^ ifiQ equation of the diameter 
conjugate to the diameter through Pi 
is 

(XV) 5«xia5 — a«yiy = O. 

Proof. The diameter through Pi 
passes through the origin (CoroUaiy, 
p. 242), and hence its slope is (Theo- 
rem V, p. 35) w = — • Then, from 
(XIII), the slope of the conjugate 

62Xi 



The equa- diameter is m' = 



ohfx 



The equa- 



tion of the line through the origin 
with the slope m' is (Theorem V, 
p. 95) 

62^1 



y = 



a«y] 



«, 



which may be written in the form 

(XV). Q.E.D. 

Corollary. The points of intersec- 
tion of (XV) vnth the conjugate hyper- 
bola are 

(-t.)^(za,.ia). 



These are found by the Bale, p. 76. 



These are found by the Rule, p. 76. 
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PROBLEMS 

1. What is the relation between the slopes of conjugate diameters of 
the equilateral hyperbola 2 xy = o* ? Ana. m -\- m' = 0. 

8. The tangents at the ends of a diameter of (a) an ellipse, (b) an hyper- 
bola, are parallel to the conjugate diameter. 

8. The tangent at the end of a diameter of a parabola is parallel to the 
chords which the diameter bisects. 

4. The sum of the squares of two conjugate semi-diameters of an ellipse 

equals a^ + 6^. 

Hint. Let /*, (jti, ^i) be any point on the ellipse. Find the squares of the distances 
from the center to P^ and to one of the points in the Corollary to Theorem XIV, add, and 
apply the Corollary, p. 53. 

6. The difference of the squares of two conjugate semi-diameters of an 
hyperbola equals a^ — 6^. 

Hint. See the hint to problem 4. 

6. The angle between two conjugate diameters is sin-^-^* where 
a' and 6' are the lengths of the conjugate semi-diameters. ^ 

7. Conjugate diameters of an equilateral hyperbola are equal in length. 

8. Conjugate diameters of an equilateral hyperbola are equally inclined 
to the asymptotes. 

9. The lines joining the ends of conjugate diameters of an hyperbola are 
parallel to one asymptote and bisected by the other. 

10. The' product of the focal radii (problems 8 and 9, p. 194) drawn to 
any point on (a) an ellipse, (b) an hyperbola, equals the square of the semi- 
diameter conjugate to the diameter drawn through that point. 

11. The asymptotes of an hyperbola are conjugate diameters of ax^ ellipse 
which has the same axes as the hyperbola. 

19. Show that the conjugate diameters of the ellipse in problem 11 are 
equal. 

mSCBLLANEOUS PROBLEMS 

1. Find the condition for tangency of 

(a) ;/« = 2px and Ax-h By + C = 0. 

(b) 62x2 + a^y^ = a^ and ^x + JBy + C = 0. 

(c) 6^x2 _ a2y« = a?^ and -4x + By + C = 0. 

2. Find the points on each of the conies where the tangents are equally 
inclined to the axes. When is the solution impossible ? 
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8. Find the points on the ellipse where the tangents are parallel to the 
line joining the posiUve extremities of the axes. 

4. The perpendicular from the focus of a parabola to a tangent intersects 
the diameter drawn through the point of contact on the directrix. 

6. The perpendicular from a focus of a central conic to a diameter inter- 
sects the conjugate diameter on the directrix. 

6. Tangents at the extremities of a chord of a parabola intersect on the 
diameter bisecting that chord. 

7. Find the equation of (a) the ellipse, (b) the hyperbola, referred to 
conjugate diameters as axes of coordinates. (See problem 10, p. 172.) 

8. Given the equation in p for an equation of the second degree; what 
may be said of the relative positions of the line, the conic, and the point Pi 

(a) if the constant term is zero ? 

(b) if the coefficient of p is zero ? 

(c) if the coefficient of ^ is zero ? 

(d) if the coefficient of p and the constant term are zero ? 

(e) if the coefficients of p^ and p are zero ? 

(f) if the coefficients of p^ and p and the constant term are zero ? 

(g) if the discriminant is positive, negative, or zero ? 

9. Tangents to an hyperbola at the extremities of conjugate diameters 
intersect on the asymptotes. 

10. The area of the parallelogram formed by tangents at the extremities 
of conjugate diameters of (a) an ellipse, (b) an hyperbola, is 4 a5, that is, it 
is equal to the area of the rectangle whose sides equal the axes. 

11. The diagonals of the parallelogram circumscribing the ellipse in 
problem 10 are conjugate diameters. 

18. Chords drawn from a point on (a) an ellipse, (b) an hyperbola, to 
the extremities of a diameter are parallel to a pair of conjugate diameters. 

18. The directrix of a parabola is tangent to the circle described on any 
focal chord as a diameter. 

14. The tangent at the vertex of a parabola is tangent to the circle 
described on any focal radius as a diameter. 



CHAPTER XI 

LOCI. PARAMETRIC EQUATIONS 

100. The first fundamental problem (p. 53) of Analytic Geom- 
etry is to find the equation of a given locus. In this chapter we 
shall first give some additional problems which may be solved by 
the Bule on p. 53, using either rectangular or polar coordinates 
as may be more convenient. We shall then consider two classes 
of loci problems which are not readily solved by that Kule and 
which include nearly all of the important loci occurring in Ele- 
mentary Analytic Geometry. 

PROBLEMS 

It is expected that the locos In each problem will be constructed and discossed after 
its equation is found. 

1. The base of a triangle is fixed in length and position. Find the locus 
of the opposite vertex if 

(a) the sum of the other sides is constant. Ans. An ellipse. 

(b) the difference of the other sides is constant Ans. An hyperbola. 

(c) one base angle is double the other. Ana, An hyperbola. 

(d) the sum of the base angles is constant. Ana. A circle. 

(e) the difference of the base angles is constant. Ana. A conic. 

(f) the product of the tangents of the base angles is constant. 

Ana. A conic. 

(g) the product of the other sides is equal to the square of half the base. 

Ana. A lemniscate (Ex. 2, p. 162). 
(h) the median to one of the other sides is constant. Ana. A circle. 

2. Find the locus of a point the sum of the squares of whose distances 
from (a) the sides of a square, (b) the vertices of a square, is constant. 

Ana. A circle in each case. 

8. Find the locus of a point such that the ratio of the square of its dis- 
tance from a fixed point to its distance from a fixed line is constant. 

Ana. A circle. 
248 
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1. Find the locus ot a point sucli that the T&tio of its distance from a 
fixed point Pi (zj, ^i) to its distance from a given line Ax + Bj/ + C = ia 
equal to a constant k. 

Am. (A'' + B>-l(!>A'^)t^-2lfiABxy + (A» + B>~lfiB^V* 

-2(A^i + B^i + k!'AC)x-2(A^, + B^Vi + ft*B(7)v 
+ (xi" + Vfl (^' + B>) - i»C" = 0. 

0. Find the locns of a point each that the ratio of the square of its dis- 
tance from a fixed line to its distance from a fixed point equals a constant k. 

An*. X* - li' (x - p)' - k^ = if the r-«xis is the fixed line and the 
X-axis passes through the fixed point, p being the distance from the line 

to the point. 

6. Find the locus of a point snch that 

(a) ila radius vector is proportional to iU vectorial angle. 

Ana. The spiral of AicUmodes, p = aB. 
(h) its radius' Tector is inversely proportional to its vectorial angle. 

Ana. The bypeibolic or reciprocal spiral, f8 = n, 

(c) the logarithm of Its radius vector is proportional to its vectorial angle. 

An*. The logarltlmiie spiral, log/i = aB. 

(d) the squ&re of its radius vector is inversely proportional to its vectorial 
angle. An*. The mnns, i?9 = a'. 

101. Loci defined by a constnictioa and a given curve. Many 
important loci are defined as the locus of a point obtained by a 
given construction from a given curra The method of treatment 
of such loci is illustrated by 

Ez. 1. Find the locus ol the middle points of the chords of the circle 
a;> + ji' = 25 which pass through Pt(3, 4). 

SolMtioa. Let P\{xi, y^| be any point 
on the circle. Then a point P(x, y) on 
the locos is obtained by bisecting PiPj. 
By the Corollary, p. 30, 

* = ! («i + 3), V=\ (Vi + 4). 
(1) .-. !r, = 2a-3, y, = 2y-4. 

Since P| lies on the circle (Corollary, 

p. 68), 

i,a + y,s = 25. 

Snbstitnting from (1), 

(2a;-8)« + (2i/-4)" = 25, 
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As this equation expresses analytically that P(x, y) satisfies the given 
condition, it is the equation of the locus. 

The locus is easily seen to be a circle described on 0P| as a diameter, 
since its center is the point (}, 2) and its radius is ) (Theorem I, p. 131). 

The method may evidently be expressed as follows : 

'RxULd for finding the eqtuUion of a locus defined by a construction 
and a given curve. 

First step. Find expressions for the coordinates of any point 
Pi (xi, yi) on the given curve in terms of a point P (x, y) on the 
required curve. 

Second step. Substitute the results of the first step for the coordi- 
nates in the equation of the given curve and simplify. The result 
is the required equation. 

This Rule may also be applied if polar coordinates are used 
instead of rectangular coordinates. 

Ex. % The witch. Find the equation of the locus of a point P constructed 
as follows: Let OA be a diameter of the circle x^ + 2^ — 2 ay = and let any 
chord OPi of the circle meet the tangent at ^ in a point B, Lines drawn 
through Pi and B parallel respectively to OX and OY intersect at a point P 

on the required locus. 

A B Solution. First step. Let (x, y) 

be the coordinates of P and (xi, 2^1) 
of Pi. Then from the figure 

(1) Vi = V- 

From the similar triangles OCPi 
and PiPJ5 we have 

xi yi 




OC CPi 



(2) Ji:i = ::lli,or 

^ ' PiP PB x-xi 2a -y 

For OC-Xj, Pi/»=OAf-OC=*-ar„ C/»i = yi, 7>5-=3rB-JfP-2a-y. 

Solving (1) and (2) for Xi and y^ we obtain 

(8) 



xy 

Xi = zr-i 



2a 



yi-y. 



Second step. Substituting from (3) in the equation of the given circle 
x^ + y9 — 2 ay = 0, we get 

x«y2 



or 



+ y3-2ay = 0, 
4a2 

x«y = 4a«(2o-y). 
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The locus of this equation is known as the witch of Agneti. 

DiscuMion (p. 74). 1. The witch does not pass through the origin (Theo- 
rem VI, p. 73). 

2. The witch is symmetrical with respect to the F-axis (Theorem V, 
p. 78). 

3. Its intercept on the F-azis is 2 a, but the curve does not meet the 
JT-axis (Rule, p. 78). 

4. No values of z need be excluded, but all values of y must be excluded 
except < y < 2 a. 

For, solving (4) for sand p (Bule, p. 73), 

8o» 



(6) 



x = ±2a 



^- 



Henoe y Is real for all yalues of x. But the fraction under the radical Is negative if 
y>2aorif2r<0, and hence these values must be excluded. 

6. The witch extends indefinitely to the right and left and approaches 
nearer and nearer to the X-axis. 

For from the first of equations (5), as x increases without limit p decreases and 
approaches zero. 

Sx. 3. The conchoid. Find the locus of a point P constructed as follows : 
Through a fixed point A on the F-axis a line is drawn cutting the X-axis at 
Pi. On this line a point P is taken so that PiP = ± 6, where & is a constant. 




Sohdian. First step. Use polar coordinates, taking A for the pole and 
^F for the polar axis. Then if ^ O = a the equation of XX^ is 

(6) p = a sec 0, 

For the equation of a line perpeniicular to the polar axis has the form (p. 156) 

C C 

pA cos tf+CsO, orps — - sec 9, and its intercept on the polar axis is - — • 

A A 

If the coardinates of P are (p, $) and of Pi are (/>i, ^i), then in any one of 
the figures we have by definition 

AP = APi ± 6. 
.\0i = $y fn = pTb. 
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Second step. Subetituting in (6), we obtain 

(7) p=:aBec$ ±h. 

The locus of this equation is called the conchoid of Nicomedes. It has three 
distinct forms according as a is greater, equal to, or less than b. 

Discussion (p. 161). 1. The intercepts on the polar axis AT are a-\-b 
and a — b. 

The pole also will lie on the oonohoid if a sec $±b = OoT$^ sec- ^ (± -y 

2. The conchoid is symmetrical with respect to the pplar axis A F. 
For 8eo(- tf) B sec tf by 4, p. 19. 

3. The conchoid recedes to infinity in the two opposite directions perpen- 
dicular to the polar axis A Y. 

Tot it S*^- or — t sec $ = qo and hence p s « . 
2 2 

4. If we transform to rectangular co5rdinates, using (2), p. 166, we get 

A is now the origin and AY the positive axis of X. To translate the axes 

to and rotate them through we set (Theorem III, p. 164) z = i/ ^a, 

y=. — 7!f. We thus obtain 

(8) xay« = (y + a)2(62_y8), 

which is the equation of the conchoid referred to OX and OY, 

From (8) it is easily seen that the conchoid approaches nearer and nearer 
to the X-axis as it recedes from the origin. 



PROBLEMS 

1. Find the locus of a point whose ordinate is half the ordinate 6f a point 
on the circle x^ + 2^ = 64. Aw. The ellipse x^ _|. 4 ^a = (34. 

2. Find the locus of a point which cuts off a part of an ordinate of the 
circle x^ + y^ = o^ whose ratio to the whole ordinate is 6 : a. 

Ans, The ellipse WcS 4. a^ys = aS6«. 

8. Find the locus of a point which divides an ordinate of (a) x2+y«=r^ 
(b) ^ = 2px, (c) 2xy = a2 into segments whose ratio is X. 

Aw. (a) X2x2 + (1 + X)2y« = \^ ; (b) (1 + x)«ya = 2X«px; 
(c) 2(H-X)xy = Xa2. 
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4. Find the locus of the middle points of the chords of (a) an ellipse, (b) a 
parabola, (c) an hyperbola which pass through a fixed point P% (x^, y%) on 
the curve. • 

^718. A conic of the same type for which the values of a and 6 or of p are 
half the values of those constants for the given conic. 

6. Lines are drawn from the point (0, 4) to the h3rperbola o^ — 4^ = 16. 
Find the locus of the points which divide these lines in the ratio 1 : 2. 

Ans, 9x2 - 36 y« + 192y - 272 = 0. 

6. Lines drawn from the focus of the conic (II), p. 178, are extended their 
own lengths. Find the locus of their extremities. 

Ans. A conic with the same focus and eccentricity whose directrix is 
« = -2p. 

7. Lines are drawn from a fixed point Ps (acs, ^s) to (a) the line Az + By 
+ C = 0, (b) the parabola y^ = 2 jmj, (c) the central conic Aafl + By^ + J* = 0. 
Find the locus of the points dividing these lines in the ratio X. 

Ans, (a) a straight line parallel to the given line ; 

(b) a parabola whose axis is parallel to that of the given parabola ; 

(c) a central conic whose axes are parallel to those of the given conic. 

8. Find the locus of the middle points of chords of an ellipse which join 
the extremities of a pair of conjugate diameters. 

Ans. 2&2x2 + 2aV = a*6*. 

9. A chord OPi of the circle x^ + y^ + ox = which passes through the 
origin is extended a distance PiP = a. Find the locus of P. 



l^or p = a{l — coa$y 



p = a(l — coaB). 

10. A chord OPi of the circle 2^ + y^ — 2ax = meets the line x = 2 a at 
a point A. Find the locus of a point P on the line OPi such that OP=PiA. 

Ans. The cissoid of Diocles /^"(^ « - «) = «*. 

tor p = 2asin9tan9. 

11. Find the locus of the point P in problem 9 if PiP = b. 

Ans. The limagon of Pascal, p = 6 — a cos $. The lima^n has three dis- 
tinct forms according as 6 ^ a. 

102. Parametric equations of a curve. Equations (XV), p. 124, 

x = Xi-\- pcosa, y = yi 4- p cos fi, 

are called the parametric equations of the straight line because 
they give the values of the coordinates of any point (x, y) on the 
line in terms of a single variable parameter p. In general, if two 
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equations give the values of the coordinates of any point (x, y) 
on a curve in terms of a single variable parameter^ those equations 
are called parametric equations of the curve. 

Ex. 1. Find parametric equations of the circle whose center is the origin 
and whose radios is r. 

Solution. Let P(x, y) be any point on the circle and denote Z XOT by $, 

Then from the figure 

(1) X = r cos tf, y = r sin 9. 

These are the required equations. They possess two 
-> properties analogous to those of the equation of the 
locus (p. 53). 

1. Corresponding to any point P on the locus there 
is a value of B such that the values of x and y given 
by (1) are the coordinates of P. \ 

2. Corresponding to every value of B for which the values of x and y given . 

by (1) are real numbers there is a point P(x, y) on the locus. 

The parameter in the parametric equations of a curve may be 
chosen in a great many ways, and hence the parametric equations 
of the same curve will often appear in very different forms. 

Thus in Ex. 1, if we had chosen for the jHirameter half the abecissa of P, 
denoting it by ^ then < = ^ * ^^'^ from the figure y = ±. v r^ — z>, whence the 
parametric equation would have been a; = 2 i, y = i Vr* — 4 ^. 

Rule to 'plot a curve whose parametrise equations are given. 

First step. Assume values of the parameter and compute the 
corresponding values of x and y froyn the given equations. 

Second step. Plot the points whose coordinates are found in the 
first step. 

Third step. If the points are numerous enough to suggest the 
general shape of the locus, draw a smooth curve through the points. 

Bz. 2. Plot the curve whose parametric equations are 
(2) x-aJfi, y = aH\ 

Solution. Take a = i. Then equations (2) become 
(8) x = it«, y = it«. 



flntatep. AMamevftluesof taiidcompat«zuidvfrom{3). Forexunide, 
lll = 2,x = i?^ = 2,v = i2* = 2. This givea the Uble: 



' 


' 


V 











1 


.6 


.25 


2 


2 


2 


3 


4.6 


6.76 


ew. 


elc. 


etc. 


_ 1 


.6 


- .25 


-2 


3 


-2 


-8 
elc. 


4.G 


-0.7S 
eic. 



Second step. Plot the points found. 

Third step. Draff a smooth curre throDgh these points m in the flgui^ 

Rule to find the equation of a eunie in rectanffuZar eoordinatea 
v>koae parametrie equations are ijiven. 

Eliminate the parameter from the parametric equation*. 

We shall justify the Rule for the examples in this section. 

la Ex. 1, it we sqasre each o[ the equstlons (1) and add, we obUiiD (3, p. 19) 

vblch Is the equation of the given locus (Corollar;. p. 68). 

In Ex. 2, 1( we calie the flist of equations (2) and aqnare the second, we get 

(*) .-. t^=<II«. 

This is the equation of the semicnblcal parabola (p, 209). To prove tliat (4) Is 
the equation ot tbe curve obt^ned in Elx. 2 we must prove two things (p. S3) ; 

1. The aoBrdinatei of any point Pi {zi, Vi) On the curve lalU/j/ (4). 

If Pi<zi, Vi) Isou<2), then(l, Ex. 1} tliere is a value t] sueb that 
(B) ii = ati", Ki = a*(i». 



m 



- axi'. 



Hence X] and gi satisfy {4}. 

2. 1/ XI and viaatWvH), then Pi{xuvi)i»&nl>it curve. 

For If (T) U true, then from the first of equations (S) we obtain a value li. Snl>> 
stltntlng xi = aij'iafl), weget i/i ^ a^i*. Hence zi and yi are given by (S), and 
Pi lies on tbe curve (2, Ex. I). This method of proof may be applied In any case. 
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The parametric equations of a curve are important because it 
is sometimes easy to express the coordinates of a point on the 
locus in terms of a parameter when it is otherwise difficult to 
obtain the equation of the locus. 

Ex. 3. The cycloid. Find the parametric equations of the locus of a point 
P on a circle which rolls along the axis of z. 




Solution. Take for origin a point O at which the moving point P touched 
the axi^ of x. Let a be the radius of the circle and denote the variable angle 
ABP by $. Then (p. 18) 

PC = a sin ^, CB = a costf. 

By definition, OA = arc AP = ae. 

For an arc of a circle equals its radius times the subtended angle, from the deflnition 
of a radian (p. 19). 

Hence from the figure, if (x, y) are the coordinates of P, 

X = OD = OX - PC = o^ - asin^, y = DP = AB-CB = a -acoB$. 



(8) 



Jx = a(tf — sin^), 
" \y = a(l — cos^). 



These are the parametric equations of the cycloid. 

Discuaaion. 1. The cycloid passes through the origin, for if ^ = 0, 
X = y = 0. 

2. The cycloid is symmetrical with respect to the F-axis (Theorem IV, 
p. 72, and 4, p. 19). 

3. Its intercepts on the X-axis are 2nica, where n is any positive or 
negative integer, or zero. 

For, from the second of equations (8), if y = 0, cos 9 = 1. .*. = 2nr ; and^enoe from 
the first of equations (8) x=a-2nir. 

4. The cycloid lies entirely between the lines y = 0' and y = 2 a, for 

- 1<C0S^<1. 

6. The cycloid extends indefinitely to the right and left and consists of 
parts equal to OMN. For if we replace $ in (8) hy 2 nit -j- 0^ y is unchanged 
while X is increased by 2 nit (compare Ex. 2, p. 81). 
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Bx. 4. The h3rpocycloid of four casps. Find the parametric equations of 
the locus of a point P on a circle which rolls on the inside of a circle of four 
times the radius. 



f y ^ 


V 


^ 

c^^^ 




^ 


<i\ y 




.-,r-' 


^ 


"^^V^ 




BK^ 



Solution, Take the center of the fixed circle for the origin and let the 
X-axis pass through a point A where the tracing point P touched the large 
circle. Denote ZAOBbj $. Then Z BCP = 4 ^. 

For by hypothesis arc PB "areAB; and from the definition of a radian (p. 19) 



But 



KtoPB''- ZBCP, axoAB^at. /. - Z BCP = a»t or Z BCP ^AB. 
4 4 

Z OCB-{-ZECP -{-ZPCB=ic. 



whence 
Then (p. 18) 



.-. e-\-Z.ECP + 40 = ie, 

ZECP=z--Z$. 
2 

DC = CPcos(-- 3^) = ?sin 8^, 

LP = CP sin (- - 3^) = -cos8^, 

OE = OC CO80 = — cos^, 

4 

JC = OC sin tf = ?j? sin tf. 

4 



(by e, p. 20) 
(by 6, p. 20) 



258 ANALYTIC GEOMETRY 

Hence 

(9) 



« = OjK + DP = — -C08^ + -cosStf, 

4 4 



y = J5? C - D C = — sin tf - - sin 8 ^. 

4 4 

But from 8, 10, and 14, p. 20, and 3, p. 10, 

cofl *3 tf = 4 co8*^ — 3 costf. Bin 3 ^ = 3 Bin tf - 4 8in*tf. 

Substituting in (0), we get 

(10) x = aco88^, y = a8in»d, 

wiiich are the parametric equations of the hypocydoid of four cospt. 

DvscuMifm, 1. The hypocydoid of four cusps does not pass through the 
origin because there is no value of B tor which sin 9 = cos ^ = 0. 
2. It is symmetrical with respect to both axes and the origin. 

For if 0= $1 gives a point (zi, y\) on the curve, 

then 0=ie — 01 gives a point (— xi, yi) on the curve, • 

0= TC -\- 01 gives a point ( — xi, — yi) on the curve, 
and 0=27C — 01 gives a point (zi, — yi) on the curve. 

8. Its intercepts on both axes are ± a. 

3t 3]t 
For if ^ = 0, — I *, — , then either z = and y = ±.a. or y = and z = ± a. 

4. Values of z and y numerically greater than a give no points on the 
curve since sin and cos cannot be numerically greater than 1. 
6. The hypocydoid is therefore a closed curve. 



PROBLEMS 

1. Plot and discuss the following parametric equations. Verify the dis- 
cussion by finding the equation in rectangular coordinates. 

2i — 1 — tH-3 2 

(a) X = ^ y = (e) x = 4 i, y = - • 

(b) X = 4 cos ^, y = 2 sin ^. (f) x = 3 + 2 cos ^, y = 2 sin 9 — 1. 

(c) X = 4 sec ^, y = 4 tan 0, (g) aJ = < + 4, y = J i^. 

(d) X = e - 3, y = J««. (h) X = acos*^, y = 6sin»^. 

2. Find the equation in rectangular coordinates of (a) the hypocydoid of 
four cusps (Ex. 4), (b) the cycloid (Ex. 3). 

-4ns. (a) Q^-\-y^^<j} ; (b) x=a vers-' - — V2ay— y*, where ver8tf= 1 — coatf, 
or ^ = vers-i (1 — cos 0), 

8. Show that x = — i— » y= —^ the fractions having the same 

denominator, are the parametric equations of a straight line. Interpret 
the meaning of t if (a) c = d = 1, (b) c = 0. 
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4. If the denominators of the fractions in problem 3 are different, then 
the equations given are the parametric equations of an equilateral hyi)erbola 
or two perpendicular lines. 

5. Find the parametric equations of the ellipse, using as parameter the 
eccentric angle ^, that is, the angle from the major axis to the radius of a point 
on the auxiliary circle, p. 206, which has the same abscissa as a point on the 
ellipse. Discuss the equations. Ans, x = acos^, y = &sin^. 

Hint. Apply problem 10, p. 206. 

6. Find the locus of a point Q on the radius BP (Fig., p. 256) if BQ = h, 

. ( X = a$ — b ain-e. „,, , „ ^ 

Ans. < I. ^ ^be locus is called a prolate or curtate cycloid 

according as 6 is greater or less than a. 

7. Given a string wrapped around a circle, find the locus of the end of the 
string as it is unwound. 

Efint. Take the center of the circle for origin and let the ^-axis pass tlirough the point A 
on which the end of the string rests. If the string is unwound to a point B^ let ^ AOB - 9. 



A mx. . , ^ X . , , ^ = r COS ^ + rd sin ^, 
Arts. The mvolute of a circle -{ • ^ ^ « 

Sin e — re cos 6, 



Cx = r 



8. A circle of radius r rolls on the inside of a circle whose radius is r^. 
Find the locus of a point on the moving circle. 



^718. The hypocydoid •• 



x = {r^ — r) cos $ + r cos $, 

r' — T 
y = (r' — r) sin ^ — r sin $, 

where is chosen as in Ex. 4. 



9. A circle of radius r rolls on the outside of a circle whose radius is r^. 
Find the locus of a point on the moving circle. 



Ans, The epicycloid •< 



r" + r 
X = (7^+ r) COS ^ — r cos tf, 

y = (r' + r) sin ^ — r sin ^, 

where $ is chosen as in Ex. 4. 



103. Loci defined by the points of intersection of systems of 
curves* If two systems of curves involve the same parameter, the 
curves of the systems belonging to the same value of the param- 
eter are called corresponding curves. Many loci are defined, or 
may be easily regarded, as the locus of the points of intersection 
of such curves. The method of treatment is illustrated by 
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Ex. 1. A fixed line ABia drawn parallel to one Bide of a rectangle, and a 
variable line CD parallel to the other side, find the locus of the intersec- 
tion oi AC and BD. 

Solution. Let the lengths of the 
sides be a and 5, and take two sides 
for the axes. Then the vertices are 
(0, 0), (a, 0), (0, 6), and (a, 6). 

Let OA=fi and OD = k. Then 
the coordinates otA^B^ C, and D are 
respectively (0, /3), (a, /3), (Ac, &), and 
(A;, 0). Hence the equations ot AC 
and BD are respectively (Theorem 
VII, p. 97) 

(1) (6 - /3)x - fcy + /3fc = 0. 

(2) /3a; + (A;-a)y-/3Jfc = 0. 

These equations represent two systems of lines and involve the same 
parameter k. To each value of k corresponds a pair of lines intersecting in a 
point P(x, y) on the locus. Solving (1) and (2), we obtain as the coordinates 
of F (Rule, p. 76) 




(8) 



X = 



a^k 



y- 



bk -\- ap — ab 
bpk 



6A; H- a/3 — a6 

As these equations express x and y in terms of a parameter k, they are the 
parametric equations of the locus. The equation of the locus may be obtained 
by eliminating^ (Rule, p. 255). To do this multiply the first of equations (3) 
by &, the second by a, and subtract. This gives 

(4) te - ay = 0. 

The locus is therefore a diagonal of the rectangle, for this line passes 
through (0, 0) and (a, b) (Corollary, p. 63). 

This equation might also be obtained by adding (1) and (2). But if the 
elimination were difficult or impossible, we would content ourselves with the 
parametric equations (3). 

The method of solving Ex. 1 may be summed up in the 
Rule to find the eqtmtion of the locus of the points of intersection 
of corresponding ctirves of two systems. 

First step. Find the equation of the two* systems of curves defin- 
ing the locus in terms of the same parameter. 

* In some cases the definition involyes but one system of curves. In snch cases a 
second system which passes through the points on the locus may frequently be found. 



LOCI 



261 



Second step. Solve the equations of the systerns for x and y in 
terms of the parameter. This gives the parametric eqtiations of 
the loots. 

Third step. Find the equation of the locus from the parametric 
eqiuitions {Rule, p. 255). 

If only the parametric equations are required, the third step may be omitted. 

If only the equation in rectangular coordinates is required, it may be obtained 
by eliminating the parameter from the equations found in the first step, for the 
result will be the same as that obtained by eliminating the parameter from the 
equations found in the second step. 

Ex. 2. Find the locus of the points of intersection of two perpendicular 
tangente to the ellipse ft^xs + aV - a^f^ = 0. 

Solution. First step. The equation of a tangent in terms of its slope t is 
(Theorem II, p. 234) 

(4) y = te + y/(£H^ + 6*. 

The slope of the tangent perpendicu- 
lar to (4) is (Theorem VI, p. 36) - - ; 

V 

and hence its equation is (Theorem II, 
p. 234) 

(5) 



— '-VF^- 




. Second step. As the parametric 
equations are not required, this step 
may be omitted. 

Third step. To eliminate t from (4) and (5) we write them in the forms 

te - y = - Voa«2 + 63, 
x-\-ty = V^TW. 

Squaring these equations, we obtain 

«2x2 -2ixy-\-y^ = a^-\- 62, 

a;a + 2 ixy + «2y« = a« + 62<3. 
Adding, (1 + «2)x2 + (1 + «2)y2 = (i + ti)a^ + (i + «»)63. 

Dividing by 1 + f^, we get the required equation, 

xa + ya = a« + 62. 

The locos is th erefore a circle whose center is the center of the ellipse and 
whose radius is Va^ + 62. It is called the director circle. 
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PROBLEMS 

1. Find the locus of the intersections of perpendicular tangents to (a) the 
parabola, (b) the hyperbola (VI), p. 186. 

Am. (a) The directrix ; (b) x« + y« = a« -'ft*. 

2. Find the locus of the point of intersection of a tangent to (a) an ellipse, 

(b) a parabola, (c) an hyperbola with the line drawn through a focus peii>en- 

dicular to the tangent. 

Am. (a) x* + y3 = a2 ; (b) x = 0; (c) x« + y« = a«. 

8. Given two fixed points A and J?, one on each of the axes, and two vari- 
able points A' and R, one on each axis, such that OA^ + OR = OA + OB, 
find the locus of the intersection of AR and A'B. Ana. x + y = a + b, 

TRrU, Let OA = a, OB^ h, and OA'=^a-\-k\ then OB'^h-k. 

4. Find the locus of the point of intersection of a tangent to an equi- 
lateral hyperbola and the line drawn through the center perpendicular to 

that tangent. 

Am, The lemniscate (Ex. 2, p. 162) (x* + y^)" = a^ (x« - y«). 

6. Find the locus of the point of intersection of a tangent to the circle 
x2H-y* + 2ax + a* — 62 = and the line drawn through the origin perpen- 
dicular to it. 

Am, The lima^on (problem 11, p. 263) (x^ + y« + ax)« = 62(x2 + y«). 

6. Find the locus of the point of intersection of the diagonals of a trape- 
zoid formed by drawing a line parallel to one side of a given triangle. 

Ans. A median of the triangle. 

7. Find the locus of the intersection of the diagonals of a rectangle 
inscribed in a triatigle. 

Ana. The line joining the middle points of the base and altitude. 

8. Find the locus of the point of intersection of lines drawn through the 
foci of an ellipse parallel to conjugate diameters. Am, An ellipse. 

9. Find the locus of the foot of the perpendicular drawn from the origin 
to a tangent to the parabola y2 + 4ax + 4a3 = 0. 

Am. The atrophoid y« = x^ ^-^^ . 

MISCELLANEOUS PROBLEMS 

1. Find the locus of the center of a circle which 

(a) has a given radius and passes through a given point 

(b) passes through two given points. 

(c) passes through a given point and is tangent to a given line. 

(d) is tangent to a given circle and a given straight line. 

(e) is tangent to a given circle and passes through a given point 
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8. One side of a triangle is fixed and a second side has a constant length. 
Find the locus of the middle point of the third side. 

8. The extremities of a straight line of variable length rest on two perpen- 
dicular lines. Find the locus of its middle point if the area of the triangle 
formed is constant. 

4. Find the locus of the middle point of that part of a line through a fixed 
point Pi (xi, ^i) which is included between two perpendicular lines. 

6. A line of fixed length moves with its extremities on the axes. Show 
that (a) the locus of any pomt on the line is an ellipse ; (b) the locus of the 
foot of the perpendicular drawn from the origin to the line is the four-leaved 
rose p = a sin 2 0. 

6. Let the X-axis cut the circle a^ + ^ = a^ at ^. An arc AB is laid 
off on the circle equal to the abscissa of a point on the parabola j/^ = 2pz^ 
and the radius OB is produced a distance BP equal to the ordinate of that 
point. Show that the locus of P is the parabolic spiral (/> — a)> = 2 ap$, 

7. The cissoid (problem 10, p. 263) is the locus of the point of intersection 
of a tangent to the parabola y^ + 8 ox = and the perpendicular to it drawn 
through the origin. 

8. Given a fixed point A on the negative part of the X-axis and a line 
through A meeting the F-axIs at B, On either side of B a length BP = OB 
is laid off on AB, Show that the locus of P is the strophoid (problem 9, 
p. 262). 

9. One side of a right angle ABC passes through a fixed point D, while a 
point C on the other side moves along a fixed line EF whose distance from 2) 
equals the side BC. Prove that (a) the middle point of BC describes a cissoid 
(problem 10, p. 258) ; (b) the vertex B describes a strophoid (problem 9, p. 262). 



CHAPTER XII 

THB GEITERAL EQUATIOlf OF THE SECX)ND DEGREE 

104. If the general equation of the second degree (p. 132) 

has a locus, it must be either a conic or a degenerate conic (Theorem XIU, 
p. 196). The method of determining the exact nature of the locus was to 
simplify its equation by a transformation of coordinates, a process which is 
frequently laborious. The principal object of this chapter is to derive rules 
by which the exact nature of the locus may be easily ascertained. In this 
connection the expressions 

H = ^ + C, 
and e = ^ACF^-BDE-Am --CIP-FB^ 

will be of fundamental importance. 

105. Condition for a degenerate conic. 

Lemma I. If an equation of the second degree is tran^ormed by a tranrfoT' 
motion of coijrdinates, then the left-fiand member of the transformed equation 
can be factored \Dhen and only wJien the ^ft-hand member of the original equa- 
tion can be factored.* 

Proof, For the equations of a transformation of co5rdinates [(III), p. 164] 
are of the first degree when solved for either the new or old coordinates, and 
hence when we substitute in an equation whose left-hand member is factored 
the result is an equation whose left-hand member is factored. q.e.d. 

Lemma n. TTie locus of an eqiuition of the second degree is a degenerate conic 
when and onty when the l^hand member of its equation may be factored. 

Proof By a transformation of coordinates an equation of the second 
degree may be reduced to one of the forms 

(1) Ax^ + Cy« + F = 0, Cy2 + Da = 0, Cy« + F= 0, 

where A^ C, and JD are different from zero (Theorem XIII, p. 106). 

* We shall Bay that the left-hand member of the equation ean be faetcred if It oan be 
written aa the product of two factors of th& first degree in x and y (p. 17). Hence 

*"-y*=(ap + y)(«-y) 

can be factored, while ar* - y ■■ (x + Vy) {x - Vy) 

cannot be factored in this sense. 

264 
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The locus of the first of equations (1) is degenerate when and only when 
JP*= 0, the locus of the second is never degenerate, and the locus of the third 
is always degenerate.* Hence the locus of an equation of the second degree 
is degenerate when and only when its equation may be reduced to one of 
the forms 
(2) Ax^ + Cy» = 0, Cy« + F = 0. 

These equations may be written in the forms 

{ Vlaj + vCTc y) {VAx - yT^y) = O, 

(VCy + ^-F) {yfCy - V- F) = 0. 

Hence equations (2) are forms of equations (1) which can be factored, 
and they are evidently the only such forms. 

Hence the locus of an equation in its simplest form is degenerate when 
and only when it can be factored, and then by Lemma I the same is true of 
the locus of any equation of the second degree. q.k.d. 

We now seek the conditions which the coefficients of 

(8) Az^ + Bicy + Cy* + Dx + ^y + F= 

must satisfy in order that the left-hand member can be factored. 
Arranging (3) according to powers of x, we have 

(4) Az^ + (By + 2))x + Cy« ^-Ey + F = 0. 

Solving for z (which implies that A is not zero), we may write the left- 
hand member of (4) in the form of (6), p. 3, namely 

iK\ a( -(J? i/ + D)+V(g^-4^C) yg4- (2BD- 4^F )y-fD-^-4"lF \ 
(6) A\z ,^ y 

/ ~(By4-D)-V(^-4^C)y2-f(2JgD>-4^F)y + .Da~4^F \ 

V 2^ / 

These factors will be of the first degree in y as well as x when and only 
when the quadratic in y under the radical can be written in the second form 
of (7), p. 4, which can be done when and only when 

(6) (2BD - 4^F)2 - 4(J5a -4^(7) (D^ - 4^F) = 0. 
Clearing parentheses and dividing by — 16 ^, we obtain 

(7) 4^CF+ BDE -AE^ - Oi>2 - FjB^ = 0. 

The left-hand member of (7) is called the discrimiiiant of (3) and is denoted 
by 6. Hence the left-hand member of (3) can be factored (footnote, p. 264) 
when and only when its discriminant is zero. Then from Lemma II we have 

* The equation Cy* + /*s has no Iocub If C and F have the same sign (p. 196), bnt we 
shall speak of thiB as a degenerate case to distinguish it from the equation Ax^+Cif*+F*sOt 
which has no locus if F^i^O, and A^ C, and F have the same sign (p. 106), for the former 
equation has the same form as that of a degenerate parabola (p. 196), while the latter has 
the same form as that of a central conic. 



266 ANALYTIC GEOMETRY 

ThMrem L The locuM cf an equation of the second degree 

is degenerate when ajid only when Us discriminant 

is zero. 

PROBLEMS 

1. If ^ = 0, then 8 = BDE - CU^ - FB^, Show that the locus of 

Bxy + Cy« + iJx + ^y + F = 

will be degenerate when and only when 8 = 0. 

Hint. Arrange the giren equation according to powers of y. 

2. If ^ = C = 0, then 8 = DE - FB, after dividing by B which we sap- 
pose is not zero. Show that the locus of 

Bxy + IJ» + ^y + F = 

will be degenerate when and only when 8 = 0. 

BhU. If the given equation can be factored, the factors mast have the form 

as otherwise their product would contain 3* or y\ 

Multiply these factors, find the conditions that their product should have the same 
locus as the given equation, and eliminate A\ B\ C, and ly. 

8. Are the loci of the following equations degenerate or non-degenerate ? 

(a) X* — 2 xy + y* — 2 y — 1 = 0. Ans. Non-degenerate. 

(b) x^ + 2xy + y« + x + y-2 = 0. Ans. Degenerate. 

(c) X* + y* — 4 X + 2 y + 6 = 0. Ans. Degenerate. 

(d) x« + xy + y« + 2x + 3y - 3 = 0. Ans. Non-degenerate. 

(e) xy + X — y + 7 = 0. Atis. Non-degenerate. 

(f ) x2 -f 2 xy — y + 3 = 0. Ans. Non-degenerate. 

(g) xy + 2 X — y — 2 = 0. Ans. Degenerate. 

4. Find the real values of k for which the loci of the following equations 
are' degenerate. 

(a) ifcx« -t- (1 - fc)y« - (2 -h *) = 0. Ans. 0, 1, - 2. 

(b) aJ«-|-(l + ifc)y«-4ikx-16 = 0. Ans. -1. 

(c) xy + k (x^ - y<) = 0. Ans. All valuei. 

6. Find all possible cases in which equation (8), p. 265, has no locus. 

Hint. Solve for x and apply Theorem III, p. 11, assuming that A is positive sod 
noticing that the discriminant of the quadratic in y under the radical is - 16 AB. 

Ans. 8>0, A<0; 8 = A = 0, i>8-4-4F<0. 
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106. DeEeneiftta eonica of a iTitem. Let the equations of two conlca,. 
dogenerste or non-^legeDerste, be 

Ci : ^ii« + B,xj/ + Ciifi + Di* + En/ + Fi = 
md e, : Ail? + Buy + Ciy* + iJn + Bm + ft = 0. 

Then the equaiJou 
(1 ) ^i*» + Biiv + CiV* + A* + Em + Fj 

• +k(Aii? + B,xv + C^ + Ihi+Xa + F,) = 0, 

(a) {Ai + kAt)xf + (B, + l:B,)ay + (Ci + iC.) y* 

+ (D, + tD,)i + (£i + kEt) v + {F, + kFi) = 0, 



where i: f« Ul arbltr&rj cooslant, will represent a Byslem of conic eectiona. 

II C\ and C] intersect, all the conies of the system will pass through their 
points of intersection. 

' atraight Itne* (Tbeorem Xltl, p. IIS) ud alrclM 



Ex. 1. Find the valaes of i; tor which the coolcs belonging t 
tero i> + V*- 4 + *{!»- p»- 1) = are 
degenerate. 

SoliOUm. The given equation may lie writ- 
ten Id the form 
(3) (l + i)i* + (l-i)F*-{4 + i:) = 0. 

Ita discriminant la 

e=-4<i + *)(i-i)(4 + i). 



It the locns ot (3) is degenerate, then (Theo- 
rem I, p. 266) 

e = -4(l + i;)(l-t)(4 + i) = 0. 



It * = -l, (.1) bocomeB By* - 3 = 0, or v = ± VJ. 
It i= 1, (3)boOTroes ai»-B = 0, or !e = ± V^- 
U k = -*, (3) beoomM 3a!*-6^=0, or ji=±Vix. 

In each case the locns la a pair ot lines. 

The flgnre shows the circle z* + y* — 4 — 0, the hyperbola z* — |r* — 1 = 0, 
and the thi«e pain ol lines. 

Theorem IL Inevery system of coniit vihose etptalion has the form (1) thtn 
i» ai laitt one degenerate conic and, in general, there cannot be more Oian three. 
Tliete are obtained bi/ ivbetitutinf fork, in the eg^uatton of the tj/item, theroott 
of He diKriminanC 6. 
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' Proof, The discriminant 8 of (1), when set equal to zero, gives an equa- 
tion of the third degree in k. 

For each t«rm in e ooosUts of the product of three of the ooeffidenti of (2), and sneh 
products will contain the tbird power of k. 

The roots of this cubic equation will be the values of k giving the degen- 
erate conies of the system (Theorem I, p. 266). There are, therefore, not 
more than three values of k for which the locus is degenerate. 

In a special case, bowerer, all of the coefficients in this cubic might be zero, In which 
case the locus of (2) is degenerate for all values of k (see problem 4, (c), p. 266). 

Two or all three of the roots might be equal, and hence there might be 
but two, or even but one, degenerate conic in the system. 

Two of the roots might be imaginary and hence could not be used. But 
one of them must be real,* and hence there is always at least one real value 
of k for which the locus of (1) is degenerate, t q.e.d. 

Systems of conies defined by equations of the form (1) are classified according to the 
nature of the common solutions of C^ and C^. In Algebra it is shown that two equations 
of the second degree have, in general, four pairs of common solutions for x and y. Hence 
five cases arise : 

1. Four distinct pairs of solutions. 

2. Two pairs are identical and the other two pairs are distinct. 

3. Three pairs are identical and the fourth pair is different. 

4. Two pairs are identical and the other two pairs are also identical. 
6. All four pairs are identical. 

If the four pairs of solutions are all real, then these five cases haye the following 
geometrical interpretation. 

1. Ci and C, have four distinct points of intersection. All the conies of the system 
pass through these four points. There are three degenerate conies in the system [Ex. 1 
and problem 1, (a)]. 

2. C| and Cj are tangent at one point and intersect in two other points. All the conies 
of the system are tangent at the first point and pass through the other two points. There 
are two degenerate conies in the system [problem 1, (b)]. 

3. C] and C% are tangent at one point and intersect in a second point. All the conies 
of the system are tangent at the first point and pass through the second point. There is 
but one degenerate conic in the system [problem 1, (c)]. 

4. Cx and C, are bi-tangent, that is, tangent at two different points. All of the conies 
of the system are tangent at these two points. There are two degenerate conies in the 
system [problem 1, (d)]. 

6. C, and C^ are tangent at one point and do not intersect elsewhere. All of the 
conies of the system are tangent at this point. There is but one degenerate conic in 
the system [problem 1, (e)]. 

* In Algebra it is shown that the imaginary roots of an equation with real coefficients 
must enter in pidrs. Hence if the degree is an odd number, one root, at least, must be 
real. 

t It is tacitly assumed, as is true, that not all of the roots of the discriminant, when 
substituted for it, give equations which have no locus. But this point is not essential for 
our further reasoning. 
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PROBLEMS 

1. Find the values of k for the degenerate conies of the following systema 
Plot Ci, C%j and the degenerate conies. 

(a) x« + y2 - 16 + A:(x2 + 9y2 - 36) = 0. Ans. ik = - 1, - 1, - f 

(b) 4x2 + y« - 16x + ik(x2 + y2 - 8x) = 0. Am. k = -2, - 2, - 1. 

(c) x« + 2xy + 2y2 4. 8x + 8y + k(7^ + 2y« -f 8y) = 0. 

^TW. fc = — 1, — 1, — 1. 

(d) x2 + ya - 86 + ik(x« + 4y« - 36) = 0. Ana, fc = - 1, - J, - 1. 

(e) x« + y« - 4x + A;(4x» + y2 - 4x) = 0. Ana. * = - 1, - 1, - 1. 

2. Find the points of intersection of Ci and Cs in problem 1. 

Ana. (a) (fV^,ivlo), (Jv^.-iVlO), (-fVe.lVlO), (-jV6,- jViO). 

(b) (0, 0), (0, 0), (I, f V5), (f , -fV2). 

(c) (0, - 4), (0, - 4), (0, - 4), (0, 0). 

(d) (6,0), (6,0), (-6,0), (-6,0). 

(e) (0, 0), (0, 0), (0, 0), (0, 0). 

8. Discuss the following systems of conies. 

(a) x2 + y2 - 16 + A:(X2 - 4y« + 16) = 0. 

(b) x2 - 2y + 4 + A:(x« + 8y) = 0. 

(c) xy + 8y + 8 + k(xy + 8) = 0. 

(d) x« + 2y2 - 8 + &(x2 + y2 - 4) = 0. 

(e) x2 + 6y + 9 + A:(x2 + 6y) = 0. 

(f) ys - 4x + ik(y2 + 4x) = 0. 

(g) x» - ya + 25 + A;(x« + y«) = 0. 
(h) x2-ya + fc(x2 + y2) = 0. 

(i) y2 - 4x - 16 + Jfc(x2 - y3 + 8x + 16) = 0. 
(j) x2 - y3 + A:(x2 - 4y« - 3) = 0. 

107. Invariants under a rotation of the axes. 

Lemma m. if the axea are rotated abovt the origin^ then for any point whoae 
old and new coordinatea are reapeciively (x, y) and (x', y') toe have 

x2 + y« = x^ + y^. 

Proof. To rotate the axes through an angle we set (Theorem II, p. 162) 

. rx = x'cos^ — y'sin^, 

^' \y rrx'sintf ^-y^cos^. 

Then x^ + y* = (x'cos^ - y'sin^)« + (x'sin^ + y'cos^)* 

= x'«(cos«^ + sm^^) + y<a(sin«^ + cos*^) 
= x'« + y^. (by 3, p. 19) 

Q.E.D. 

The lemma iB erldent geometrically since afl + y* and x^ + y^ are the squares of the 
distance from the point to the orl^^ [(lY), p. 31} in the new and old coordinates 
respectively. 
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We are conaidering in this chapter the equation 
(2) Ai^ + &y + Cy2 -f Doc + ^y + F = 0. 

If we substitute from (1) without simplifying the result, we obtain an 
equation of the form 

(8) ^'aj^ + B'x'y' + Cj^ + iyx'+^y' + F = 0, 

which has the same constant term (Corollary, p. 170). 
Consider the system of conies 

(4) Ai^ + Buy + Cy» + Dec + Zy + jP + * (x* + 1^) = 0. 

If the axes be rotated by substituting from (1), the equation of the system 
becomes 

(6) A'Qif^ + ^^V + C'l^ -\-iyx'-^ EY + F+ ifc(x'« + y^ = 0. 

For the left-hand member of (2) becomes the left-hand member of (3), and x* + y* 
becomes x^ + y'* by Lemma III. 

Denote the discriminants of (2), (3), (4), and (5) by 6, 8^, 8i, and Oi' 
respectively. The locus of (4) is degenerate when and only when (Theorem I, 
p. 266) 

ei = i{A + k){C + k)F-\-BDE -(A + k)E^ - (C + ik)D» - FB« = 0, 
or 

(6) 4Fk^ 4- {iAF + 4CF^E^-IP)k + 6 = 0.* 

Similarly, the locus of (5) is degenerate when and only when 

(7) 4Fika + (4^'l?^+4C7'F-.B^~iy2)A; + e' = 0. 

The roots of (6) and (7) must be the same. 

For (4) and (5) are the equations of the same oonlo referred to different axes. Henoe 
the locus of either equation is d^;enerate if the locus of the other is degenerate. 

Since the coefficients of k^ in (6) and (7) are equal, the other coefficients 
must also be equal. Hence 

(8) S' = e 

and 4^'F + 4 CTF-E^ -iy^ = iAF-^i CF-E^-^L^. 

An expression involying the coefficients A, B, C, D, E, and F whose value 
remains unchanged when the axes are changed is called an inyarlant of the 
general equation of the second degree under a transformation of coordinates. 
It ia assumed in Vds definition that the equation in the new coordinates is not 
simplified by multiplying or dividing hy a constant. An expression involv- 
ing the coordinates which remains unchanged when the equation in the new 
coordinates is simplified is called an absolute invariant. Hence, from (8), 

* This quadratic may be regarded as a cubic equation with one Infinite root, by a 
theorem analogous to Theorem IV , p. 15. The locus of (4) f or I; - oo is «* + y* « 0, which 
is one of the degenerate conies of the system. 
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Theorem m. The discrimina'nJt 8 of an equaUon of the second degree is 
invariant under a rotation of the axes. 

CorolUiy. The expression f = ^AF + 4kCF-E^ --L^ is invariant under 
a rotation of the axes, 

Lemnui IV. An invariant of 

(9) Ax2 + Ba^ + Cj/« + F = 

under a rotation of the axes which involves only A, B, and C is also an 
invariant of (2). 

Froof, Substitating in (0) from (1), we obtain 

A 'x'a + Wxfy' + C'y^ + -P = 0, 

where A\ Ry and C have the same values as in (3). 

For when we sahetitufte from (1) in Ajt^ + Bxy + Cy* we obtain only termi in x^^ x'y't 
and y^, and substitating in Dx + Ey in (2) we obtain only terms in a/ and y'. 

Hence an expression involving only A^ B, and C will be an invariant of 
(2) if it is an invariant of (0). q.e.i>. 

Theorem IV. TJie expressions 

A = B*-4^0, K = A + C, 

are invariants of an equation of the second degree under a rotation of the axes. 
Proof. Consider the system 

(10) Ax^ + Bxy + Cjfi + F'\-k{x^ + yS) = 0. 

Rotating the axes, this equation becomes 

(11) A'xT^ + Rx'v' + C'y^ + F+ fc(x'« + y^ = 0. 

Denote the discriminants of (10) and (11) by 8i and 8l^ Then the locus 
of (10) is degenerate when and only when 

ei = 4(A-\-k){C-{-k)F-FBi^ = 
or 

(12) 4 Jfc« + 4(^ + C)A; - (B2 - 4^C) = 0. 

Similarly, the locus of (11) is degenerate when and only when 

(13) 8/ = 4ik2 + 4(^'+ CO* - (B^ - 4^'CO = 0. 

Since (10) and (11) have the same locus, (12) and (13) have the same roots. 
And since the coefficients of k^ in (12) and (13) are equal, the remaining 
coefficients are equal. Hence 

B^-iA'C' = B^--4AC 
and A^+C=:A + C. q.«.d. 
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Ex. 1. Transfonn a^ + ajy + aj — 2y+4 = 0by rotating the axes through — . 
Compute A, H, and 8 for the given and required equations. 

SoLMJLion, In the given equation 

^ = 1, J5 = l, C=0, Z) = l, Z = -2, ^=4. 
.-. H = l + = 1, A=12-410 = 1, 

e = 410-4 + ll(-2)-l(-2)»-012-41« = -10. 

To rotate the axes set (Theorem n, p. 162) 

«= aj'cos— — y'flin— = — --i y = a/8m— + y'cos- = 7*— 

4 4 V2 4 4 V2 

This gives, after removing parentheses but not clearing of fractions, 

V2 V2 

1 3 
Here -4 = 1, -B = - 1, C= 0, D = p* E- pt F=4. 

.-. A = 1, H = 1, e = - 10. 

Hence the values of A, H, and are unchanged. 
But if we clear fractions in (14) we obtain 

V2a:^ - y/2xy - i' - Sy' + 4 V^ = 0. 

For this equation A = 2, H = V^, 8 = - 20 V2. 

Hence A, H, and are not absolute invariants under a rotation of the axes. 

Theorem V. The expressions — avd -— are absolute invariants of an equa- 

A S 

tion of the second degree under a rotation of the axes,* 

Proof. The given expressions are invariants becanse A, H, and 8 are 
invariants. To show that they are absolute invariants we must prove that 
their values are unchanged when we multiply 

(16) Ax^ + Bxy + Cy2 + Dx + ^ + F = 

by a constant. Multiplying (15) by k, we get 

(16) kAx'^ + kBxy + kCy^ + kDx + kEy -\-kF = 0. 

Denote the invariants of (16) by Ajt, Hit* and 8a:. Then 

(17) Ajt = k^B^ - 4 kAkC = k^{Bi - 4 AC) = ifcSA. 

(18) Hjfc = A;^ + fcC = k(A + C) = JfcH. 

(19) 8* = k*(AACF + BDE - AE* - Clfi -- FB^ = ik«8. 

* The proof also holds for a translation of the axes after Theorems YI and VII are 
proved. 
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Dmding the square of (18) by (17), 

A* ~ A 
Dividing the cube of (18) by (19), 

Hfc» _ H» 

e*"e 

Hence — and -— - are absolute invariants. q.b.d. 

A 9 

PROBLEMS 

H' H' 

1. Compute — and — - for the equations in problem 2, p. 168, and also 
A 9 

for their answers. 

8. The values of A\ B", and C in (8), p. 270, are respectively the 
coefficients of x^, Tfy', and y"^ in (4), p. 170. Compute the values of 
B^ -4A'Cr and -4' + C in terms of A, 5, and C. 

Q 

8. Show that ^ is an invariant of the line Ax + By -\- C = 

under a rotation of the axes. 

4. Show that — \ — is an invariant of the line Ax +By + C = 

± V^2 + & 

and the point Pi (21, ^i) under a rotation of the axes. 

5. Show that V(xi — x^)* + (yi — yj)« is an invariant of the points 
Pi(2i» Vi) &nd Pi(x^i ys) under a rotation of the axes. 

6. Show that * ^ "" — - - is an invariant of the lines Aix + Biy + Ci = 

AiAi -f- BiB% 

and A^-\- B^y + Ct = under a rotation of the axes. 

7. Interpret geometrically the meaning of the invariants In problems 3 
to 6. 

108. Invariants under a translation of the axes. 
Theorem VI. The expressions 

A = Bi-4AC, Vi=A + C 
are invariants of an equation of the second degree under a translation of the axes. 

Proof. If an equation of the second degree be transformed by translating the 
axes, the coefficients A, B, and C are unchanged (Corollary I, p. 171). Hence 
any expression involving these letters, as A or H, is an invariant q.b.d. 
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Lemma V. ISiikA axes are translated to the point (A, k), t?ien for any point 
P whose old and'new coordinates are respectively (x, y) and (x% y^) we have 

kx — hy = kxf — hy\ 

Proof, To translate the axes we set (Theorem I, p. 160) 

x = x' + A, y ^y' -\-k. 

Then tec - Ay = ifc{x' + A) - *(/ + k) 

= te' — Ay'. Q.B.i». 

The Lemma is erident geometrically since either l:a; - Ay or kx* - hy* is the area of the 
triangle whose yertioes are P and the old and new origins [(VIII), p. €2]. 

Theorem VIL The discriminant 6 of the equation 

(1) Ax^ + Bxy -\-Cy^-^Dx-hEy + F = 
is an invariant under a translation of the axes 

(2) X = X' H- A, y-y'-\- k. 

Proof Consider the system 

(3) -4x» + Bxy ■^-Cj/^ + Dx-^Ey-^ F^k'{kz - hy) = 0. 

Substituting in (3) from (2), we obtain 

(4) Ax'^ + BxV -^ Cy^ ^ irx" -{- E'y' + P' + ^(kxf - AyO = 0. 

For (1) becomes an equation of the form (Corollary I, p. 171) 

(6) A7f^ + Bxfy" + Cy^ + D'x' -f- Ey+F'=z 0, 

and kx — hy becomes kx' - hy* (Lemma V). 

Denote the discriminants of (1) and (o) by 6 and B' ; of (3) and (4) by Oi 
and 6i^ If the locus of (3) is degenerate (Theorem I, p. 266), 
ei = 4-4CF+ B(i) + kfk) (E - it'A) - -4 (^ - if A)a -C(D-\- k'k}* - FB« = 0, 

or 

(0) (Bhk-^Ah^ - Ck^ k^ + (BEk - BDh + 2AEh - 2 CDfc) Jf + 6 = 0. 

Similarly, the locus of (4) is degenerate if 

(7) (Bhk - Ah^ - Ck^) k"^ + (BE'k - Bl/h + 2 AE'h - 2 CZXifc) Jf + ©' = 0. 

Since (6) and (7) must have the same roots, and since the-coefficients of k^ 
are equal, then the remaining coefficients are equal. Hence 

6' = 8. Q.B.D. 

Since any transformation of coordinates may be effected by a rotation and 
a translation of the axes, the results of Theorems III, IV, VI, and VII may 
be embodied in a single theorem 
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Theoram Yin. IS the equation 

Ax^ + Bzy + Cya + Da; + ^y + F = 
be trawtformed by a transformation of coordinates into 

A'x^ + -B'xV + CV^ + XKx' + BTy' + F' = 0, , 
then A' = B^ - iA'C = B^-iAC-A, 

H' = ^' + C = ^ + C = H, 
and e' = 4 A'C'F' + ^JT^' - vl'^'a __ cyjyi _ jr^^^ 

= 4ACF+BDK - -4JE2 - CD* - F5* = 6. 

T^ot M, A, H, and 6 are tnoariaTito o/ an equation of the second degree under 
any transformation of co-ordinates, 

PROBLEMS 

1. Compute — and -— for the equations in problem 1, p. 168, and the 

A O 

answers. 

8. Prove that the expressions in problems 4 to 6, p. 273, are invariant 
under a translation of the axes and* interpret them geometrically. 

8. Prove by direct substitution that { (Corollary, p. 271) is invariant under 
a translation of the axes provided that A = 6 = 0. 

« 

109. Nature of the locus of an equation of the second degree. By a trans- 
formation of co5rdinates the .equation 

( 1 ) Ax^-\- Bzy + Cya-|-Dx + i?y + F=0 

may be reduced* to one of the forms (Theorem XIII, p. 106) 

(I) A'ocf^ + C'y^ + F' = 0, where ^' ?£ and C 9^ 0; 

(II) C'y's H- lyxT = 0, where C 9^ and 2/ ;d 0; 

(III) C'/« + F' = 0, where C jtO, 

The theory of invariants enables us to determine to which one of these 
three forms a given equation may be reduced and to find the exact nature of 
the locus without actually effecting the transformation of coordinates. 

To do this compute the numerical values of A, H, and 6 for the given 
equation (1). We have, further, 

(2) for (1), A' = - 4^'C' ?t 0, W = A' ^ C\ B' = 4 A'Crr-, 

(3) for (II), A' = 0, H' = C" 7t 0, 8' = - C'L^ jt ; 

(4) for (III), A' = 0, H' = C 5^ 0, e' = 0. 

But in each case, by Theorem VIII, 

(5) A' = A, H' = H, e'lrB. 

* It Is assumed that the eqiiatlon is not multiplied or divided by a constant in this 
reduction. 
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Hence, if A^O, (1) may be reduced to the form (I) ; 

if A = and 6 ^^ 0, (1) may be reduced to the form (II) ; 
and if A = arid 6 = 0, (1) may be reduced to the form (III). 

We shall discuss these three cases separately. 

Case L A ^ 0. Substituting from (2) in (5), we get 

(«) ~4^'(7' = A, 

(7) ^' + C = H, 

(8) ^A'CTF" = a 

EUiptie type, A < 0. Hyperbolie type, A > 0. 

From (6), il A<0, A' and C have From (6), 11 A>0, A' and CT have 

the same signs and the locus belongs opposite signs and the locns belongs to 

to the elliptic type (p. 196). the hyperbolic t3rpe (p. 195). 

From (8), if 6 7^ 0, then F' j^O and From (8), if 8 7^ 0, then /^ 7^ and 

the locns is an ellipse if H and 6 differ the locns is an hyperbola. 
in sign, or there is no locus if H and 6 
agree in sign. For A' and C have the 
sign of H, from (7), and F' has the sign 
of 6, from (8). 

From (8), if 8 = 0, then F=0 and From (8), if 8 = 0, then F=0 and 

the locus is a point. the locus is a pair of intersecting line*. 

The valaes of A^^ 0^, and F', if desired, may be foand by solving (6), (7), and (8). 

Case II. A = and 8 ?£ 0. The locus is a parabola (p. 180). 

Subfltituting from (3) in (6), we get C's H and - CyD^ - e, from which the values of 
(y and ly may be foand If desired. 

Case III. A = and 8 = 0. Substituting from (4) in (5), we obtain the 
single equation C = H, which does not enable us to compare the signs of 
C and r in (III). But f = 4^F + 4 CF - ^ - Z>2 is invariant under a 
rotation of the axes, and when A = 8 = 0, ^ ia cUao an invariant under a 
translation of the axes. 

For, Bubfltituting the values of 2>', E\ and F given by (5), p. 170, and setting A'^A, 
B'^B.C^C (Corollary I, p. 171) in 

weget i'^(\CD-2BE)h + {,AAE-2BD)k-\-^, 

But if A » e s 0, then 2nD-AAK = 0, from (6), p. 265. Multiplying this by B and set- 
ting B^ - 4 ^C (from A » 0), we have AACD-2 ABE » 0, or 4 C/> - 2 BE'^ 0. Hence ^» f 

For (III) we have {' = 4 C'F\ and hence 

4 CT = i. 

Hence (p. 106) if { < 0, the locus is two parallel lines ; 

if ^ = 0, the locus is a single line ; 
if { > 0, there is no locus. 

The results of this section are embodied in 
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Theorem IX. The nature of the loctis of the eqtuUion 

Ax^ + Bxy + Cy2 + i)x + jEy + 1^ = 
depends upon the values of the invariants 

A = 1P-4^C, H = -4 + C, 
8 = 4ACF-\- BDE - AE^ - Clfi - FB^, 
and ( = 4^F+4CF-.B2-Z)», 

as indicated in the following table. 



Conic. 


• 

A<0 
A = 


Ellipse, if H and 8 differ in sign. 
No locus, if H and 8 agree in sign. 


Parabola. 


A>0 


Hyperbola. 


8 = 

Degenerate 

Conic. 


A<0 


Point. 


A = 


Two parallel lines, if | < 0. 
One line, if { = 0. 
No locus, if f > 0. 


A>0 


Two intersecting lines. 



PROBLEMS 

1. Find the exact nature of the locus of 

(a) x2 + 2xy + 2y2-6x-2y +0 = 0. 

(b) xa-2xy + 2ya-4y + 8 = 0. 

(c) x« + tfxy + 9ya^.2x-6y = 0. 

(d) x2 - 2xy - y2 _|. 8x - 6 = 0. 

(e) 4x2 + 9y2 + 4x + 1 = 0. 

(f) 4x2 + 4xy + y2 ^. 4a. + 2 y - 48 = 0. 

(g) 4x2 - 20xy + 26 y2 + 12x - 30y + 9 = 0. 
(h) 9x2 - 12xy + 4y2 _ i8x + 12y + 34 = 0. 

(i) 3x2 « loxy + 7 y2 + 15a; - 7y - 42 = 0. 

2. Find a^ and b^, or p, for the following conies : 

(a) x2 - 2xy + y2 - 8x = 0. 

(b) 8x2 _ loxy + 3y« - 8 = 0. 

(c) 6x2 + 2xy + 5y2_i2x-12y = 0. 



Ans. Ellipse. 

Ans. No locus. 

Ans. Parabola. 

Ans. Hyperbola. 

Ans. Point. 

Ans. Two parallel lines. 

Ans. One line. 

Ans. No locus. 

Ans. Intersecting lines. 

Ans. p=:V2. 
Ans. a2 = l, 62 = 4. 
Ans. a2 = 8, 62 = 2. 



H* Hs 
Hint. Compute the absolute Snyaiiants — and - ~ for the giren equation and for that 

one of the typical forms (III), p. 179, (V) and (YI), p. 186, to which it may be reduced. 
Equate and solve for a* and 6* or for^. 
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8. Show that A' and (7 in (I), p. 276, are the roots of the quadratic 
4a^ — 4Hx — A = and show that they are always real. When will they 
also be equal ? 

110. Equal conies. The object of this section is to determine when two 
conies whose equations are given are equal. The solution of this problem 
affords a further application of the theory of invariants. 

Theorem X. Th/b axes of a non-degenemte centred conic whose equation is 

Az* + Bxy + Cy« + JDaj + ^y + F = 

H* H* 
are determined by the valttes of the absolute invariants — and -— • 

A e 

Proqf. The equation of a central conic may be reduced to the form [(11), 
P- 187] . ^ 

?? + ??' = l. 

a fi 

The absolute invariants of this equation are 

H^ Vg /3/ _ (a + /3)« W^ Ka pJ _ (g + ff)« 
A'"" -^ ""-4a/3' e' "" --_4 " -Aa^' 
a/3 ap 

Hence (Theorem VIII, p. 275) 

(g + P)^ _ H^ {a + p)* __ H3 



(1) 






-4 a/3 A -4a«/3« 6 



H* •• H» 
where — and — are known. These equations can be solved for a and /3, 

and the values of the axes determined from them by 1 and 2, p. 187, and the 
definition of the axes (p. 185). q.e.d. 

Equations (1) may be solved as follows : 
Dividing the second by the first, 

(2) ^±i.^. 

IMvldlxig the first of equations (1) by (2), 

(3) a + /i---^. 

Dividing (3) by (2), afi'm^i^. 

Then, by Theorem I, p. 3, a and p are the roatt of the qvMdraiie tqwUion 

(4) a^ + ^^x-^-0, or A«a?« -i- 4 AHex - 4 e> «» 0. 

A' A* 

The roots of (4) are always real, for the discriminant is 

(4 AHe)« - 4 A»(- 4e«) = 16 A«e«(Hs + A) 

= l6A«e«(^* + 2^C+C« + ^-4.40 

= 16A»e«[(.4-C)«+5»], 

which is always positive when the ooeflicients A, B,Ct D, E^ and F are real numbers. 
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Thaonm XL The value of p for a parabola whose equation ia 

i8 determined by the value of the absolute invariant — . 
Proof. For the parabola 

we have 

Hence (Theorem YUS) ^ = ^ 



y8 = 2jjx 




8' - 4p^ 


1 
4p^ 


1 H» 




4i)»~ 8' 





2Af H» 



whence ^ ~ 2 \ ~ H»* *^'"'^* 

Aa the ralae of p \b always a real number, % and H mnst have oppoalte signs. This 
may also be proTed from the values of and H by means of the oondition A-* 0. 

Theorem ZIL Tuh) non-degenerate conies 

C : Ax^ + Bxy + Cy^ -{■ Dx -{- Ey + F = 
and C : A'x^ + B'xy + CV + i^x + ^y + i?^ = 

are equal when and only w?ien 

Qft ^ Hi H'* _ H* 

Proof. If the conies are central conies, they are equal when and only when 
their axes are equal. But the axes of C and C are determined in the same 

manner from — and -— and from — and — - respectively (Theorem X). 
A 8 A' 8^ 

Hence the axes are equal when and only when 

A' ~ A *" 8^ " 8 ' 

If C and C are parabolas, they are equal when and only when they have 
the same value of p, that is (Theorem XI), when and only when 

H'» H« 

-—-=-—. Q.E.D. 

8^ 8 

111. Conies determined by five conditions. The equation of any conic 
has the form 

(1) As^ + Bxy + Cy« + Dx + -Ky + F= 0, 

and the conic is completely determined if five of the coefficients are known 
in terms of the sixth. Any geometrical condition which the curve must 
satisfy gives rise to an equation between one or more of the coefficients. 
Hence tve conditions will determine the equation of a conic. The locus may 
be degenerate, or there may be no locus, which would mean that the five 
conditions are inconsistenL 
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Role to determine t?te equation of a conic which ioti^fiesjive conditions. 
First step. Assume that the eqiuUion of the conic is 

Ax^ + Bzj/ -\-Cy^-\-Dx-^Sy + F = 0, 

Second step. Find Jive equations between the coefficients^ each of which 
expresses t?iat the conic sati^ies one of the given conditions. 

Third step. Solve these equations for five of the coefficients in terms of the 
sixth. 

Fourth step. Substitute the results of the third step in the equation in the 
first step and divide out the remaining co^cient. The result is the required 
equation. 

PROBLEMS 

1. Show that the following pairs of conies are equal and determine the 
nature of the conies. 

(a) xa-4y«-2x-16y-14 = 0, 8x« + lOxy + 3y2 _ 2 = 0. 

(b) 9x2+24xy+16y«-80iB+60y=0, a;2-2fl^+y2-4 V^x-4 V^y=0. 
(e) x2 + ys _ 2x - 8y - 8 = 0, x« + y^ + 6x - lOy + 9 = 0. 

(d) 2xa + y«-12x + 10y + 41 = 0, 17x2 - 12xy +22y« -26 = 0. 

2. Find the equations of the conies determined by the following condi- 
tions and determine the nature of the conic in each case. 

(a) Passing through (0, 0), (2, 0), (0, 2), (4, 2), (2, 4). 

Ans. x* — xy + y* — 2x — 2y = 0. 

(b) Passing through (0, 0), (10, 0), (5, 3) and symmetrical to the X-azis. 

Ans. 9x2 + 26y«-90x = 0. 

(c) Passing through (- 4, 0), (0, 4), (0, - 4), (5, 6) if A = 0. 

Ans. y«-4x — 16 = 0. 

(d) Passing through (0, 6), (5, 0) and symmetrical with respect to both 
axes. Ans. x^ + y* — 26 = 0. 

(e) Passing through (0, 0), (2, 1), (-2, 4), (- 4, - 2), (2, - 4). 

Ans. 2x«-3xy-2y« = 0. 

(f) Passing through (0, 2), (— 2, 0), (2, — 8) and symmetrical with respect 
to the origm. Ans. x2 + 4xy + y« — 4 = 0. 

8. Show that, in general, two parabolas may be constructed which pass 
through four given points. 

4. Find the parabolas passing through the following points and construct 
the figures. 

(a) (0, 2), (0, - 2), (4, 0), (-1, 0). Ans. x^ ± 2xy + y« - 3x - 4 = 0. 

(b) (2,0), (0,-8), (-2,0), (0,2). 

Ans. 4x2±4xy + y2 + 6y-16 = 0. 

(c) (0,1), (0, -i), (2,0), (-1,0). 

Ans. x2i:4xy + 4y«-x-2y-2 = 0. 



CHAPTER XIII 

EUCLIDEAN TRANSFORMATIONS WITH AN APPLICATION 

TO SIMILAR CONICS 



112. An operation which replaces a given figure by a second figure in 
accordance with a given law is called a txansformatioii. If a transformation 
replaces the points of one figure by the points of a second, it is called a point 
transformation. If a point transformation replaces P(x, y) by P'(x', y^, 
then the equations expressing x^ and y' in terms of x and y, or conversely, 
are called the equations of the transfonnation. In this chapter we shall con- 
sider the transformations which replace a given figure by one equal or similar 
to it They are called Euclidean transformations, because the properties of 
equal and similar figures are studied in the Elementary Geometry of Euclid. 

118. Equal figures. Two figures whose corresponding lines and angles 

are equal may be brought into coinci- 
dence and are therefore equal. Equal 
figures in the same plane are said to be 
congruent if the corresponding parts are 
arranged in the same order, and sym- 
metrical if they are arranged in the 
opposite order. Thus the triangles ABC 
and A'B'Cy are congruent, and either 
is symmetrical to A"Bf'C'\ because the 
directions established on the perimeters by the corresponding vertices are the 
same (clockwise) in the first case but are different in the second case. 

In Plane Geometry we do not study symmetrioal figures as such. 
It Is true tbat ve study figures which are symmetrical with respect 
to a point or with respect to a line. But it should be noticed, as 
is seen from the figures, that figures which are symmetrical with 
respect to a jM>int are coft^rvyent^ while figures which are symmetrical 

with respect to a line are sym- 
metrical in the sense defined 
above. 

The essential distinction be- 
tween congruent and symmet- 
rical figures is this : two con- 
gruent figures may be brought 
into coincidence by moving them 
around in the plane, but before 
two symmetrical figures can be 
brought into coincidence one of them must be taken out qf the plane and turned 
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114. Translations. A translatioii is the transformation which moves all 
points of a figure through the same distance in the same direction. Henoe 
if a translation replaces any point P by P', the projections of PP' on the 
axes will be constant. 

Theorem I. Tfie eqiuitions of a trandcDtion through the directed length whom 
projections on the axes are respectively h and k are 



(I) 



Jap' = 05 + *, 

ly' =y +*. 



Proof. By Theorem in, p. 81, the projections of PP' on the axes are 

respectively 

«' — X, y' — y. 

Then, by hypothesis, 

x'— X = A, y'— y = k. 

Solving for x' and y', we obtain (I). q.b.d. 

If we solve (I) for x and y and substitute their 
values in the equation of a curve, the result will 
evidently be the equation of the curve after it 
has been translated. 

If P is the origin (0, 0), then P' Is the point (A, k). If we solve (I) for x tnd y, we 

obtain 

a? = x' - A, t/'^p'-k. 

These may be regarded as the equations for translating the axes to a new origin 
(-A, -k) (Theorem I, p. 10)). 






It is evident that the relative position of the new figure and the old axes (Fig. 1) is 
the same as that of the old figure and the new axes (Fig. 2). 

Hence it is immaterial whether we regard equations (I) as the equations of a transla- 
tion of a figure in one direction or as the equations of a translation of the oxeM in the 
opposite direction. 

115. Rotations. The transformation which turns all points through the 
same angle about a given point O is called a rotation. O is called the center 
of the rotation. If a rotation replaces P by P', then OV - OP, 
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Theortm IL The equations qf a rotation about the origin through an angU 
Bare 

= X 008 9 — 1/ sin 9, 

X sin 9 + 1/ cos A 



(II) 






Proof. Let the polar coordinates of P be (/>, 0). Then, by definition, 
those of P' are (p, + 0). Hence (Theorem 
I, p. 156) 

a^ = p cos (0 + ^) 

= p cos cos 9 — p sin sin ^ 

(by 10, p. 
= z cos — ysiu 9, 
since [(I), p. 165] 

X = p cos ^, 1^ = p sin ^. 
Similarly, 

2^ = X sin ^ + y cos 0. q.b.d. 




If we solTe (II) for « and y, we get 

OP B x^ Qos + y' sin a d/ ooB (- 0) - y' sin (- ^, 
y «= - a?' sin • + y' cos tf a a/ sin (- tf) + y* oos (- •). 



(by 4, p. W) 
(by 4, p. 1») 



These may be regarded (Theorem II, p. 1G2) as the equations for rotating the axes 
through an angle — tf . Hence it is immaterial whether we regard equations (II) as the 
equations of a rotation of tk figure in one direction or of the cuees in the opposite direction. 
This should be illustrated by figures analogous to Figs. 1 and 2, p. 282. 



PROBLEMS 

1. Plot the following curves, translate them through the directed length 
whose projections are given, and find the equations of the curves in their new 
positions. 

(a) ya = 4x, ;i = -3, A: = 2. Ans. y« - 4x - 4y - 8 = 0. 

(b) xy = 6, A = 2, fc = - 2. AnB, xy + 2x - 2y - 2 = 0. 

(c) x2 + 9y2 = 25, ;i = 0, Jk = f Ans. x» + 9y3 - 80y = 0. 

2. Plot the following curves, rotate them about the origin through the 
given angle, and find the equations of the curves in their new positions. 



(a)xy = 8, ^ = -. 
(b) x« + y« - 8x + 12 = 0, tf = It, 
(c) x« + 4y«-18x = 0, ^ = --. 



AnB. y3-x« = 16. 

Am, x« + y«-f 8x + 12 = 0. 
ATM, 4x? + ^ + 18y = 0. 
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8. Translate the locus of x' + 4 y = through a distance whose projec- 
tions are A = 0, k = — 4 and then rotate it about the origin through an angle 

of-. Ana, y«-4x + 16 = 0. 

2 

4. Rotate the curve in problem 3 through the given angle and then trans- 
late it An8, y>-4x + 8y + 16 = 0. 

5. Prove from equations (II) that the origin is unchanged by a rotation, 
that is, that the origin is a fixed point. 

6. Find the equations of the straight lines which are unchanged by the 
translation (I). 

Mint. TranBlate Ax + By + C^O and then determine At B^ and C to that this line 
ooincides with the line into which it is translated by Theorem III, p. 88. 

Ans. kx — hy = 0. • 

7. Find the equations of all circles which are unchanged by the rotation (II). 

Ans, x«-f y»-fF = 0. 

8. Show that no straight lines are invariant under the rotation (II). 
Hint. See the hint, problem 6, and apply Theorem lY, p. 90. 

9. Prove analytfcally that no points are unchanged by a translation unless 
all points are unchanged. 

116. Displacements. A transformation which replaces dRy^ figure by one 
congruent to it (p. 281) is called a displacement. Hence a figure is displaced 
when it \a moved in the plane from one position to another. This may evi- 
dently be accomplished in many different ways. Two displacements which 
move a figure from one position to the same second position are said to be 
equivalent. 

Lemma I. A displareuent is equivalent to a translation or to a rotation 
followed by a tran^ation. 

Proof. Let the given displacement replace any figure F by a figure F'. 
Then if corresponding lines in F and F' are parallel and have the same direc- 
tion, F may be translated into F', and hence the displacement is equivalent 
to a translation. 

If this is not the case, then F may be rotated into a position F'' such that 
corresponding lines in F'' and F' are parallel and have the same direction 
and then F"' may be translated into F\ Hence the given displacement is 
equivalent to a rotation followed by a translation. q.b.d. 
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ThMirem IQ. The equations of any displacement Jutoe the form 



(in) 






0? sin 9 + 1/ COS 9 + A;, 
cohere 0^ A, and k are arbitrary constants. 

Proof. Let the giyen displacement replace any figure JP* by a congnient 
figure F'. Then by Lemma I it is equivalent to a translation whose equa- 
tions haye the form (III) when ^ = (Theorem I, p. 282), or to a rotation 
which replaces F by a figure W followed by a translation which replaces F"' 
hyF". 

By Theorem II, 

xf^ = xcoB0 — yBine, y'^ = XBm$ -{-ycosB, 
and by Theorem I, x' = x" + *, y' = y" + *. 

Substituting the values of xf' and y^' in these equations, we obtain (III). 

Q.B.D. 

If a point is unchanged by a transformation, it is called a fixed or an 
invariant point. Thus the center of a rotation is an invariant point. 

Theorem IV. Jf a displacement is not equivalent to a translation, there is one 
fixed point. 

Proof. The point (x, y) will be a fixed point when and only when x' = x 
and y ^y. Substituting in (III) and transposing, we get 

(1 — COB 0)x + sin • y = A, 
sin ^ • X + (I — cos 0) y =: A;. 

These equations can be solved, in general, for one pair of values of x and y 
(Theorem lY, p. 90), and hence there will be, in general, but one fixed point. 

_^ ^ ., 1 — cos B sin Q 

But if = » 

— sin 9 1 — cos 9 

or, reducing, cos ^ = 1, 

there will be no solution, that is, there is no fixed point. If cos tf = 1, then 
sin tf = (by 3, p. 19) and equations (III) become 

which are the equations of a translation. 

Hence there is one fixed point unless the displacement is a translation. 

Q.B.D. 

There cannot be an infinite number of solntions of (1) unless A - 1* « 0. For if 

1-coetf gjn^ _ A 
-8ln« " 1- coetf ~ A* 

then , as above, cos = 1 and sin 9 « 0. Sabetitn ting in (1), we get A « and A - 0. In this 
ease evtry point (x^ y) it a fixed point, that is, there is no displaoement. 



(1) {<'- 

^ ' \, — SIl 
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y. Every dispiacemnU wkick is md equi9altmt to a tramaUdum tt 
equitaleiU to a rUatioM. 

Proof. If the dvplaoement is not equivalent to m tnoslatioii, then it has a 
fixed point (Theorem IV). Let the fixed point be chosen as origin. Then if 
z = and y = 0, we get x' = and if' = 0. Sabstitnting in (III), we obtain 

* = 0, k = 

as the conditions that the origin is the fixed poinL For these Tsloes of k 
and k eqaations (III) reduce to (II), p. 283, and hence the displacement is 
equivalent to a rotation . q. b. d. 

CofoDsrf L Any two congruent figures may he brought into coincidence by 
a rotation or a translation. 

Corollary IL The perpendicular bisectors of the lines joining corresponding 
poifUs of two congruent figures pass through the same point or care paraU/tL 

Tor if the figures may be brought into eoineideiiee bj a rotation, they pa« through the 
center of the rotation ; and if the figures may be brought into ooineidenoe by a translation, 
they are perpendicular to the direction of the translation. 



PROBLEMS 

1. Show analytically that the angle between two lines is unchanged by a 
displacement. 

Hint. Show that the Talue of tan 9 given by (X), p. 109, is an absolute inrariant of the 
displacement (III). 

8. Show analytically that the distance between two points is unchanged 
by a displacement. 

Hint. Show that the value of / given by (IV), p. 31, is an absolute invariant of (III). 
8. Prove Corollary II geometrically and derive Theorem V from it. 

4. Show that a rotation about the origin through an angle of n replaces 
any figure by the figure sjrmmetrical to it with respect to the origin. 

5. Find the equations of a rotation about the point (1, 4) through an 
angle of -. Ans. jc'=i Vsx-iy +3- J V3, 1^= Jx+i^y+ J-2 Vs. 

6. Find the equations of a rotation about the point (3, — 2) through an 
angle of Ans. x' = y + 5, y' = — x + 1. 

St 

7. Find the equations of a rotation about the point (xi, yi) through an 
angle 9. Ans. a/ = (x — Xi) cos 9 — (v — ^i) siu d + Xi, 

y' = (x — xi)8in ^ + (y — yi) cos tf + y\. 
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117. The reflection in a line. A transformation which replaces any figure 
by one symmetrical to it (p. 281) is called a symmetry transformatioiL The 
simplest symmetry transformation is the leflectioB in a line, which replaces 
a point by the point symmetrical to it Vith respect to that line. Hence a 
reflection in a line replaces a figure by the figure which is symmetrical to it 
with respect to that line. 



Theorem VI. The equations of a r^fiection in 
the X-cuia are 



r^ 



(VI) 






a 



I 



es 



118. Symmetry transformations. - 

Lemma n. A aymmebry transformation is 
equivalent to a reflection in any line followed 
by a displacement. 

Proof Let the given transformation replace 
a figure F by a symmetrical figure F', Let F be 
transformed into a figure F'' by a refiection in any line. Then since 2^ and 
F'' are both symmetrical to F, they are congruent to each other. 

For the parts of F^ and F^^ are equal, sinoe they are equal to the parts of F, and they 
are arranged in the saine order, for they are in eadi case arranged in the opposite order 
to those of F, 

Hence F'' can be brought into coincidence with F^ by a displacement, 
that is, F may be transformed into F" by a reflection in any line followed 
by a displacement q.b.d. 

Theorem Vn. The equations of any symmetry trantfdrmation have the form 

\yf = a; sin 9 — 1/ COS 9 + ^> 

toAere By A, and k are aHntrary constants. 

Proof Let the given transformation replace any figure F by a sy m metrical 
figure F'. Then by Lemma II it is equivalent to a refiection in the ^-axis 
which replaces F by a figure F'% followed by a displacement which replaces 
F"' by F\ 

By (VI), x'' = x, 1^' = -^, 

and by (III), p. 285, 

z' = 7f' COB0 ^y"' sin ^ + A, y' = x'' sin tf + y" cos ^ + Jfe. 

• 

Substituting the values of x'' and y'' in these equations, we get (VII). 

Q.K.D. 



(VII) 
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Theorem VIIL The line whose equation ia 

X cos ut-\-y BIB u^p = 

18 tran^ormed by (VII) into the line wh^ose equation is 

z cos (0 — <a) -j- y sin {$ — u)—[p-\- h cos (^ — w) + Jfc sin (^ — «)] = 0. 

This ifl proved by solving (VII) for x and y, substituting in the given equation, simpli- 
fying by 9 and 11, p. 20, and dropping primes. 

A line is said to be invariant under a transformation if it is transformed 
into itself by that transformation. 

Theorem CS. There ia always one line which is invariaiU under the aym^ 
metry tran^ormation (VII), and if 

hcoB^$ + kBin^e = 0, 
then all of the lines perpendicular to that line are invariant. 

Proof, If the lines in Theorem VIII coincide, then (Theorem III, p. 88) 
. cos u sin cii p 

cos {0 — (a) sin (^ — cii) p -\- hcoa($ — <a) -\- k sin (0 — w) 

From the first two ratios 

sin (0 — <a) cos uf — cos (0 — w) sin w = 0, 
or (9, p. 20) sin (^ - 2 «) - 0. 

Hence ^ — 2 w = or jr. 

.*. w = J ^ or ta = ^0 — Itc. 

Case I. ia = ^0 ^ ^ic. Substituting this Value of w in the last two raUos 
of (1) and simplifying by 4, p. 19, and 6, p. 20, we get 

— cos i0 _ p 

cos 10 p — hBinl0 -\- k cos J 
Solving for p, jp = J (A sin J ^ — Ac cos J 0). 

Hence there is always one pair of values of w and p for which (1) is true, 
that is, there is always one line which is transformed into itself by (VII). 

Case II. iaz= ^0. Susbtituting this value of u in the last two ratios in 
(1), we get gin j ^ ^ p 

sin ^ ^ p -\- h 008^0 -\- k Bin ^0 

The first of these ratios equals 1, but the second is never equal to 1 unless 
(2) A cos ^ ^ + A; sin ^^ = 0, 

in which case p may have any value. Hence there is, in general, but one 
invariant line. But if (2) is satisfied, all of the lines of a system of parallel 
lines are invariant. 

Since the values of u> in Case I and Case II differ by — , the invariant system 

of parallel lines is perpendicular to the single invariant line. q.b.d. 
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(X) 



Theorem X. Jfiht invariant line of a symmetry transform ation is the X-axis^ 
then the equations of the trawformation are 

'fiC' = 05 + ht 

Proof. If the X-axis is invariant, then, if 2^ = 0, we must have ^ = for 
all values of x. Substituting y = and ^ = in the second of equations 

(VII), we get « sin ^ + A; = 0. 

This is true for all values of z when and only when sin 9 = and A; = 0. 
If sin ^ = 0, then cos $ = ±l. • 

Substituting X; = 0, sin ^ = 0, and coe^ = 1 in (VII), we get (X). 
Substituting A; = 0, sin ^ = 0, and cos ^ = — 1 in (VII), we get 

3!' = — x + A, y^ = y. 

This transformation leaves all of the lines parallel to the X-aids invariant, 
for if y = a, then ^ = a. Hence the X-axis is not the single invariant line, 
so that this case is to be excluded ; that is, equations (VII) reduce to (X) if the 
X-azis is the invariant line in Case I of Theorem IX. q.e.d. 

Corollary L A symmetry transformation is equivalent to a reflection in a line 
or to a reflection in a line followed by a translation parallel to it 

For if A - 0, equations (X) reduce to equations (YI). 

Jthj^O, equations (X) are equivalent to the two transformations 



{; 



ar, 



and 






which are respectively a reflection in the JT-axis and a translation parallel to it. 

Corollary n. The middle points of the lines joining corresponding points of 
two symmetricaX figures lie on a straight line. 




P^-JL 




For let (X) be the equations of the symmetry transformation which transforms one 
figure into the other. The middle point of the line PP* is (Corollary, p. 39) 

Substituting the values of x' and y' from (X), this becomes (« + ) A, 0), which is a point 
on the X-axis. 
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PROBLEMS 

1. Find the equations of the curves symmetrical to the following curves 
with respect to the JT-axis and constinict the figure. 

(a) y« - 4x = 0. (c) x^ + 4y« - 4x = 0. 

(b) aj? + xy-2y« = 0. (d) x«-8y = 0. 

2. Show analytically that the distance between two points is unchanged 
by (a) a reflection in a line, (b) any symmetry transformation. 

8. Show analytically that the numerical value of the angle which one 
line makes with another is unchanged by (a) a reflection in a line, (b) any 
symmetry transformation, but that its sign is changed in both cases. 

4. Find the equations of the invariant lines which are proved to exist in 
Theorem IX. 

5. Find the equations of a reflection in the F-axis. 

6. Prove that a reflection in a line followed by a reflection in a line per- 
pendicular to the flrst is equivalent to a rotation through n. 

7. A symmetry transformation (VII) has, in general, no flzed points, but 
it h(\ + cos ^) + ft sin 9 = 0, then all of the points of the line x(l— cos 0) 
^ymiO = k are flxed points. 

8. If ft (1 + cos ^ + Ac sin ^ = 0, then (VII) is a reflection in a line. 

9. Find the equations of a reflection in the line 3x + 4y — 10 = 0. 

An8. x'=/yX-iJy + -VS V' = - ija? - Av + V- 

Hint, The diBtances from the line to P{x^ y) and P'ix^^ yO (Rnle, p. 106) roust be 
equal numerically with opposite signs, and the slope of PP* (Theorem Y, p. 35) must be 
equal to the negative reciprocal of the slope of the given line (Theorem VI, p. 36). These 
conditions give two equations which may be solved for a/ and y' in terms of x and y. 

10. Find the equations of a reflection in the line 5x — 12y — 27 = 0. 

11. Find the equations of a reflection in the line Ax ■\- By -\- C =^ 0. 

, m-A^ 2 An 2 AC 

Ans. X = -—- — — : X — -- — — y — — — » 

A2+5« A^-\-B^ A^-\-B^ 

2AB B^--A^ 2BC 



A^-\-B^ A^-\-Bi' A^-hB^ 
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119. Congruent and symmetrical conies. The conditions that two conies 
should be eqaal are given in Theorem XII, p. 279. We shall now prove 

Theorem XI. Tioo equal conicB are both congruent and symmetrical. 

Proof. Since a conic is symmetrical with respect to its principal axis 
(p. 174), it is unchanged by a reflection in that axis. 

Let C and C be two congruent conies, 
and let D be the displacement which 
transforms C into C^ Then C may be 
transformed into C by a reflection in 
its principal axis followed by the dis- 
placement D, that is (Lemma II, p. 287), 
by a symmetry transformation. Hence 
C and C are also symmetrical. 

Conversely, let C and C be two sym- 
metrical conies, and let 8 be the symmetry transformation which transforms 
C into C\ Then 8 is equivalent to a reflection in the principal axis of C 
followed by a displacement D. Since C is unchanged by a reflection in its 
principal axis it may be transformed into C by the displacement D, and 
hence C and (^ are congruent. 

Hence two equal conies are both congruent and symmetrical. q.b.d. 

In the flgure C may be transformed into C by a rotation about or by 
a symmetry transformation consisting of (Corollary I, p. 289) a reflection in 
the line 8 which replaces C by C, followed by a translation parallel to 8. 

180. nomothetic transformations. Given a fixed point 0, the transfor- 
mation which replaces a point P by a point P' on the line OP such that 

OP'z^^XVP, 



.^' 







where X is constant, is called a homothetic transformatioii. is called the 
center and X the ratio of the transformation. Corresponding figures are 
called homothetic flgnres. They may easily be proved similar, with the ratio of 
similitude (that is, the ratio of corresponding lines) equal to X. Homothetic 
figures are also similarly placed. 
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Theoram xn. The equations of a homothetic trantformatiUm whose center 
is (A, X;) and whose ratio is \ are 

<^^ \y' = Ay + k(l-A). 

Proqf. Let P and P' be two corresponding points. Then, by definition, 

y^ Projecting on the X-aiis (Theorem m, 

y^fey; p. 31), 
<(a,a; x'-a = x(x-a). 

j> Hence V = Xx + ii(l- X). 

Similarly, y' = Xy + A: (1 —X). q.b.d. 



jr ' u OP'=\'OP. 






COToIlAxy. The equations of a homothetic transformation whose center is the 
origin and whose ratio is \ are 

a?' = Ax, 
y* = Ay. 



{: 



181. Similitude transformations. A transformation which replaces any 
figure by one similar to it is called a similitude transformation. It is said to 
be direct or inyerse according as corresponding figures are directly or inversely 
similar, that is, according as the corresponding parts of the similar figures 
are in the same or opposite order. 

If F and F' are two similar figures whose ratio of similitude is X, then 
a homothetic transformation with any center and with the ratio X will transform 
F into a figure P^' which is equal to F'. F" may be transformed into F* 
either by a displacement or by a symmetry transformation according as F' 
and F"' are congruent or symmetrical, that is, according as F and F* are 
directly or inversely similar. Hence 

Theorem Xm. A similitude tran^ormation is equivalent to a homothetic 
traivtformation vnth any center and with its ratio equal to t?ie ratio of simili- 
tude of corresponding figures^ followed by a displacement or a symmetry 
tran^ormation according as the similarity is direct or inverse, 

PROBLEMS 

Problems 1 to 4 and 6 to 10 are to be solved in order by using those preceding. 

1. The equations of a transformation of direct similitude have the form 

x' = \(xcoB$ — y Bine + h)y y' = \{x sine + ycoa$'^k). 

2. A transformation of direct similitude has one fixed point. 
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8. If the fixed point is the origin, the eqaationa of a transformation of 
direct similitude have the form 

x' = X (x cos ^ — y sin ^), ^ = X (x sin + y cos 0), 

4. A transformation of direct similitude is equivalent to a rotation fol- 
lowed by a homothetic transformation with the same center. 

5. Tl^e equations of a transformation of inverse similitude have the form 

xf =\(x cose -{-y sine -\-h)^ y' = \(x sine ^y cose -\-k). 

6. The line xcosw + ysinoi— p = Ois transformed by a transformation 
of inverse similitude into the line 

X cos (^ — «) + y sin (^ — «) — X [p + ^ cos (^ — «) + ifc sin (^ — w)] = 0. 

7. The perpendicular lines 

(1 - X)xcos ^e -\-(l-'\)yain^e-\(hcosie-\-ksmie) = 
and (l + X)x6ini9-(l*+X)2^cosi^-X(^sini9-ikcosi0) = 
are invariant under a transformation of inverse similitude. 

8. A transformation of inverse similitude has a fixed point. 

9. If the invariant lines are the axes, the equations of a transformation 
of inverse similitude have the form x^ = Xx, y' = - \y. 

10. A transformation of inverse similitude is equivalent to a reflection in 
a line followed by a homothetic transformation whose center is on that line. 

11. The equations of two congruent, symmetrical, or similar curves are of 
the same degree. 

18. Show that the angle which one line makes with another is unchanged 
by a homothetic transformation. 

18. Show that the distance between two points is multiplied by X by a 
homothetic transformation. 

14. Show by means of problems 12 and 18 that a homothetic transforma- 
tion is a similitude transformation. 

16. Show that the angle which one line makes with another is unchanged 
by a transformation of direct similitude, but that its sign is changed by a 
transformation of inverse similitude. 

188. Similar conies. We have seen (Theorem XI, p. 291) that it is un- 
necessary to distinguish congruent and symmetrical conies, and hence U is 
unnecessary to distinguish directly and inversely similar conies. 
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Thaorein XIV. If the wm-degeneraie conic 

Ax^ + Bxy -\-Cy^-\-I>x-{-Ey-\-F=0 

is sutffected to a homothetic tranaformation whose center is the origin and 
whose ratio is X, then the equation of the homothetic conic is 

Az^ + Bxy + Cy^ + \Dx + \Ey + X«l'= 0. 

This Is proved by aolTing the equations of the transformation (Corollary, p. 292) for x 
and pt substituting in the given equation, and simplifying. 

Theorem XV. If two conies C and C are homothetic^ the origin being the 
center and X the ratio, then 

where — and — - are the absolute invariants of C\ and — and -rr are those 

of C* 

Proof. Let the equation of C be 

Ax^ + Bxy + Cy2 _}. jte + J5y + l^* = 0, 
and then by Theorem XIV that of C may be written in the form 

Ax^ + Bxy + Cy^ + Xlte + \Ey + X»2?'= 0. 

The absolute invariants of C are 

A' "1P-4^C~ a' 

H^ (A + C)^ - i ?! 

e' ~ AACX^F + B\D\E - A {\E)^ - C(\D)^ - X^FB^ "" X^ 6 ' 

Q.E.D. 

Theorem XVI. If two non-degenerate conies C and C are similar, then their 
absolute invariants and their ratio of similitude X satiny equations (XV). 
Conversely, if the absolide invariants of two conies C and C satiny the first of 
equations (XV) and if the value of X determined by the second is real, then C 
and C are similar, with the ratio X. 

Proof By Theorem XIII, p. 292, C may be transformed Into C by a 
homothetic transformation, whose center is the origin and whose ratio is X, 
which transforms C into a conic C", followed by a displacement or symmetry 
transformation which transforms C" into C Then, by Theorem XV, 



H"2 H^ 
(1) = , 
^ ' A" A 


H"» 1 H» 
8" ~ xa e ' 


and by Theorem XII, p. 279, 




H"« H'a 


H"» H'* 



(2) 






a" A' 6" e' 

• Theorem V, p. 272. The values of A, H, and e are given on p. 264. 
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From equations (1) and (2) we obtain equatiofus (XV). 

Conyersely, if equations (XV) are satisfied, the value of X determined by 
the second being real, then C and C are similar. For let C be transformed 
into a conic C*' by a homothetic transformation whose center is the origin 
. and whose ratio is X.* Then equations (1) are true by Theorem XV. From 
(1) and (XV) we get equations (2), and hence (Theorem XII, p. 270) C and 
C are equal. Then C may be transformed into C by either a displacement 
or a symmetry transformation. Hence C may be transformed into C by a 
homothetic transformation followed by a displacement or a symmetry trans- 
formation, that is (Theorem XIII, p. 292), by a similitude transformation. 
Hence C and C are similar. q.e.d. 

Corollary I. Two conies are similar if the co^cienta of the terms of the 
second degree are proportional, that is, if 

and the value of X determined by the second of equations (XV) is real. 

For if r is the comxDon value of these ratios, then 

A^rA\ B = rB', C^rC, 

and benoe ^ ^^^,^, _ ^ ^^,^^v r« C^'* - 4 A'C) " A' ' 

Hence the first of equations (XV) is satisfied. 

Corollary n. Any tv>o parabolas are similar. 

For if C and (7 are parabolas, then (Theorem IX, p. 277) A — and A^« 0. Hence the 
first of equations (XV) is satisfied. Since A « 0, U and e have opposite signs (p. 279) and 
similarly H' and ^^ have opposite signs. Hence the value of A obtained from the second 
of equations (XV) is real. 

Ex. 1. Show that the conies x'^-^2y^=36 and 3a;2+2«y+3ya-6a;-2y-6=0 
are similar and find the ratio of similitude. 

Solution. Computing the absolute invariants of the given equations and substi- 
tuting in (XV), we obtain 

J5)!__.J8)« (6)g _ 1 (3)« 
- 32 ~ - 8* - 256 X> - 288 ' 

Solving the second equation, we get X= i |. Hence the first of equations (XV) 
is satisfied , and the second is satisfied if X = db i- The conies are therefore similar, 
with the ratio of similitude equal to :fc i- The doable sign means that they are 
either directly or inversely similar. 

• The proof would break down at this point if the value of K determined by the second 
of equations (XV) were imaginary, because the ratio of a homothetic transformation is 
a real number. 

That such eases arise Is illustrated by the hyperbolas 4 x» - y« = 16 and - 4 x« + y« = 4. 
whose absolute invarianU satisfy the first of equations (XV) ; but from the second. 
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PROBLEMS 

1. Show that the following pairs of conies are similar. Find the ratio 
of Bimilitade in each case and constnict the figure. 

(a) «« - 4y« = 1, 3x2 + 4xy + 4 = 0. Aru, X = ± 2. 

(b) aB^ + 4y = 0, y«-8x = 0. Ans. X = ± 2. 

(c) 0x« + y« = 9, x^ + 9y3-54y = 0. Ans, X = ±S. 

(d) 16X» + 9y« = 144, 26x2 + 14xy + 26y« = 72. Arts. X =± J. 

(e) jt" - y« = a«, 2xy = af^. Ana. X = ± — 

(f) y* = 2pz, (X - A)9 = 2p'(y - *). ^n«. X = ± ^. 

8. Show that the ellipses in Ex. 1, p. 200, are similar. 

8. Show that the hyperbolas in Ex. 2, p. 201, for which k is posiUve or 
for which k is negative, are similar. 

4. Show that the locus of Ax^ + Bxy + Cy^ = k is, in general, a system 
of similar conies. Discuss all possible special cases in which this statement 
is not exact. 

5. Any homothetic transformation is equivalent to a homothetic trans- 
formation whose center is the origin followed by a translation. 

6. By means of problem 4 prove that two conies are homothetic if the 
coefficients of the terms of the second degree are proportional. 

7. Find the center and ratio of the homothetic transformation which 
transforms y^ = 2px into ^ = 2p'z. ^^^ m qv x=?^.. 

8. A homothetic transformation whose center is 0(0, 0) and whose ratio 
is X followed by a homothetic transformation whose center is (7 (a, 0) and 
whose ratio is X' is equivalent to a homothetic transformation whose center 

is ( — — — -y j « that is, a point on OC/, and whose ratio is XX'. 

9. A circle may he transformed into any other circle by two homothetic 

transformations whose centers, called the centers of simllitade of the circles, 

lie on the line of centers. 

Hint. Take the center of one circle for the origin and let the JT-azis pass through the 
center of the other circle. Substitute from (XII), p. 292, in the equation of the first 
circle and determine A, k, and A so that the result coincides with the second circle. 

10. Given three circles, the line joining a center of similitude of one pair 
with a center of similitude of a second pair will pass through a center of 
similitude of the third pair. 

Mnt. Apply problem 8. 

11. The six centers of similitude of three circles taken by pairs lie three 
by three on four straight lines. 

Hint. Apply problem |Q. 
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18S. Defiiiition. Let O be a giyen point and let P be any point of a 

figure F. Construct F' on OP such that 

0P'.0P = 1. 

By letting P assume different positions on P, 

P' will move on a figure F*. The operation or 

transformation which replaces P by P' is called 

an inversioii, while F and F' are called inverse 

A* figures. is called the center of the inversion. 

The figure has been accurately eonetructed and indi- 
cates that the inverse of a triangle is a figure bounded 
^ by three curves. Hence we may expect to find that the 

properties of inverse figures are, in general, quite different firom those of equal or 
similar figures. 

Two important properties of an inversion are immediately evident from 

the definition. 

\,IfP approaches the origin^ Pi recedes to trinity y and conversely. 

For if OP approaches sero, then OP' must become infinite since OP' • OP - 1, and 
conversely. 

2. The points of the circle of unit radius whose center is O are fixed points. 

For if O/* - 1, then from OP' . OP - 1 we get OP' - 1. Hence P' coincides with P, 
that is, P is a fixed point. This fact Is useful in plotting inverse figures, for the points 
in which a figure cuts this circle will be points of the inverse figure. 

184. Equations of an inyersion. By the equations of an inversion we mean 
two equations involving the co5rdinates of two corresponding points P and 
P'. These equations must express the two conditions : 

1. That P and P' lie on a line through the center. 

2. That OP'OP^ 1. 

The first of these conditions is satisfied when the 
triangles 0PM and OP'W are similar, whence 

X _y _0P 



(1) 



/ OP' 

The second condition may be written, by dividing by OP^^ 

OP 1 1 




OP' op^ x^ + y^ 
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H«nce we have 

TtMOram I. The equattom of an inversion ahote cenier i» the origin are 



x" + y" x" + y" 

. Find the laverse ol the line 2z-f4y — 1 = 0. 

D by (I) In the given equKtioii 

Bedadng and dropping primee, we get 
!t' + J^-2i — *V = 0. 

This U the equation of a circle whose center Is the 
point (1.2) and whoEw radius l9 Va (Theorem I. p. I.tl). 
la the figure a, number at Inverse poinla sre Indicated 
by the dotted lines. 

El. 2. Find the Inverse of the straight line Ax + B}f + C = 0. 
Solution. Substitute iu the given equation the valuee of x and y given by (I), 
This gives 

-^^^L. + -'>y +c = 
xi + „t x^ + y^ 

Simplifying and dropping primes, 

Ci' + C'l^ + Az + By = 0. 

The iocus of thia equaiion la a circle (Theorem II, p. 132) which paasM throngh 
the origin (Theorem VI, p. T-'l). If C = 0, tlie locus Is Ihe given line. Hence 

The inoerte of a ttraight line tsAicA doei not pan through thf. origin iaa drde, 
and a line Jekidi paiset through the origin it invariant unij«r an invertlon. 

Ex. 3. Find the inverse of the circle if + 1^ + Dx -\- El/ + F = 0. 
Solution, Substituting from (I), we get 

.. ^.— + "" + ^^ + -^'^ 
(it'J + ir^» <J'" + v'^-^ x^ + v^^ 

Haltlplylng by z^ + p'* and dropping primes, 
(3) Fx* -i- Fy'' + Dx + Ey + 1 = 0. 

The locns la a circle (Theorem II, p. 132) unless F = 0, in which case (3) Is an 
equation of the first degree and its locus is a straight line fTheorem II, p. S6) . Hence 

2%e inverne of a cirde i$, in general, a circle, but the inverse of a circle wAicA 
poMet through the origin i* a ttraight line. 
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PROBLEMS 

1. If the origin is the center of inversion, find the inverse of each of the 
following curves. Construct the figure in each case. 

(a) 2x = 1. (g) x2 + y2 + 4x - 6y - 4 = 0. 

(b) 4y = l. (h) 3x-4y = 0. 

(c) X + 1/ - 1 = 0. (i) x2 - y2 = 0. 

(d) x« + y3 - 4x = 0. (j) 4x - 8y = 1. 

(e) x2 4- y^ = 4. (k) x2 + ya + 2y = 0. 

(f) x2 H- y2 - 2x - 4y + 1 = 0. (1) J^ = 4x. 

9. Find the inverse of the points (0, 2), (3, 0), (3, 4), (2, 1), (i, 0), (i, i), 
(a, 0), and (0, b). Plot the given and inverse points. 

8. Prove by (I) that the points on the unit circle are fixed points. 

4. Find the equation of all circles which are unchanged by an inversion 
whose center is the origin. Ans. x^ -\- 1/^ -\- Dx -\- Ey -{- 1 = 0, 

6. Show that the inverse of the center of a circle is not, in general, the 
center of the inverse circle. 

6. Show that the center of the circle obtained in Ex. 2 lies on the perpen- 
dicular drawn from the origin to the given line. 

7. Show that the inverse of a circle whose center is the center of inver- 
sion is a concentric circle. 

125. Inversion of conic sections. In this section we shall discuss several 
curves which are obtained by inverting a conic section. These curves have 
been otherwise defined in Chapter XI. 

Theorem n. TJie inverse of the parabola is the cisaoid if the vertex of t?ie 
parabola is the center of inversion. 

Proof. If the vertex of the parabola is the origin, its equation is 

y^ = 2px. 

Then, from (1), p. 298, 

y^a _ 2px" 

Reducing and dropping primes. 

This is the equation of the cissoid of Diodes 
(problem 10, p. 263). If we replace — by 2 a, 

we obtain the form of the equation usually 
given, namely, 

•(1) x* = y2 (2 a - x). q.e.d. 
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A general dlactuBion (p. 74) gives us the following properties of the 
cisfloid. 

1. The ciBSoid passes through the origin (Theorem YI, p. 73). 

2. It is symmetrical with respect to the X-axis (Theorem V, p. 78). 
8. Its intercepts on both axes are zero (Rule, p. 78). 

4. The cissoid lies entirely between the Z-axis and the line x = 2a. 

For, solying (I) for y, 

If X 1b negatiye, the numerator ii negative and the denominator positiye ; and it x>2a, 
the numerator is positive and the denominator negative. In either case the fraction is 
n^;ative and y is imaginary. 

6. The cissoid recedes indefinitely from the X-axis and approaches the 
line x=2a. 

For as x approaches 2 a the fraction in (2) becomes larger and approaches infinity as a 
limit. 

This may also be seen by transforming (1) to polar oodrdinates, which gives 

P<"2asintftan9 
as the polar equation of the cissoid ; and hence, if9 = -or— }p»ao. 

Theorem m. The inverae of the equilateral hyperbola is the lemniscate if 
the center of inversion i8 the center of the hi/peri>ola. 

Proof The equation of the equilateral hyperbola is (p. 186) 

x« - y« = o». 

The equation of the inyeise 
curve is (by (I), p. 298) 

g^ y^a _ 

{x"^ + y^)« (x^ + /»)» "* ' 

Reducing and dropping primes, 

(x« + y»)a = i(x«-y«). 
a" 

The locus is the lemniscate of 

Bernoulli (problem 1, (g), p. 248, 

and problem 4, p. 262) . Replacing 

— by OE^, we get the form of the equation usually given, namely, 
a* 

(3) (x« + y2)« = a'« (x* - y«). q.b.d. 




A discussion of the equation of the lemniscate in polar coordinates is given in Ex. 2, 
p. 162. From (3) it is evident that the lemniscate is symmetrical with respect to both axes 
and the origin (Theorem V, p. 73). 

In the figure a < 1 and a' >l. If a— a' « 1, the lemniscate will be tangent to the 
hyperbola at its vertices. If a > 1 and a' < 1, the two curves will not intersect. 
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Theorem IV. The inverse of the equilateral huperMa is the strophoid if the 
center of inversion is a vertex of the hyperbola. 

The equation of the equilateral hyperbola, when the origin is the right- 
hand yertez, is 

This to obtained from «• - ys» a* by Betting (Theorem I, p. 160) «« jb' + a, y- y', and 
dropping primee. 



The inverse curve, from (I), p. 298, is 

x'* y^ 



2axf 



(x'" + l^)« (x's + 2^)2 X^ + 1^ 
Reducing and dropping primes, 

«(«« + J^) + ;^(x2 - y«) = 0. 
2a 

The locus of this equation is the 
strophoid (problem 0, p. 262). Repla- 
cing — by a' and solving for y\ we 
2a 

get the form of the equation usually 
given, namely, 

a'H-x 



= 0. 



W 



y9 = X« 



O' — X 



Q.B.D. 




In the figure a'* 2a «1. If a' > land 
2a < 1, the left-hand branch of the hyperbola 

will intersect the loop of the strophoid. If a' < 1 and 2 a > 1, the left-hand branch of the 
hyperbola will not meet the strophoid. 

A general discussion of (4) gives us the following properties of the 
strophoid. 

1. It passes through the origin (Theorem YI, p. 73). 

2. It is symmetrical with respect to the X-axis. 

8. Its intercepts are y = or and x = — a', 0, or 0. Hence it passes 
twice through the origin. 

4. The strophoid lies entirely between the lines x = a^ and x = — a'. 

For, solylng (4) for y, 



(6) 



y»»±« 



^ 



if — 



Va'»-««. 



The quadratic under the radical is negative for values of x not lying between the 
roots (Theorem III, p. 11), and for these values y is imaginary. 

6. The strophoid recedes indefinitely from the JT-axis and approaches the 
line z = af. 



For, from (<S), y becomes Infinite when x approaches o^. 
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Theorem V. The inverse of a conic is a limoQon if the center of inversion is 
a focus of the conic. 

Proof. The equation of a conic whose focus is the origin is (Theorem II, 

p. 178) 

(1 - e2)x2 + y" - 2 e^px - ^ = 0. 

Substituting from (I), p. 298, the equation of the inverse curve is 



(l-c2)x'2 



2^ 



2e2px' 



- - cSp2 = 0. 



Clearing of fractions, transposing, and dropping primes, 

eap2(x2 + y2)2+ 2e^(x2 + y2) = (i_ cS)x» + y«. 

Adding e^s^ to both sides and dividing by e^^, 

p e'p* 

The locus of this equation is the lima^on (problem 11, p. 253). If we set 

— = a and = 6*, we get the form of the equation usually given, namely, 

p e^ 



(6) 



(xa + y' + ax)2 = 62(a;2_|. 



Q.E.I>. 



The lima^on has three distinct forms corresponding to the three forms of conies, 
according as a is less than, equal to, or greater than b. If a<^ 6, the Uma^oa is some- 
times called the eardioid (Ex. 2, p. 158). 




A general discussion of (6) gives us the following properties of the lima^on. 

1. It passes through the origin (Theorem VI, p. 73). 

2. It is symmetrical with respect to the X-axis (Theorem V, p. 73). 

8. Its intercepts are x = 0, 0, — a — 6, and — a + 6 and y = 0, 0, 6, and 
b. Hence the liina9on passes twice through the origin. 
4. The limagon is a closed curve. 

For, transforming to polar coordinates, (6) becomes (Theorem I, p. 165) 

(p« + rip cos e)» = ^*p«. 
Solving for p, /> = 5 - a ooe 0, 

Since - 1 5 cos 9 ^ 1, p cannot become infinite. 
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PROBLEMS 

1. Construct the following conies, find the equations of the inverse curves, 
and discuss and construct their loci. 

(a) y* = X, y2 = 8x, xa = 4 y. 

(b) x2 - y2 = 4^ x« - 2/3 = 1, x^-y^ = iy2xy = 1. 

(c) x» - ya + ^x = 0, x2 - y« + X = 0, x2 - ya + 4x = 0. 

(d) 3x2 + 4ya - 4x = 4, y« - 4x = 16, 8x« - y^ + 16x + 16 = 0. 

2. Find the inverse of the hyperbola Srx^ — ry^ -\- 2x = 0, and discuss its 
properties. ^^ ^^^^ trisectrix of Maclanrin x (x2 + y«) = - (y* - 3 x"). 

8. Prove that the inverse of 

(a) the cissoid is a parabola ; 

(b) the lemniscate is an equilateral hyperbola ; 

(c) the strophoid is an equilateral hyperbola ; 

(djt the lima9on is a conic, if the origin is the center of inversion. 

4. Prove analytically and geometrically that if a curve C inverts into C^, 
then C inverts into C 

6. Show that the inverse of the locus of an equation of the second degree 
is, in general, a curve whose equation is of the fourth degree. In what 
combination of x and y will the terms of the fourth degree enter ? What 
will be the degree If the given locus passes through the origin ? 

126. Angle formed by two circles. If 
radii be drawn to a point of intersection of 
two circles, the angle formed is equal to one 
of the angles formed by the tangents at that 
point, since their sides are respectively per- 
pendicular. That angle is called the angle 
formed by two circles. 

Theorem VI. TJie angle formed by txioo 
intersecting circles 

Ci : x2 + y2 + DiX + £iy + Fi = 
and Ca : x2 + y2 + Djx + ^2y + i^a = 

is given by 

(VI) .-. l>.D, + ^.g,-2J',-2J', 
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Pto(^, By definition 6 equals the angle formed by the radii drawn to a 
point of intersection. Hence from the figure and 17, p. 20, 



(1) 



costf = 



2rira 



where r\ and r% are the radii of C\ and Cs respectively and d is the length of 

the line of centers. By Theorem I, p. 131, 

and the centers of C\ and Cs are respec- 
Hence (by (IV), p. 31) 




Substituting in (1) and reducing, we get (VI). q.b.d. 

Corollary. Ci and Cj are orthogonal if DiD^ + SiE^ -2Fi - 2Ft = 0. 

187. Angles invariant under inversion. 

Theorem VII. TJie angle between two circles is equal to the angle formed by 
the inverse circles. 

Proof. Let the equations of two circles be 

Ci : x2 4- y* + Aa; + ^iV + Fi = 
and C2 : X* + y* + Djx + F^y + 1^2 = 0. 

Then the equations of the inverse circles are respectively [(8), p. 208] 



and 



Ca': xa + y3 + ^x + ^y + A. = 0. 



By Theorem VI the angle formed by Ci and 0% is given by 






cos^ = 



Jri/<2 F\F2 



Fs 



V(|)'-(t)'-^>/(s)'-(f)*-s 



D1D2 + J^i^a - 2 Fi - 2 Fa 



VDi^ + £i2 - 4 Fi VDa2 + E^^ - 4Fa 
= cos ^, 

where is the angle formed by Ci and C%. 

Since ^ and ^ are both less than sr, we therefore have ^ = 9. 



Q.x.n. 



INVERSION 805 

Corollary. The angles formed by two interaecting curves are eqiud to the 
angles formed by the inverse curves. 

For draw two circles respectively tangent to the given curves at a point of inter- 
section. The inverse circles will be tangent to the inverse curves at a point of intersec- 
tion. The angles formed by either pair of curves and the tangent circles are identical, 
and the angles formed by the two pairs of circles are equal. Hence the angles formed 
by the given curves and by the inverse curves are equal. 



PROBLEMS 

1. Find the angles formed by the following pairs of curves and the angles 
formed by the inverse curves, and show that they are equal. 

(a) X -y = 0, x-f2y = 0. 

(b) x-f 3y-2 = 0, x-2y = 0. 

(c) x« -I- y» + 4x - 8y = 0, x^ -f y^ - 4x = 0. 

(d) x2 + y2 _ 4x -I- 12 = 0, a^ + y2 - 8y = 0. 

(e) x2 +y*-6x + 4y = 0, 6x-4y-l = 0. 

8. Show that the circles found in problem 4, p. 209, are orthogonal to the 
circle x^ + y* = 1. 

8. If P and P' are two inverse points, show that all of the circles which 
pass through P and are orthogonal to x^ + y^ = 1 will also pass through P'. 

4. How may problem 3 be used to define an inversion ? 

6. Into what kind of a figure will three lines forming a triangle invert if 
the center of inversion is not on one of these lines ? 

6. Into what kind of a figure will three circles which have a point in 
common invert if that point is the center of inversion ? 

7. Three circles pass through a point and intersect each other in three 
other points. Show that the sum of the angles formed by the circles at 
these three points is two right angles. 

Hint. Invert the figure, using the point common to the three circles as the center of 
inversion. 

8. Three circles pass through the same point. Show how to construct 
four circles tangent to the three given circles. 

jBint. Suppose the required circles constructed. Invert the figure, using the common 
point as the center of inversion and show how to construct the inverse of the required 
circles. Then invert the figure so constructed, using the same center of inversion. 

9. Show that the sign of an angle is changed by an inversion. 
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188. Inyersion of systems of straight lines. 

Theorem VIIL The inverse of a system of parallel lines is a system of tan- 
gent circles vo?iose centers lie on a line perpendicular to the lines of the system. 

Proof. Choose one of the lines of the system for the F-azis. Then the 
equation of the system is x = a, where a is an arbitrary constant. The 



inverse system is therefore (by (I), p. 208) 



X' 



X'2 + y^ 



= a, or, reducing and 













Y 


\ 












jr' 










r' 












X 




dropping primes, x* + y* — x = 0. This is the equation of a system of 

a 

circles whose centers lie on the X-axis and which are tangent to each other 
at the origin (Theorem VIII, p. 144). q.e.d. 

Theorem IZ. The inverse of a system of lines passing through a point is a 
system of circles passing through the origin and through the inverse of that 
point. 

Proof. Let the system of lines be y = mx + &, where b is constant and m 
varies. By Theorem I, p. 298, the inverse of the system is, after reducing 
and dropping primes, 

»* + j^ + ?x-iy = o. 







This is the equation of a system of circles passing through the origin 
(Theorem VI, p. 78) and through ( 0, r ] (Corollary, p. 58), which is the 
inverse of (0, b) through which the lines pass. q.b.d. 
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19B. InTenion of a system of conceBtik ciiclea. 

Theoiem X. The inverse of a *!/gtem of concenlric circles it a tj/stem with 
two limiting poiiils, one at the origin and the other at the interge of the center 
of the concentric cirelet. 

Proof. The equation 
(1) it* + y*-2jSy + /f -t*' = 

represents a system of conceDtric circles if ^ is conaUnt and r varies 
(Theorem U, p. G8}. 



The Inverse of (1) is [(3), p. 208] 



The locos of (2) is a ayslem of circles nith their centers on the F-oxis 
(Corollar)', p. 131). The raditiB of any one ta (Theorem I, p. ISl) 



Hence ^=0 if r = 0, and the locus of (2) is then the point-circle (0, -1' 
which Is the Inveise of (0, ^, the center of (1). If r = is, (2) ttecomes 
a" + »* = 0, whose locos is the origin. Hence the ayatem (2) has two llinlting 
points (p. 144), at the origin and at the Inverae of the center of (1). •j.b.d. 

PS0BLEH8 

1. Why do we not condder the ayatem of tines passing through the origin 
in proving Theorem IX ? 

S. Why do we not take the origin for the center of the a;at«ni of circles 
In proving Theorem X ? 

). Construct a number of linea of the system z — a and the ioTerae circles. 
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6. What Is the Inverse ot a system of tuigeot circles if the point of tmn- 
gency Is the center of iDveraion ? 



srse of a system of circles with two limiting points 
ir ot it 



9. The point Pi{xi, yj) may be regarded as a point-circle whoso equa- 
tion is (z — xi)' + {y — !/])' = 0. Show that the H;stem ot circles repre- 
sented by {x - Zi)> + {y - vi)' + <fc (x* -f ^ — 1) = has two limiting points, 
namely, Pi and the inverse of F|. What is the oatuie of the system if Pi 
lies on the circle X' + jfl = l? 

10. How may problem be used to define an Inversion ? 

130. Orthogonal systems of circles. Two systems of circles are said tolie 
orthogonal if each circle of one Bysiem Is orthogonal (p. 143) to every circle 
of tlio other syslem. The preceding sections enable us U> constract such 
systems with ease. 




Consider two systems ot parallel lines such that the lines of one system 
are perpendicular U) the lines of the other. If we Invert these systems of 
lines, we gel two systems ot tangent circles wh™* centers lie respectively on 
two perpendioalar lines (Theorem VIII, p. 306). Since angles an p 
by Inversion (Corollary, p. 806} these systems are orthogonaL Hence 
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TheoiMn XL Two syttemi of tangent etrelet are ortAogonal If Oiev have the 
tame point of tangtncy atid if Iheir eenien lie on perjtendicular line*. 

It is also evident thftt all of the lines pueiag through the same poiDt P 
Mid all of the circles having the center F intersect orthogonally. The 
Inverse of the system of lines la the system ol circles passing through 



the origin and the inverse of P (Theorem IX, p. 306), and the inverse of 
the system of concentric circles is the HjBtem of circles having the origin 
and the inveise of P as limiting points (Theorem X, p. SOT). Hence 

Thewem zn. Tvio sgalemt of circlet are ortliogonal if all the circlea of one 
si/ttan paa* through two points which are the limiting points oftlie other. 

hiscellahboits problems 

1. Show that the degree of an equaUon is, in general, doubled by an 
Inversion. Will this be true if the terms of the highest degree contiun 
X* + v^ as a factor ? 

S. Constract a linkage consisting of a deformabte rhombus APBP' and 
two bars of equal length OA and OB which are free to rotate about the fixed 
point 0. Show that P an d P* describe inverse curves if is the center of 
inversion and OA* — AP' is the unit of length. 

8. If P IB that point of the rhombus in problem 2 which lies nearest to O, 
then by adding a bar (XP, which Is free to rotate about the fixed point O", 
P will be constrained to move in a circle. How will P* move f This linkage 
is known as PeaacsUlBr's lavsrsar, 

4. Show bow to construct four circles passing through a given point and 
tangent to each of two given circles which do not intersect. 

Aiot. lonrt the flgnre, d*Iii([ the giten point u tbe Mnter of Inversko. 

5. Find the properties of the cissoid, lemnlscate, strophold, cardlold, and 
limafon, which may be obtained from problems 3, i, 6, 6, 9, 10, 12, and 13, 
p. 220, by inversion with a proper center. 

6. Show that the angle which one line makes with a second equals the angle 
between the inverse circles, without using the Corollary on p. 305. 
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181. Pole and polar i^itli respect to a circle. Let Pi (xi, yi) be any point 
and let the equation of a given circle C be 

(1) 3fl-\.y2 = r^. 

The line Xi, whose equation is 

(2) «!» + yiy = r\ 

is called the polar of Pi (xi, yi) with respect to C, and Pi is called the pole of JLi* 

Theorem L T?ie polar of a point on a circle is the tangent to the circle at 
that point. 

The proof follows at once from the definition and from the fact that (2) has the same 
form as the equation of the tangent (Theorem I, p. 212). 

Theorem n. T?ie polar of a point Pi wiVi respect to a circle is perpendicular 
to the line passing through Pi and the cejiter of the circle. 

Proof. The equation of the line passing through Pi and the origin, the 
center of the circle (1), is (Theorem VII, p. 97) 

yiz — xiy = 0. 
This line is perpendicular to (2), the polar of Pi (Corollary III, p. 87). 

Q.E.D. 

Corollary. TJie angle formed by the polars of two points with respect to a 
circle is equal to the angle formed by the lines joining those points to the center 

of the circle. 

Theorem m. The polar of any point of a 
given linepasses through thepoleofthat line. 

Proof. Let Li be the given line and let 
Pi (^u Vi) ^ i^ pole. Then the equation 
of Xi is 

(3) «ix + yiy = r«. 

Let P% (xs, ^2) be any point on Li; then 
(Corollary, p. 53) 

(4) X1X2 + yiVi = r*. 

The equation of the polar L^ of the point 

Psis 

«a» + y2y = f". 
310 
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This line posses through Pi, for if the coordinates of Pi he suhstitnted 
for X and y, we obtain equation (4), which is known to be true. 

CorolUry. The pole cf any line is the point of intersection of the polars of 
any tuto of tte potnte. 

Theorem IV. The pole of any line passing through a given point lies on the 
polar of that point 

Proof. Let Pi (xi, ^i) be the giyen point. Its polar is the line 

(6) Li : Xix + yiy = r«. 

Let P2(xs, yt) be the pole of a line I^ which passes through Pi. The 
equation of £2 is then 

Since Lt passes through Pi we have (Corollary, p. 68) 
(6) asaXi + y^yi = f^. 

Then Pg lies on £1, for when the coordinates of Ps are substituted In (6) 
for X and y, we obtain equation (6), which is known to be true. q.e.d. 

Corollary. The polar of any point is the line passing through the poles of 
any two lines which pass through the given point. 

188. Constmction of poles and polars. 

Construction L To construct the polar of a point P outside of a circle, 
draw the tangents to the circle which pass through P. The line joining the 
points of contact of these tangents is the polar of P. 

Proof. Let Li and L2 be the tan- 
gents to C, and let Pi and P^ be their 
points of tangency. Then the polars 
of Pi and Pa are the lines Xi and Lt 
(Theorem I). Since Li and Xs pass 
through P, the polar of P is the line L 
passing through Pi and Ps (Corollary 
to Theorem IV). q.e.d. 

In like manner the following con- 
structions are proved. 

Construction II. To construct the pole 
of a line L which cuts the circle, draw 
the tangents at the points at which L 
intersects the circle. The point of inter- 
section of these tangents is the pole of L (Corollary to Theorem m). 



/Xt 
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Construction III. To construct the polar of a point P within a circle, 

coiistmct the poles Pi and Ps of 
two lines Xi and L2 passing through 
P (Construction II). The line join- 
ing Pi and Ps is the polar of P 
(Corollary to Theorem IV). 



Construction IV. To construct 
the pole of a line L which does not 
cut the circle, construct the polars 
Li and Xs of two points Pi and Ps 
on L (Construction I). The inter- 
section of Xi and Xs is the pole of 
X (Corollary to Theorem III). 




PROBLEMS 

1. Find the equation of the polar of each of the following points with 
respect to the given circle and construct the figure. 

(a) (3, - 4), x3 + ya = 4. (d) (3, 4), «» + y« = 36. 

(b) (- 1, 2), x2 4. y2 = 25. (e) (6, 0), x^ + y« = 49. 

(c) (7, - 2), x-» + y» = 9. (f) (- 3, 4), x^ + y^ = 25. 

8. Find the pole of each of the following lines with respect to the given 
circle and construct the figure. 

(a) 3x + y = 25, x2 + y2 = 26. 

(b) 3x - 2y = 18, z^ + j/^= 36. 

(c) X - 4y + 8 = 0, x« + y» = 16. 

(d) 2x - y = 64, x^ + y2 = 64. 

(e) X - 3y + 16 = 0, x2 + y« = 16. 

(f) x-3y = 18, x8 + y2 = 9. 

(g) ^x + By + C = 0, x2 + ya = r^. 



Ans. (3, 1). 

Ans. (6, - 4). 

Ans. (- 2, 8). 

Am. (2, -1). 

Ans. (-1, 3). 

Ans. (1, - f). 

An.. (-^, 



J?r8 



~c) 



Hint, l^t Pi(t^, Vt) be the pole of the giyen line and write down the equation of the 
polar of />, with respect to the given circle. From the conditions that this line shall 
coincide with the given line (Theorem III, p. 88) determine Xi and y^. 

3. Find the distance from the origin to the polar of Pi with respect to 
xa + y^ = r^. . r^ 



Ans. 



Vxi2 + 



yi' 



4. By problem 3 show that (a) if Pi approaches the origin its polar recedes 
to infinity; (b) if Pi recedes to infinity its polar approaches the origin. 
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5. By problem 2, (g), show that if a line recedes to infinity its pole 
approaches the origin, and if the line approaches the origin its pole recedes 
to infinity. 

6. Find the pole of the line joining Pi {xi, yi) and P2 (xs, ^2) and prove 
that it is the i>oint of intersection of the polars of Pi and Ps. 

Vxiya - Xiyi xiy^ - xiyx/ 

7. Find the polar of the point of intersection of ^ix + B\y + Ci = and 
^sx + ihv + C2 = and prove that it passes through the poles of these lines. 

Ans, (B1C2 - B2C1) X + (C1A2 - C^Ax) V = (AxB^ - A^Bi) t^. 

8. If the line y — yi = m(x — Xi) revolves about Pi, the locus of its pole 
is the polar of Pi. 

9. The radius of a circle is a mean proportional between the distances 
from its center to any point and to the polar of that point. 



183. Polar reciprocation with respect to a circle. The transformation 
which replaces a given line by its pole with respect to a circle is called a 
polar reciprocation with respect to that circle. Analytically the transforma- 
tion is defined by 

Theorem V. The pole of the line 

Ax + By+C = 
with respect to the circle x^ + y« = »^ 

Ar* Br* 

is the point 



/ AT jsr \ 

\—c — c-y 



Proof, Let Pi (xi, ^i) be the pole of the given line. Then the polar of 
Pi is the line 

aJi^c + yiy — t^ = 0. 



Then, by Theorem III, p. 88, 

-r2 

~ c" 

-Br^ 



/ 



Xi_yi 
A B 



.-. Xi = - -— , yi = 



r 

I 
I 

t 
Q.E.D. \ 



The locus C of the poles of the tangents \ 
to a curve C is called the polar reciprocal 
of C. 
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Tluoraiii VI. If C ii the polar rteiproeat nf a curve C, Oien C ia the polar 
redprocal of C. 



Proitf. Let I and m be 1 




teugent 



tangents to C at L and 1£. Let 11' be tbe 
pole of m and L' of I. Tben L' and if' ar« 
two points on C by definition. 

Let p' be tbe line passing through L' 
and It'. Tben tbe pole of p' is P, the 
point of intersection of 1 and m (CoiolUry 
toTheotem UI, p. Sll). 

Let L' move along C until It comes into 
coincidence with 2r. Then the limiting 
position of p' is the tangent to C at M'. 
But as L' approaches li', I must approach m, 
and the limiting position of P is evidently 
the point M. Hence M Is tbe pole of the 
C is the polar reciprocal of C. ■j.e.d. 



The method of finding tbe eqaaiion of C from that of (7 is Illustrated by 
Ex. 1. Find tbe polar reciprocal ol the parabola j/' = 4x vitb respect to tbe 
circle xf + j/* = i. 

Sotulbm. Let /*! (xi, yi) be any point on the parabola. Tben 

(1) vi»=4a:i. 



Sabstitntingind), 

j^ = ~ix'. 

IhiB is the eqnation of tbe locns of P", that Is, of the polar reciprocal of the 
given paralula. The polar reciprocal Is (becefore a parabola of tbe same ^M, 
turned to the left instead of to the right. 

The method consists in SndlDg Che pole F' of the tangent to the given curve at 
Pi, ezpresalng zi and yi In terms of z" and if', and SDhotitating in tbe giv«n 
equation. 
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PR0BLBM8 

1. Find the polar reciprocal of each of the following circles with respect 
to the circle x^ + y* = 4. 

(a) a5« + y* - *« = 0. Ans. y« + 4x = 4. 

(b) x? + y«-2«-8 = 0. Ana, Sx^ + 4y« +8« - 16 = 0.. 

(c) x« + y*-6x + 6 = 0. Ana. 6x« - 4y« - 24x + 16 = 0. 

8. Find the polar reciprocal of each of the following curves with respect 
to the given circle. 

(a) aJ» -I- 4 y« = 16, x2 + y* = 1. Arts. 16x« + 4 y« = 1. 

(b) y« = 2x - 6, x» + y« = 9. Ans. 6x« - y* - 18x = 0. 

(c) 4x« + y« = 8x, x» + y« = 4. Am, y»+ 2x - 4 = 0. 

3. Verify the answers to problems 1 and 2 by finding the polar recipro- 
cals of the carves given in the answers and applying Theorem VI. 

4. Show that the equilateral hyperbola 2 xy = is transformed into itself 
by a polar reciprocation with respect to the circle x^ + y^ = 9. 

6. Show that the locus of x^ — y^ = a^ is transformed into itself by a polar 
reciprocation with respect to the circle x^ + y' = c^* 

184. Pole and polar with respect to the locus of any equation of the 
second degree. Let Pi(xi, pi) be any point and let any equation of the 
second degree be 

(1) Ax^ + Bxy + Cy« + Dx + ^ + F=0. 

The line Li, whose equation has the same form as the tangent, namely 
(Theorem II, p. 212), 

is called the polar of the point. Pi with respect to the locus of (1). Pi is 
called the pole of Li. 

In what follows we speak always of poles and polars with respect to 
the locus of (1) unless the contrary is stated. The following theorems are 
generalizations of the theorems indicated, and are proved in the same way 
by using (1) and (2) of this section instead of (1) and (2) of section 131, 
p. 810. 

Theorem vn. (Generalization of Theorem I.) TTie polar of a point on the 
locus of (1) is the tangent at that point. 

Theorem VIIL (Generalization of Theorems III and IV.) The polar cfany 
point on a givm, line passes through the pole of that line. Conversdy, the pole 
of any line passing through a given point lies on the polar of that point. 
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Corollary I. The pole of any line is the point of intereeetion cf the polara qf 
any two of its points. 

Corollary n. The polar of any point is the line passing through the poles qf 
any two lines which pass through the given point. 

The constructions on pp. 311 and 312 enable us to conBtract poles and 
polars with respect to (1), for the theoremg by which the constmctions are 
proved have been generalized for the locus of (1). 

A good idea of the direction of the polar of a point with respect to a conic ia 
afforded by 

Theorem IX. The polar of a point Pi with respect to a conic is parallel to the 
tangent to the conic at the point where the diameter through Pi cuts the conic. 

Proof, The proof is separated into two cases according as the conic is a central 
conic or a parabola. 

Casb I. Central conic. If the center is the origin, its equation may be written 

Az^'{-Cy^'{-F=0, 

The equation of the polar of Pi is 

(3) Axix -{■ Cyiy -{■ F = 0, 

Let the diameter through Pi cut the conic at P2. The equation of the tangent 
at P2 is 

(4) Ax2X + Cy2y + F=0. 

Since Pi and Pj are on a line through the origin (Corollary, p. 242), 

and hence the lines (3) and (4) are parallel (Corollary II, p. 87). 

Case II. Parabola. Its equation is y^ = 2px. 
The equation of the polar of Pi is 

(5) yiy = p{x-hxi). 

Let the diameter through Pi cut the parabola at P]. The equation of the 
tangent at Pa is 

(6) y2y=p{x-{-X2). 

Since (Theorem X, p. 242) yi — y^y the lines (5) and (6) are parallel. q.s.i>. 

PROBLEMS 

1. Find the equations of the polars of the following points with respect to 
the given conies and construct the figures. 

(a) (3,4), 9x2-|-4y2-36. (e) (- 1, 3), x» + xy - 6y + 4 = 0. 

(b) (2, - 1), 16x2 - 2/2 = 64. (f) (4^ 5)^ xy + 4x - 6y - 8 = 0. 
(c)(3,6), x2 + 4y = 0. (g> (2, -6), x^H- 2xy + y» + x -y = 0. 
(d) (2, - 4), xy - 16 = 0. (h) (3, 2), 5x« + 6xy + 5ya-12 = 0. 
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8. Find the poles of the following lines with respect to the given conies 
and construct the figures. 

(a) 9x + 4y = 36, 0x« + y^ = 36. Ans. (1, 4). 

(b) 2x - 3y + 4 = 0, y2 = 4x. Ana, (2, - 3). 

(c) X - 2 y = 16, xy = 8. Ans. (- 2, 1). 

(d) 14x + y = 8, 4x« - y« = 16. Ans. (7, - 2). 

(e) 2x - y + 13 = 0, xa + 4y = 16. Ans, (- 4, - 5). 

(f) X + 4 = 0, x« + 4xy + y« + 2x + 4 = 0. Ans. (0, 0). 

(g) llx + 2y + 18 = 0, 17x«-12xy + 8ya-68x + 24y-12 = 0. 

Ans. (0, - 2). 

8. Tangents are drawn from the point (8, 4) to the ellipse x^ + 4 y> = 16. 
Find the equation of the line joining their points of tangency. 

Ans. x + 2y-2 = 0. 

4. Tangents are drawn to the hyperbola 16 x' — y^ = 64 at the points 
of intersection of the hjrperbola and the line 8x + 3y + 32 = 0. Find the 
coordinates of their point of intersection. Ans. (— 1, 6). 

5. How does the polar of a point with respect to a central conic behave 
if the point approaches the center ? if the point recedes to infinity ? 

6. The polar of the focus of any conic with respect to that conic is the 
corresponding directrix. 

7. The polar of any point on the directrix of a conic passes through the 
corresponding focus. 

8. The polars of a point with respect to conjugate hyperbolas are parallel. 

9. The polar of a focus of an ellipse with respect to the major auxiliary 
circle is the corresponding directrix. 

10. What is the locus of a point which lies on its polar with respect to a 
given conic ? 

11. That part of the diameter of a parabola included between any point 
on it and its polar is bisected by the point of contact. 

185. Polar reciprocation with respect to the loons of any equation of the 
second degree. Let 

(1) Ax^ + Bxy + Cy« + Ite + ^y + i^=0 

be any equation of the second degree. Let C be any curve and let C be the 
locus of the poles of the tangents to C with respect to the locus of (1). C is 
called the polar recipxocal of C with respect to (1). 

Theorem X. (Generalization of Theorem VI.) IfC' is the polar reciprocal 
of C with respect to (1), theii C is the polar reciprocal of C\ 

The proof is identical with that of Theorem YI, p. 314. For the theorems on poles 
and polan with respect to a circle^ used in proving that theorem, have been extended to 
the locus of (1). 
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CmtOaty. The pdat reeiproetd itfC isa 
polar$ of the ponUs of C. 

The polar reciprocal of a corre C with respect to (1) maj therefara be 
regpsrded in either one of two ways: 

\, As tbe locos of the poles of the tangents to C. 

t. As the conre wh'/se tangents are the polan of the pcMnts of C. 

In either case tbe fact to be obserred is that to a poimi of one figure corre- 
sponds a straight line of the other figure and vice tena. Tbe transfoimation 
which replaces C by CMs called a polar redpncstiM with respect to (1). 

Analytically the polar reeiprocatUm wWk raped to (1) iM complddy d^imed 
(fy the equatUm 

For, in the first place, tbe locos of (2) gives as at onoe the polar of 

Pi (»i, Vi)' 

In the second place, the pole of any line 

is found from (2) as follows. Let Pi (xi, yi) be the pole of (3). Tben since 
(2) and (3) are the equations of the polar of the same point Pi, their loci 
coincide. Hence (Theorem III, p. 88) 

B D B ^ E D B „ 

Axt + -yi + - -xi + Cyi + - j *^ + I^» + ^ 

These equations can, in general, be solved for Xi and yi (Theorem IV, p. 90). 
The method of finding the equation of the polar reciprocal of a given 
curve C is illustrated in tbe following example. 

Ex. 1. Find the equation of the polar reciprocal of the ellipse 

C:422 + 9ya-l = 
y^ I I — I — I — I — I — I — I — I — with respect to the ellipse 

(4) a;» + 4y« + 2x-0. 

Solution. Let Pi(xi, yi) 
be any point on C Tlien 

(5) 4a!ia + 9yi«-l = 0. 

The equation of the tan- 
gent to'C at Pi is (Theorem 
III, p. 214) 

(6) 42ia: + 9yiy — 1 = 0. 

Let P'(2', yO be the pole 
of (6) with respect to (4). The 
equation of the polar of P' is 

CD (a:'+l)« + 4y'y + aj'=0. 
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Since (6) and (7) have tbe same locus (Theorem 111, p. 88), 

4zi _ 9yi _ — 1 
?+l "" 4p "" a' 
SolTing for zi and yi, we obtain 

g^ + l 41^ 

Snbfititnting in (5), we liave the required equation 

'(-T^)'"(-|?)'->- 

Reducing and dropping primes, we obtain 

27a:a - My« - 18a; - 0= 0, 

whose locus is an hyperbola. 

In the figure three divisions are taken for unity. 

PROBLBMS 

1. Find the polar reciprocal of the first of the following coirefl with 
respect to the second. Construct the figure in each case. 

(a) y« - 4x = 0, x^ + 4y = 0. Ans. xy - 2 = 0. 

(b) x2 + y^ = 1, x* - y3 = 4. Ana, x^ + y* = 16. 

(c) x» + 4y« = 4, 4x2 + ya = 4. Am. 64x2 + y^ = 16. 

(d) x2-4y2 = 16, x« + 4y« = 2x. An8, 16x»-64y«-32x + 16 = 0. 

(e) xy - 4 = 0, x* - y« = 16. Ans. xy + 16 = 0. 

(f) By - x» = 0, xs - y" = 4. Ans. 2x» = 27 y. 

8. Verify the answers to problem 1 by showing that the polar reciprocals 
of the curves in the answers are the given curves. 

8. Show that either of the following carves is unchanged by a polar recip- 
rocation with respect to the other. 

(a) 62x« + a^^ = a^f^, 62x» - aV = a*^. 

(b) Wca _ a«y2 = <»'&', Wc" - aV = - oP^- 

(c) y2 - 2pz = 0, y« + 2px = 0. 

4. If the vertices of one triangle are the poles of the sides of a second 
triangle, then the vertices of the second are the poles of the sides of the first. 

Two triangles such that the vertices of either are the poles of the sides of 
the other are called conjugate triangles. If the vertices of a triangle are the 
poles of the opposite sides, the triangle is said to be self-conjagate. 

6. Show that (2, 1), (4, 4), and (8, 2) are the vertices of a self-conjugate 
triangle with respect to the hyperbola x^ - ys = 4. 

6. Show how to construct a self -conjugate triangle with respect to a given 
conic if one vertex is given. How many may be constructed ? 
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7. Show that if we reciprocate the figure which is given or implied in one 
of the following statements, we obtain the corresponding statement. 



(a) Two points determine the line 
on which they lie. 

(b) Three points on the same line. 

(c) Three points at the vertices of a 
triangle. 

(d) n points at the vertices of a poly- 
gon. 

(e) An infinite number of points 
lying on a curve. 

(f) A line intersecting a curve in n 
points. 

(g) A curve passing twice tlirough 
the same point. 

(h) A conic section. 

(i) A conic may be constructed which 
passes through five given points. 

(j) Two conies intersect in general 
in four points. 



Two lines determine the point in 
which they intersect. 

Tliree lines through the same point. 
Three lines forming a triangle. 

n lines forming the sides of a poly- 
gon. 

An infinite number of lines tangent 
to a curve. 

A point through which pass n lines 
tangent to a curve. 

A curve tangent twice to the same 
line. 

A conic section. 

A conic may be constructed which 
is tangent to five given lines. 

Two conies have in general four 
common tangents. 



186. Polar redpiocation of a circle with respect to a circle. The equar- 
tions of any two circles C and Ci may be put in the forms 

and Ci:x^-^y^-\- Dx + F=0 

by taking the center of C7 as origin and the line of centers of C and Ci as 
the X-axis. We shall now find the polar reciprocal of C with respect to Ci. 
Let Pi (xi, Vi) be any point on C Then (Corollary, p. 53) 

(1) xi^ + yi2 = r2, 

and the equation of the tangent to C at Pi is (Theorem I, p. 212) 

(2) zix + yiy - t^ = 0. 

Let P^{x% y^ be the pole of (2) with respect to Ci ; then the polar of P^ ia 



or 
(8) 



«'* + y'y + D^^-i^ + F = 0, 

(x' + ^)x -\-y'y + ^x' + F=0. 
Shice (2) and (3) have the same locns (Theorem m, p. 88), 

xi _ yi _ - ^ 



x' + :? y 5x' + P 

2 2 
Solving for Xi and yi, we obtain 

r2 (2x^ + 2)) 

Xi = ^^ ■ » Vi = — 

^ JDx' + 2P ^^ 



2fV 



Dx' + 2F 
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Substituting these values in (1), reducing, and dropping primes, we have 
the equation of C% namely, 

C : (4ra - D^z^ + 4fV + 42)(r« - F)x + (r^D^ - 4F«) = 0. 
The discriminant of C is (p. 265) 
e' = 16r3(4ra - D*) (r^D^ - 4 F^) - Ur^D!t{r^ - F)« = - 16r* (D« - 4 F)^. 

As i y/JD^-iF is the radius of Ci (Theorem I, p. 131), it follows that 
6^ is not zero if the radii of C and Ci are not zero. Hence (Theorem I, 
p. 266) 

Theorem XI. The polar reciprocal of the circle C : x^ + y^ = r* loith respect 
to the circle Ci : x^ -\- y^ ■{- Dx '\- F = is the Tion-degenerate conic C whose 
equation is 

(XI) (4r2 - Da)x2 + 4rV + 47)(H - F)x + (r^L^ - 4F^ = 0. 

The nature of the conic C depends upon the sign of 
A' = -4.4»4(4f«-Da). 

It is evident that 



A'<0 if 4f«-2)2>0, or r«> 



4 ' 

A' > if 4r« - D» < 0, or t^ < ^; 

4 

A' = if 4r«-.D« = 0, or f« = ^- 

4 



Hence (Theorem IX, p. 277) 





the conic C is an ellipse if r^ > —- ; 

the conic C is an hyperi)ola if t^ < — ; 

4 

the conic C is a parabola if r^ = — - • 

4 



But — is the square of the distance from the origin to ( — -^ i j « the 
center of Ci (Theorem I, p. 131), and therefore 



the center of Ci is inside of C if r* > — - ; 

4 

D* 

the center of Ci is outside of C if r* < — - ; 

4 



and 



the center of Ci is on C 



4 
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Hence 

Theorem Xn. The polar redprocaX of a circle C toith respect to a circle Ci 
is an eUipse, hyperbola, or parabola according as the center of Ci is inside of, 
outside of, or on the circle C. 

PROBLEMS 

1. Find the polar reciprocal of the circle x* + y^ = 4 with respect to each 
of the following circles and constmct the figure. 

(a) x«H-y«-4x-5 = 0. Ans. 4y«-36x-9 = 0. 

(b) x« + y8 - 2x - 3 = 0. Ans. Sx^ + 4i/« - 14x - 5 = 0. 

(c) x« + y«- 6x = 0. Ans, 5x« - 4ya + 24x - 36 = 0. 

3. Show that the center of C\ (Theorem XI) is a focus of (XI) and that the 
corresponding directrix is the polar of the center of C with respect to C\, 

Hint. Tnuuform (XI) by moTing the origin to the center of C,, find the fooiu and 
directrix by conit>arison with (II), p. 178, and transform to the old coordinates. 

3. If Pi and P2 are two points whose polars with respect to a circle Ci are 

/, U 
Iri and Liy then — = — , where li and l^ are the distances from the center of 

di di 

Ci to Pi and Ps, di is the distance from L^ to Pi, and ds from Li to Pi. 

Hint, The center of Cj may be taken as the origin. Apply (IV), p. 31, and the Bnle, 
p. 106. 

4. Proye Theorem XII and problem 2 by means of problem 3 and the defi- 
nition of a conic (p. 173). 

Hint, Let P^ of problem 3 be the center of C. 

5. The angles which two lines Li and X2 (Fig., p. 311), which are tan- 
gent to a circle C, make with the polar L of their point of intersection 
are evidently equal. If we reciprocate the figure with respect to a circle 
d, what will be the corresponding theorem in the new figure ? 

Hint. The polar reciprocal of C is a conic whose focus is the center of C^ (problem 2). 
To L^ and L^ correspond two points on the conic, and to their points of contact correspond 
the tangents to the conic at these points. To L corresponds the point of intersection of 
these tangents. Draw lines from the focus to the points of contact of the tangents and 
to their point of intersection, and apply the Ck>rollary to Theorem II, p. 310. 

Ans. If two tangents be drawn to a conic, the line joining the focus to 
their point of intersection bisects the angle between the focal radii drawn to 
the point of contact. 
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6. Obtain the following theorems in the right-hand column from those in 
the left-hand by means of a polar reciprocation with respect to a circle. 

(a) Any tangent to a circle is per- The lines from a focus to any point 
pendicolar to the radius drawn to the on a conic and to the point where the 
point of contact. tangent at that point meets the directrix 

are perpendicular. 

(b) The angle formed by two tan- The angle formed by the focal radii 
gents to a circle is bisected by the line of a conic drawn to its points of inter- 
drawn from the center to their point section with any line is bisected by the 
of intersection. line joining the focus to the intersec- 
tion of that line and the directrix. 

(c) The points of intersection of Chords of a conic which subtend 
tangents to a circle which intersect at equal angles at the focus are tangent 
a constant angle lie on a concentric to a conic with the same focus and 
circle. directrix. 

187. Correlations. Any transformation which makes the points of one 
figure correspond to the lines of a second figure is called a correlation. Polar 
reciprocations with respect to conies are the most important correlations. 

A correlation is completely determined when we are able to find 

1. The equation of the line corresponding to a given point. 

2. The coordinates of the point corresponding to a given line. 

We shall now see that a correlation is defined by an equation of the form 

(1) (aixi + 6iyi + ci) sc + {a^i + &iyi + C2) y + (03X1 + h^yi -|- eg) = 0, 

which is of the first degree in x and y and in Xi and yi. 

The locus of (1) is the line corresponding to a given point Pi (xi, yi). 
To find the point corresponding to a given line 

(2) ^x + By + C = 0, 

we suppose that Pi (xi, yi) is the required point. The equation of the line 

corresponding to Pi is (1). Hence (1) and (2) have the same locus and 

therefore 

.ov aiXi -h 6iyi -f ci _ 02X1 + ^2^1 H- C3 __ OsXi + hVi + Cs 

^ ' A " B C ' 

These equations may, in general , be solved for Xi and yi. 

As far as defining the lino corresponding to a giyen point is concerned, the parenthe- 
ses in (1) might be any complicated expressions in x^ and y^. But if the expressions in 
those parentheses were not of the first degree, then the equations (3) would have more 
than one pair of solutions for Xi and y^, and hence there would be more than one point 
corresponding to a given line. 

In general the point Pi will not lie upon the locus of (1). The condition 
that Pi should lie on the locus of (1) is (Corollary, p. 53) 

(aiXi + 6iyi + ci) xi + (a^i + &iyi + Ca) yi + (osXi + ftsVi + «•) = 0, 
or aiXi« + (6i + oi) Xiyi + ftsyi* + (ci + Oa) Xi + (cj + 6s) yi + a« = 0. 
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This is also the condition that Pi shall lie upon the locus of the equation 

(4) ai«« + (61 + a«) «y + 621^^ + (ci + Os) X + (C2 + 63) y + Ot = 0. 

The manner in which the conic sections enter into the theory of correlations 
is thus given by 

Theorem XTTT. The locus of the points which lie upon the lines corresponding 
to ihei7i in the correlation d^Tied by (1) is the conic or degenerate conic whose 
equation is (4). 

It should be noticed that the correlation defined by (1) is noty in general, 
a polar reciprocation in the curve (4), for (1) is not the equation of the polar 
of Pi (xi, yi) with respect to (4). 

Suppose, however, that 61 = as) Ci = 03, and Cs = 69. Then (4) becomes 

(5) aix2 + 2 ogxy + 62^^ + 2 a»x + 2 ftgy + ^8 = 0, 
and (1) becomes 

(aiXi + OiVi + as) X + (02X1 + 62^1 -\-h)y-h (oaXi + 63^1 + Cs) = 0, 
or 

(6) aixix 4- a2 (ViX + Xiy) + hyty + as (x + Xi) + 63 (y + Vi) + Ct = 0. 

The locus of (0) is the polar of Pi (xi, yi) with respect to (5). Hence wo 
have 

Theoiem XIV. Ifbi = a^, Ci = as, and C2 = &«, then the correlation d^ned 
&y (1) i« a polar reciprocation with respect to the locus of (5). 



CHAPTER XVI 

CARTESIAN COORDINATES IN SPACE 

138. Cartesian coordinates. The foundation of Plane Analytic 
Geometry lies in the possibility of determining a point in the 
plane by a pair of real numbers (x, y) (p. 25). The study of 
Solid Analytic Geometry is based on the determination of a point 
in space by a set of three real numbers x, y, and z. This deter- 
mination is accomplished as follows : 

Let there be given three mutually perpendicular planes inter- 
secting in the lines XX\ YT, and ZZ* which will also be mutually 
perpendicular. These three 
planes are called the coordinate 
planes and may be distin- 
guished as the Jl y-plane, the 
yz-plane, and the Z-Y-plane. 
Their lines of intersection 
are called the axes of coordi- 
nates, and the positive direc- 
tions on them are indicated 
by the arrowheads.* The 
point of intersection of the 
coordinate planes is called 
the origin. 

Let P be any point in space and let three planes be drawn 
through P parallel to the coordinate planes and cutting the axes 
at i4, £, and C. Then the three numbers OA = x, OB = y, and 
OC =^z are called the rectangular coordinates of P, 




• XX' and ZZ' are snppofied to be in the plane of the paper, the positlre direction on 
XX' being to the right, that on ZZ* beJng upward. Y Y' Is snppoeed to be perpendicular 
to the plane of the paper, the poBitive direction being in front of the paper, that is, from 
the plane of the paper toward the reader. 

825 
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Any point P in space determines three numbers, the codrdinates 
of P. Conversely, given any three real numbers x, y, and «, a 
point P in space may always be constructed whose co5rdinates 
are x, y, and z. For if we lay off OA = Xy 0B = y, and OC = z, 
and draw planes through A, B, and C parallel to the coordinate 
planes, they will intersect in such a point P. Hence 

Every point determines three real numbers^ and conversely ^ three 
real numbers determine a point. 

The coordinates of P are written (aj, y, «), and the symbol 
P(x, y, z) is to be read, "The point P whose coordinates are 
sc, y, and z^ 

The coordinate planes divide all space into eight parts called 
octants, designated by O-XYZ, 0-X'YZ, etc. The signs of the 
coordinates of a point in any octant may be determined by the 

Rule for signs, 

X is positive or negative according as P lies to the right or left 
of the YZ-plane. 

y is positive or negative according as P lies in front or in back 

of the ZX-plane. 

z is positive or negative according as 
P lies above or below the XY-plane. 

If the coordinate planes are not 
mutually perpendicular, we still have 
an analogous system of coordinates 
called oblique coordinates. In this 
system the coordinates of a point 
^ are its distances from the coordi- 
^ nate planes measured parallel to the 
axes instead of perpendicular to the 
planes. We shall confine ourselves 
to the use of rectangular coordinates. 

Points in space may be conveniently plotted by marking the same scale on XX* 
and ZZ' and a somewhat smaller scale on YY\ Then to plot any point, for example 
(7, 6, 10), we lay oif 0^ = 7 on OX, draw AQ parallel to OF and equal to 6 unitf 
on or, and QP parallel to OZ and equal to 10 units on OZ, 
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PROBLEMS 

1. What are the coordinates of the origin f 

2. Plot the following sets of points. 

(a) (8, 0, 2), (- 3, 4, 7), (0, 0, 6). 

(b) (4, - 3, 6), (- 4, 6, 0), (0, 8, 0). 

(c) (10,3, -4), (-4,0,0), (0,8,4). 

(d) (3, - 4, ~ 8), (- 6, - 6, 4), (8, 6, 0). 

(e) (- 4, - 8, - 6), (3, 0, 7), (6, - 4, 2). 

(f) (-6, 4, -4), (0,-4,6), (9, 7, -2). 

8. Where can a point move ifx = 0? ify = 0?if2 = 0? 

4. Where can a point move if x = and y = 0? ify = and 2 = 0? 
if z = and x = ? 

6. Show that the points (x, y, z) and (— x, y^ z) are symmetrical with 
respect to the FZ-plane ; (x, y, z) and (x, — y, z) with respect to the ZX- 
plane ; (x, y, z) and (x, y, — z) with respect to the ^F-plane. 

6. Show that the points (x, y, z) and (— x, — y^ z) are symmetrical with 
respect to ZZ' ; (x, y, z) and (x, — y, —z) with respect to XX' ; (x, y, z) and 
(— 35, y, —z) with respect to YY' ; (x, y, z) and (- x, — y, —z) with respect 
to the origin. 

7. What is the value of 2 if P (x, y, z) is in the XF-plane ? of x if P is in 
the rZ-plane ? of y if P is in the ZX-plane ? 

8. What are the values of y and z if P (x, y, z) is on the X-axis ? of z and 
X if P is on the F-axis ? of x and y if P is on the Z-azis ? 

9. A rectangular parallelopiped lies in the octant 0-XYZ with three 
faces in the coordinate planes. If its dimensions are a, 6, and c, what are 
the coordinates of its vertices ? 

139. Orthogonal projections. To extend the first theorem of 
projection (p. 30) we define the angle between two directed lines 
in space which do not intersect to te the angle between two 
intersecting directed lines (p. 28) drawn parallel to the given 
lines and having their positive directions agreeing with those of 
the given lines. 

The definitions of the orthogonal projection (p. 29) of a point 
upon a line and of a dii'ected length AB upon a directed line 
hold when the points and lines lie in space instead of in the 
plane. It is evident that the projection of a point upon a line 
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may also be regarded as the point of intersection of the line and 
the plane passed through the point perpendicular to the line. 
As two parallel planes are equidistant, then the projections of a 
directed length AB upon two parallel lines whose positive directiotis 
agree are equal. 

Theorem I. First theorem of projection. If A and B are points 
upon a directed line making an angle of y with a directed line CJD, 
then the 

(I) projection of the length AB upon CI> = AB cos y. 

Proof Draw CD' through A 

parallel to CD. Then by defini- 

D' tion the angle between AB and 

^ CD' equals y. Since CD' and AB 

^ intersect we may apply the first 

theorem of projection in the plane 

(p. 30), and hence the 

projection of the length AB upon CD' = AB cos y. 

Since the projection oi AB on CD equals the projection ot AB 
upon CD' we get (I). q.e.d. 

Theorem IL Second theorem of projection. If each segment of a 
broken line in space be given the direction determined in passing 
carvtinuously from one extremity to the other, then the algebraic 
sum of the projections of the segments upon any directed line equals 
the projection of the closing line. 

The proof given on p. 48 holds whether the broken line lies in the plane or in 
space. 

Corollary I. The projections on the a^xes of coordinates of the 
line joining the origin to any point P are respectively the coordi- 
nates of P, 

For the projection of OP (Fig., p. 326) upon OX equals the sum of the projec- 
tions of OAf A Qf and QP, which are respectively equal to Xf 0, and [by (I)]. 
Similarly for the projections on OTand OZ. 
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Corollary IL Given any two points P^ (x^y y^y z^ and P^ (x^, y^, «j), 

t?t€n 

x^-'X^zs projection of JPi-P, upon XX', 

y% — Vx = projection of JPiP, upon YT\ 

z^ — z^ = projection of -PiJPs ^P^^ ^^^^ 

For if we project P1OP2 and P1P2 upon XX', we have the 
proj. of PiO + proj. of OP2 = proj. of PiPj. 

Bat by Corollary I, 

proj. of PiO = — zu proj. of OPj = x%, 
.'. Zi — xi = proj. of PiPj upon XX\ 

In like manner the other formulas are proved. 

Corollary IIL If the sides of a polygon be given the direction 
established by passing continuously around the perimeter, the sum 
of the projections of the sides upon any directed line is zero, 

PROBLEMS 

1. Find the projections upon each of the axes of the sides of the triangles 
whose vertices are the following points and verify the results by Corollary IIL 

(a) (- 3, 4, - 8), (5, - 6, 4), (8, 6, 0). 

(b) (- 4, - 8, - 6), (8, 0, 7), (6, 4, - 2). 

(c) (10,3, -4), (-4, 0,2), (0,8, 4). 

(d) (-6,4, -4), (0,-4,6), (9,7, -2). 

2. If the projections of P1P2 on the axes are respectively 3, — 2, and 7, 
and if the coordinates of Pi are (— 4, 3, 2), find the co&rdinates of P%. 

Aiis. (-1, 1, 9). 

8. A broken line joins continuously the points (6, 0, 0), (0, 4, 3), (— 4, 0, 0), 
and (0, 0, 8). Find the sum of the projections of the segments and the pro- 
jection of the closing line on (a) the X-axis, (b) the F-axis, (c) the Z-axis, 
and verify the results by Theorem II. Construct the figure. 

4. A broken line joins continuously the points (6, 8, — 3), (0, 0, — 3), 
(0, 0, 6), (- 8, 0, 2), and (- 8, 4, 0). Find the sum of the projections of. 
tl\e segments and the projection of the closing line on (a) the JT-axis, (b) the 
F-axis, (c) the Z-axis, and verify the results by Theorem II. Construct the 
figure. 

6. Find the projections on the axes of the line joining the origin to each 
of the points in problem 1. 
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6. Find the angles between the axes and the line drawn from the origin to 
(a) the point (8, 6, 0). 



Ans, cofiT*-, cog-i-i — 
6 6 2 



(b) the point (2, —1, —2). Am. co8-i-» cos-i( — -j, coff-^f — -V 

7. Find two ezpressions for the projections upon the axes of the line 
drawn from the origin to the point P(x, y^ z) if the length of the line is 
p and the angles between the line and the axes are cr, /3, and 7. 

8. Find the projections of the coordinates of P(x, y^ z) upon the line 
drawn from the origin to P if the angles between that line and the axes 
are a, /3, and 7. Arts, xcoscr, ycos/3, zcosy. 

140. Direction cosines of a line. The angles a, p, and y 
between a directed line and the axes of coordinates are called 
the direction angles of the line. 

If the line does not intersect the axes, then by definition (p. 327) a^ p, and y 
are the angles between the axes and a line drawn through the origin parallel to 
the given line and agreeing with it in direction. 

The cosines of the direction angles of a line are called the 
direction cosines of the line. 

Reversing the direction of a line changes the signs of the direc- 
tion cosines of the line. 

For reversing the direction of a line changes cr, /3, and 7 into (p. 28) sr — cr, 
n — p, and Tt — 7 respectively, and (5, p. 20) cos {je — x) = — cos z. 

Theorem III. If a, p, and y are the direction angles of a line^ then 



(III) 



cos'a + cos*^ + cos* y = 1. 

That is J the sicm of the squares oft he 
direction cosines of a line is unity. 

Proof Let ^-B be a line whose 
direction angles are a, p, and y. 
Through O draw OP parallel to 
A B and let OP = p. By definition 
(p. 327) Z XOP = a, Z YOP=^p, 
Z.ZOP=y. Projecting OP on the 
axes, we get by Corollary I, p. 328, 
and Theorem I, p. 328, 

X = p cos a, y = p cos /?, « = p cos y. 
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Projecting OP and OCQP on OP, we get (Theorems I and II) 

(2) p = a; cos a + ^ cos )3 + « cos y. 

Substituting from (1) in (2) and dividing by p, we obtain 

(HI). Q.,.,>. 

^ » ^^cosa cosfi cosy . 
Corollary. 7j^ = — -C = ^) then 

COSa = => C08tf = — r 

± Va« + 6» + c* ± Va* + 6* + c« 

c 

C08y = — » 

±Va« + 6* + c« 

TAa^ M, if f Ae direction cosines of a line are proportional to three 
numbers, they are respectively equal to these numbers each divided 
by the square root of the sum of their squares. 

For if r denotes the common yalae of the given ratios, then 

(3) COB a = atj cos /3 = br, cos y = cr. 
Sqoaring, adding, and applying (III), 

l = ra(a2 + &» + (i*). 



.'. r = 



± Vas + 68 + c« 
Substitating in (3), we get the yalues of cos a, cos /9, and cos y to be deriyed. 

If a line cuts the XF-plane, it wiU be directed %»pward or dovonward according 
as cos 7 is positive or negative. 

If a line is parallel to the JTY-plane, cos 7 = and it will be directed in front 
or in hack of the ZX-plane according as cos /3 is poeitive or negative. 

If a line is parallel to the X-axis, cos /3 = cos 7 = 0, and its positive direction 
will agree or disagree with that of the X-axis according as cos a = 1 or — 1. 

These considerations enable us to choose the sign of the radical in the Corollary 
so that the positive direction on the line shall be that given in advance. 

141. Lengths. 

Theorem IV. The length I of the line joining two points 



(IV) I = V(x, - X.)" + (y, - y,y + (z, - z,y. 
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Proof. Let the direction angles of the line P^Pt be a, ^, and y. 
Projecting PiP, on the axes, we get, by Theorem I, p. 328, 
and Corollary II, p. 329, 

(1) I cos a = a;, — Xi, I cos fi ^j/t — t/u I cos y = «, — Zi, 



Squaring and adding, 
Z* (cos* a -\- cos* P -h cos* y) = (xj — asj)* -f- (y. 






Applying (III), p. 330, and taking the square root, we get (IV). 

Q.B.D. 

Corollary. The direction cosines of the line drawn from Pi to 
Pj are proportional to the projections of PiP^ on tJie axes. 



For, from (1), 



cos or __ cos/3 _ cos 7 

22 - 21 ~ y2 - yi ~ 2s - z\ 



since each ratio equals ji and the denominators are the projections of P\Pt on 
. the axes (Corollary II, p. 329). 

If we construct a rectangular parallelepiped 
by passing planes through P^ and Ps parallel 
to the coordinate planes, its edges wiU be paral- 
lel to the axes and equal numerically to the 
projections of P\P% upon the axes. P\Pt will 
be a diagonal of this parallelepiped, and henoe 
/ X ^ ^^^ equal the sum of the squares of its 
three dimensions. We have thus a second 
method of deriving (IV). 




PROBLEMS 

1. Find the length and the direction cosines of the line drawn from 

(a) Pi (4, 3, - 2) to P2(- 2, 1, - 5). Ans. 7, - ft, - ?, 

(b) Pi (4, 7, - 2) to Pj(3, 6, - 4). Ans. 3, - J, - J, 

(c) Pi (3, - 8, 6) to Pa (6, - 4, 6). Ans, 5. f , f 0. 



?• 



-f 



S. Find the direction cosines of a line directed upward if they are propor- 
tional to (a) 3, 6, and 2 ; (b) 2, 1, and - 4 ; (c) 1,-2, and 3. 

A / V « I. 2 /ux 2 1 4 . . 1 - 2 3 

Ana. (a) ^ ?, ? ; (b) — , — , _; {c)-— ,-—,-— - 

-V^ -V^ +v^ ^^ V14 V14 
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8. Find the lengths aod direction cosines of the sides of the triangles 
whose vertices are the following points ; then find the projections of the sides 
upon the axes by Theorem I, p. 328, and verify by Corollary III, p. 329. 

(a) (0, 0, 3), (4, 0, 0), (8, 0, 0). 

(b) (3,2,0), (-2, 6, 7), (1,-3, -5). 

(c) (-4,0,6), (8, 2,-1), (2, 4, 6). 

(d) (3, - 3, - 3), (4, 2, 7), (- 1, - 2, - 6). 

4. In what octant (0-XYZy 0-X'YZ^ etc.) will the positive part of 
a line through O lie if 

(a) cos a: > 0, cos/5 > 0, cos 7 > ? (e) cos a < 0, co8/3 > 0, C0S7 > ? 

(b) cosa>0, cos/3>0, cos7<0? (f) cosa:<0, co8/3<0, co87>0? 

(c) cosa>0, co8/3<0, cos7<0? (g) cosa<0, cos/3<0, cos7<0? 

(d) cosa>0, C08/3<0, cos7>0? (h) coBa:<0, co8/3>0, COS7<0? 

6. What is the direction of a line if cos nr = ? cos/3 = ? cos 7 = ? 
cos a = cos/3 = ? CO8/8 = cos 7 = 0? cos 7 = cos a = ? 

6. Find the projection of the line drawn from the origin to Pi (6, — 7, 6) 
upon a line whose direction cosines are f « — f , and ^. Aim. 0. 

IRnt. The projection of OPx on any line equals the projection of a broken line whose 
segments equal the oodrdlnates of P^. 

7. Find the projection of the line drawn from the origin to Pi (xi, ^1, 21) 
upon a line whose direction angles are a, /3, and 7. 

Ar\A, Xi cos a -\- yi cos /3 + 21 cos 7. 

8. Show that the points (- 8, 2, - 7), (2, 2, - 8), and (- 8, 6, - 2) are 
the vertices of an isosceles triangle. 

9. Show that the points (4, 3, - 4), (- 2, 0, - 4), and (- 2, 8, 2) are the 
vertices of an equilateral triangle. 

10. Show that the points (-4, 0, 2), (-1, 3^3, 2), (2, 0, 2), and 
(—1, V3, 2 + 2 Vo) are the vertices of a regular tetraedron. 

11. What does formula (IV) become if Pi and Pa lie in the XF-plane ? 
in a plane parallel to the XF-plane ? 

18. Show that the direction cosines of the lines joining each of the points 
(4, - 8, 6) and (- 2, 4, - 3) to the point (12, - 24, 18) are the same. How 
are the three points situated ? 

18. Show by means of direction cosines that the three points (3, — 2, 7), 
(6, 4, — 2), and (6, 2, 1) lie on a straight line. 

14. What are the direction cosines of a line parallel to the X-axis ? to the 
r-axis ? to the Z-axis ? 
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16. What is the value of one of the direction cosines of a line parallel 
to the XY-plane ? the YZ-plane ? the ZX-plane ? What relation exists 
between the other two? 

16. Show that the point (—1, — 2, — 1) is on the line joining the points 
(4, — 7, 3) and (— 6, 3, — 6) and is equally distant from them. 

It It 

17. If two of the direction angles of a line are •- and - , what is the third ? 



3 



. It 2it 

AnB, —or 

3 3 



18. Find the direction angles of a line which is equally inclined to the 
three coordinate axes. Ans. a = ^ = 7 = cos-i jVs. 

19. Find the length of a line whose projections on the axes are respectively 

(a) 6, - 3, and 2. AiiB. 7. 

(b) 12, 4, and - 3. Ans. 13. 

(c) - 2, - 1, and 2. Ara, 3. 

142. Angle between two directed lines. 

Theorem V. If a, p, y and a\ p\ y' are the direction angles of 
two directed lines, then the angle $ betigeen them is given by 

(Y) C0B$ ssoQsacasa^ + coa ficoa p^ + cos y cos y'. 

Proof. Draw OP and OP' 
parallel to the given lines and 
let OP = p. Then by definition, 
p. 327, 

Z POP' = e. 

Project OP and OABP on 0P\ 
^ Then by Theorem I, p. 328, and 
^ ^ Theorem II, p. 328, 

(1) p cos ^ 

= X cos a'4- y cos )3'+ z cos y\ 

Projecting OP on the axes (Corollary I, p. 328, and Theorem I), 
(2) X = p cos a, y = p.cos py z =: p cos y. 

Substituting in (1) from (2) and dividing by p, we obtain (V). 




CARTESIAN COORDINATES IN SPACE 886 

Theorem VL If a, fiy y and a!, p\ y* are the direction angles of 
two lines^ then the lines are 

{a) parallel and in the same direction* when and only when 

(b) perpendicularly when and only when 

cos a cos a'-l- cos p cos p! + cos y cos y' = 0. 

That is, two lines are parallel and in the same direction when 
and only when their direction angles are equal, and perpendicular 
when and only when the sum of the products of their direction 
cosines is zero. 

Proof The condition for parallelism follows from the fact 
that both lines will be parallel to and agree in direction with the 
same line through the origin when and only when their direction 
angles are equal. 

The condition for perpendicularity follows from (V), for if 
= -^9 then cos ^ = 0, and conversely. q.e.d. 

Corollary. If the directioh cosines of the lines are proportional 
to a, b, c and a\ b', c\ then the conditions for parallelism and 
perpendicularity are respectively 

- = |: = -,, aa'-{- 6*'+ cc'= 0. 
a' b' c' 

143. Point of division. 

Theorem VIL The coordinates (x, y, z) of the point of division 
P on the line joining P\(xi, y^, Zi) and P^ix^, y^, «j) su4:h thxU the 
ratio of the segments is -r* -r* 

PPt 

are given by the formulas 

(VII) a.=^^_^, y^——-, * = ^-^^. 

This is proved as on p. 39. 

* They wiU be parallel and differ in dii^ion irhen and only when the direetion 
angles are supplementary. 

t Two lines in space are said to be perpendicular when the angle between them Is — i 
but the lines do not necessarily intersect. 
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Corollary. The coordinates («, y, z) of the middle point P of the 
line joining Pi{xi, t/u Zi) and Piix^y j/tj z^) are 

«=l(«i + ««)» y = i(yi + ys), « = i(«i + «i)- 

PROBLEMS 

1. 'Find the angle between two lines whose direction cosines are 
respectively 

(a) f, f, -? andf, - ?, f Ans. |. 

(b) J, - 1, i and - ^j, ^, if Ans. CO8-41. 

(c) }t - I, J and f, f, f Ana. co8-i(- A-). 

9. Show that the lines whose direction cosines are f , f, | ; — ^, f , — f ; 
and — f , ^, ^ are mutually perpendicular. 

8. Show that the lines joining the following pairs of points are either 
parallel or perpendicular. 

(a) (8, 2, 7), (1, 4, 6) and (7, - 5, 9), (5, - 3, 8). 

(b) (13, 4, 9), (1, 7, 13) and (7, 16, - 6), (3, 4, - 9). 

. (c) (- 6, 4, - 3), (1, 2, 7) and (8, - 6, 10), (15, - 7, 20). 

4. Find the codrdhiates of the point dividing the line joining the follow- 
ing points in the ratio given. 

(a) (3, 4, 2), (7, - 6, 4), X = J. Ans. (i/, |, j). 

(b) (- 1, 4, - 6), (2, 3, - 7), X = - 3. Ans. (}, J, - ^). 

(c) (8, 4, 2), (3, 9, 6), X = - J. Ans. (V, |, 0). 

(d) (7, 3, 9), (2, 1,2), X = 4. Ans. (3, |, V). 

6. Show that the poinU (7, 3, 4), (1, 0, 6), and (4, 6, -2) are the 
vertices of a right triangle. 

6. Showthatthepointfl(-6,3,2), (3, -2, 4), (5, 7, 3), and (- 13,17,-1) 
are the vertices of a trapezoid. 

7. Show that the points (3, 7, 2), (4, 3, 1), (1, 6, 3), and (2, 2, 2) are the 
vertices of a parallelogram. 

8. Show that the points (6, 7, 3), (3, 11, 1), (0, 3, 4), and (- 3, 7, 2) are 
the vertices of a rectangle. 

9. Show that the points (6, - 6, 0), (3, - 4, 4), (2, - 9, 2), and (- 1, 
— 7, 6) are the vertices of a rhombus. 

10. Show that the points (7, 2, 4), (4, - 4, 2), (9, - 1, 10), and (6, - 7, 8) 
are the vertices of a square. 
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11. Show that each of the following sets of points lies on a straight line, 
and find the ratio of the segments in which the third divides the line joining 
the first to the second. 

(a) (4, 18, 8), (3, 6, 4), and (2,-1, 6). Am, - 2. 

(b) (4, - 6, - 12), (- 2, 4, 6), and (2, - 2, - 6). Ane, J. 

(c) (- 3, 4, 2), (7, - 2, 6), and (2, 1, 4). Ana. 1. 

18. Find the lengths of the medians of the triangle whose vertices are 
the points (8, 4, - 2), (7, 0, 8), and (- 6, 4, 6). Ana, VTl3, V89, 2 V29. 

18. Show that the lines joining the middle points of the opposite sides of 
the quadrilaterals whose vertices are the following points bisect each other. 

(a) (8, 4, 2), (0, 2, 6), (- 8, 2, 4), and (8, 0, -6). 

(b) (0, 0, 9), (2, 6, 8), (- 8, 0, 4), and (0, - 8, 6). 

(C) Pi(Xi, Vu Zi), P%{X2, Vi, Zi), Ps(X8, ys, «8), P^iXiy 2/4, Z4), 

14. Show that the lines joining successively the middle points of the sides 
of any qaadrilateral form a parallelogram. 

15. Find the projection of the line drawn from Pi (8, 2, — 6) to Ps(— 8, 
6, — 4) upon a ]ine directed upward whose direction cosines are proportional 
to 2, 1, and — 2. Ana, 4^. 

16. Find the projection of the line drawn from Pi (6, 8, 2) to P8(4, 2, 0) 
upon the line drawn from Pa (7, — 6, 0) to P4(- 5, — 2, 3). Ana. ||. 

17. Find the coordinates of the point of intersection of the medians of the 
triangle whose vertices are (8, 6, — 2), (7, — 4, 3), and (— 1, 4, — 7). 

Ana, (3, 2, - 2). 

18. Find the coordinates of the point of intersection of the medians of 
the triangle whose vertices are any three points Pi, Ps, and Pg. 

Ana, [J (xi + xj + Xs), i (yi + ^2 + Vsh i {zi + «j + zs)]. 

19. The three lines joining the middle points of the opposite edges of a 
tetraedron pass through the same point and are bisected at that point. 

20. The four lines drawn from the vertices of any tetraedron to the point 
of intersection of the medians of the opposite face meet in a point which 
is three fourths of the distance from each vertex to the opposite face (the 
center of gravity of the tetraedron). 



CHAPTER XVII 

SURFACES, CURVES, AlfD EQUATIONS 

144. Loci in space. In Solid Geometry it is necessary to con- 
sider two kinds of loci : 

1. The locus of a point in space which satisfies one given con- 
dition is, in general, a surface. 

Thus the locus of a point at a given distance from a fixed point is a sphere, 
and the locus of a point equidistant from two fixed points is the plane which is 
perpendicular to the line joining the given points at its middle point. 

2. The locus of a point in space which satisfies ttoo conditions * 

is, in general, a curve. For the locus of a point which satisfies 

either condition is a surface, and hence the points which satisfy 

both conditions lie on two surfaces, that is, on their curve of 

intersection. 

Thus the locus of a point which is at a g^ven distances r from a fixed point Pi 
and is equally distant from two fixed points P2 and Ps is the circle in which the 
sphere whose center is Pi and whose radius is r intersects the plane which is 
perpendicular to PsPs ftt its middle point. 

These two kinds of loci must be carefully distinguished. 

145. Equation of a surface. First fundamental problem. If 

any point P which lies on a given surface be given the coordinates 
(x, y, z)y then the condition which defines the surface as a locus 
will lead to an equation involving the variables x, y, and z. 

The equation of a surface is an equation in the variables a;, y, 
and z representing coordinates such that : 

1. The coordinates of every point on the surface will satisfy 
the equation. 

2. Every point whose co5rdinates satisfy the equation will lie 
upon the surface. 

• The number of oonditions must be counted carefully. Thus if a point is to be equi- 
distant from three fixed poinU />„ P„ and P,, it satisfies ttoo conditions, namely, of being 
equidistant from P, and P, and from P, and P,. 

338 
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If the surface is defined as the locus of a point satisfying one 
condition^ its equation may be found in many cases by a Rule 
analogous to that on p. 53. 

Ex. 1. Find the equation of the locus of a point whose distance from 
Pi {3, 0, - 2) is 4. 

Solution, Let P(x, y, z) be any point on the locus. The given condition 
may be written p p _ . 

By (IV), p. 831, PiP = V(x - 3)2 + y2 + (2 + 2)«. 



/. V(a; - 8)2 + ya 4- (2 + 2)^ = 4. 

Simplifying, we obtain as the required equation 

x2 + y2 + 22-6x + 42;-3 = 0. 

That this is indeed the equation of the locus should be verified as in Ex. 1, 
p. 62, and Ex. 1, p. 53. 

PROBLEMS 

1. Find the equation of the locus of a point which is 

(a) 3 units above the XF-plane. 

(b) 4 units to the right of the FZ-plane. 

(c) 5 units below the XF-plane. 

(d) 10 units back of the ZX-plane. 

(e) 7 units to the left of the FZ-plane. 

(f) 2 units in front of the ZX-plane. 

2. Find the equation of the plane which is parallel to 

(a) the XF-plane and 4 units above it. 

(b) the XF-plane and 6 units below it. 

(c) the ZX-plane and 8 units in front of it. 

(d) the FZ-plane and 7 units to the left* of it. 

(e) the ZX-plane and 2 units back of it. 

(f) the rZ-plane and 4 units to the right of it. 

8. Find the equation of the sphere whose center is the point 

(a) (8, 0, 4) and whose radius is 6. 

Arts. x2 + y^ + «* - 6x - 8« = 0. 

(b) (— 8, 2, 1) and whose radius is 4. 

Ana, a^ + y«+«« + 6x-4y-2«-2 = 0. 

(c) (6, 4, 0) and whose radius is 7. 

Am, a52 + y« + ««-12a;-8y + 8 = 0. 

(d) (a, /9, y) and whose radius is r. 

Ana. aj2 + y2 + ««-2aa;-2/9y-2 72 + a* + /3' + 'y*-r« = 
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4. What are the equationa of the co5rdinate planes ? 

5. What is the form of the equation of a plane which is parallel to the 
JTY-plane? the YZ-plane? the Z JT-plane ? 

6. Find the equation of the locus of a point which is equally distant from 
the points 

(a) (8, 2, - 1) and (4, - 8, 0). An». 2x -lOy + 2* -11 = 0. 

(b) (4, - 3, 6) and (2, - 4, 2). Ara. 4x + 2y + 8z - 37 = 0. 

(c) (1, 3, 2) and (4, - 1, 1). Ana. 3x-4y-«-2 = 0. 

(d) (4, -6, -8) and (-2, 7, 9). Ans. 6x -13y -172 + 9 = 0. 

7. Find the equations of the six planes drawn through the middle points 
of the edges of the tetraedron whose vertices are the points (5, 4, 0), 
(2, — 6, — 4), (1, 7, — 5), and (—4, 8, 4) which are perpendicular to the 
edges, and show that they all pass through the point (—1, 1, — 2). 

8. What are the equations of the faces of the rectangular parallelopiped 
which has one vertex at the origin, three edges lying along the coordinate 
axes, and one vertex at the point (3, 6, 7) ? 

9. Find the equation of the sphere whose center is the point (6, 2, 3) 
which passes through the origin. Ana. x^ + y^ + z*- 12x — 4y — 6« = 0. 

10. Find the equation of the locus of a point which is three times as far 
from the point (2, 6, 8) as from (4, — 2, 4) and determine the nature of the 
locus by comparison with the answer to problem 3, (d). 

11. Find the equation of the locus of a point the sum of the squares of 
whose distances from (1, 3, — 2) and (6, — 4, 2) is 60 and determine the 
nature of the locus by comparison with the answer to problem 3, (d). 

146. Planes parallel to the coordinate planes. We may easily 
prove 

Theorem L The eqiuition of a plane which is 

parallel to the XY-plane has the form z = constant; 
parallel to the YZ-plane has the form x = constant; 
parallel to the ZX-plane has the form y = constant. 

147. Equations of a curve. First fundamental problem. If 

any point P which lies on a given curve be given the coordinates 
(x, y, z), then the two conditions which define the curve as a 
locus will lead to two equations involving the variables x, y, 
and z. 
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The equations of a curve are two equations in the variables 
X, y, and z representing coordinates such that: 

1. The coordinates of every point on the curve will satisfy 
both equations. 

2. Every point whose coordinates satisfy both equations will 
lie on the curve. 

If the curve is defined as the locus of a point satisfying two 
conditions, the equations of the surfaces defined by each condi- 
tion separately may be found in many cases by a Rule analogous 
to that on p. 63. These equations will be the equations of the curve. 

Ex. 1. Find the equations of the locus of a point whose distance from 
the origin is 4 and which is equally distant from the points Pi (8, 0, 0) and 
i*« (0,8,0). ^^ 

Solvtian. First step. Let P(x, y, z) 
be any point on the locus. 

Second step. The given conditions are 

(1) P0 = 4, PPi = PPj. 

Third step. By (IV), p. 831, 
PO = Vx2 + ya + 2^ 
PPi = V(x - 8)« + y^ + 2' , 
PPi = Vx2 + (y - 8)2 + z«. 
Substituting in (1), we get 




Vx2 + y2 + ;g2 = 4, V(x - 8)« + y« + 2« = Va? + (y - 8)« + z*. 
Squaring and reducing, we have the required equations, namely, 

xs + y2 + z2 = 16, X - y = 0. 
These equations should be verified as in Ex. 1, p. 52. 

Ex. 2. Find the equations of the circle lying in the XF-plane whose center 
is the origin and whose radius is 6. 

Solution. In Plane Geometry the equation of the circle is (Corollary, p. 68) 
(2) x2 4- y' = 25. 

Regarded as a problem in Solid Geometry we must have two equations 
which the coordinates of any point P (x, y, z) which lies on the circle must 
satisfy. Since P lies in the XF-plane, 
(8) « = 0. 

Hence equations (2) and (3) together express that the point P lies in the 
JTF-plane and on the given circle. The equations of the circle are therefore 

x« + y« = 25, « = 0. 
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The reasoning in Ex. 2 is general. Hence 

If the equation of a curve in the XY-plane is known, then the 
eqtuUions of that curve regarded as a curve in space are the given 
equation and z = 0. 

An analogous statement evidently applies to the equations of a 
curve lying in one of the other coordinate planes. 
From Theorem I, p. 340, we have at once 

Theorem 11. The equations of a line which is parallel to 

the X-axis have the form y = constancy z = constant; 
the Y-a^is have the form z = constant, x = constant; 
th^ Z-axis have the form x = constant, y = constant. 

PROBLEMS 

1. Find the equations of the locus of a point which is 

(a) 3 units above the XF-plane and 4 units to the right of the FZ-plane. 

(b) 5 units to the left of the FZ-plane and 2 units in front of the ZX-plane. 

(c) 4 units back of the ZX-plane and 7 units to the left of the FZ-plane. 

(d) units below the XF-pIane and 4 units to the right of the YZ-plane. 

8. Find the equations of the straight line which is 

(a) 6 units above the XF-plane and 2 units in front of the ZX-plane. 

(b) 2 units to the left of the FZ-plane and 8 units below the XF-plane. 

(c) 3 units to the right of the FZ-plane and 5 units from the Z-axis. 

(d) 13 units from the X-axis and 5 units back of the ZX-plane. 

(e) parallel to the F-axis and passing through (3, 7, — 6). 

(f) parallel to the Z-axis and passing through (—4, 7, 6). 

8. Find the equations of the locus of a point which is 

(a) 5 unita above the XF-plane and 3 units from (3, 7, 1). 

Ans. 2 = 5, x2 + ya -}- «« - 6x - 14y - 2z -I- 50 =0. 

(b) 2 units from (3, 7, 6) and 4 units from (2, 5, 4). 

Ans. x24.ya_|.22_6a;_i4y_i2z + 90 = 0, 
x2 + 2/2 -}-z2_4x_i0y-8z+ 29 = 0. 

(c) 5 units from the origin and equidistant from (3, 7, 2) and ( -3, - 7, — 2). 

Ans. x«-h 2/2 + 2* -25 = 0, 3aj + 7y + 22 = 0. 

(d) equidistant from (3, 5, — 4) and (— 7, 1, 6), and also from (4, — 6, 3) 
and(~2, 8, 5). Ans. 5x -h 2y - 52 -f- 11 =0, 3x - 7y - 2 + 8 = 0. 

(e) equidistant from (2, 3, 7), (3, - 4, 6), and (4, 3, - 2). 

Ans. 2x-14y-22-hl = 0, a;+7y-82 + 16 = 0. 
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4 . What are the equations of the edges of a rectangular parallelopii>ed whose 
dimensions are a, 6, and c, if three of its faces coincide with the coordinate 
planes and one vertex lies in 0-J[YZ ? in O^XY'Z ? in 0-X'Y'Z ? 

5. What are the equations of the axes of coordinates ? 

6. The following equations are the equations of curves lying in one of the 
coordinate planes. What are the equations of the same curves regarded as 
curves in space ? 

(a)y« = 4x. (e) «2_|. 4j;4-6x = 0. 

(b) a;2 + z2 = 16. (f) y^ _ «« - 4y = 0. 

(c) 8x« -y^ = Qi. (g) yz* + «^ - 6y = 0. 

(d) 4za+0y* = 36. (h) ««- 4x8 + 8z = 0. 

7. Find the equations of the locus of a point which is equally distant from 
the points (6, 4, 3) and (6, 4, 0), and also from (- 6/8, 3) and (- 6, 0, 3), and 
determine the nature of the locus. Ana. z = Q, y = 4. 

8. Find the equations of the locus of a point which is equally distant from 
the points (3, 7, — 4), (— 6, 7, — 4), and (— 5, 1, — 4), and determine the 
nature of the locus. Am. x = — 1, y = 4. 

148. Locus of one equation. Second fundamental problem. 
The locus of one equation in three yai'iables (one or two may be 
lacking) representing coordinates in space is the surface passing 
through all points whose coordinates satisfy that equation and 
through such points only. 

The coordinates of points on the surface may be obtained as follows: 

Solve the eqaation for one of the variables, say z, assume pairs of values of 

z and y, and compute the corresponding values of z. 

A rough model of the surface might then be constructed by taking a thin board 

for the XF-plane, sticking needles into it at the assumed points (z, y) whose 

lengths are the computed values of z, and stretching a sheet of rubber over their 

extremities. 

The second fundamental problem, namely, of constructing the 
locus, is usually discarded in space on account of the mechanical 
difl^culties involved. 

149. Locus of two equations. Second fundamental problem. 
The locus of two equations in three variables representing coor- 
dinates in space is the curve passing through all points whose 
coordinates satisfy both equations and through such points only. 

The coordinates of points on the cnrve may be obtained as follows : 
Solve the equations for two of the variables, say z and y, in terms of the thiidf 
z, assume values for z, and compute the corresponding values of z and y. 
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150. Discussion of the equations of a curve. Third funda- 
mental problem. The discussion of curves in Elementary Ana- 
lytic Geometry is largely confined to curves which lie entirely in 
a plane which is usually parallel to one of the coordinate planes. 
Such a curve is defined as the intersection of a given surface 
with a plane parallel to one of the coordinate planes. The method 
of determining its nature is illustrated in 

Ex. 1. Determine the nature of the curve in which the plane z = 4 inter- 
sects the surface whose equation is ^^ + 2^ = 4 x. 

Solution. The equations of the curve are, by definition, 
(1). y2 + 2:2 = 4«, z = 4. 

Eliminate z by substituting from the second equation in the first This gives 
(2) y«-4x + 16 = 0, z = 4. 

Equations (2) are also the equations of the curve. 

For every set of values of (x, y, z) which sfttisfj both of equations (1) wlU evidently 
satisfy both of equations (2), and conversely. 
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If we take as axes in the plane 2 = 4 the lines (/X' and O'F' in which the 
plane cuts the ZX- and FZ-planes, then the equation of the curve when 
referred to these axes is the first of equations (2), namely, 

(3) y2_4x + i6 = 0. 

For the second of equations (2) is satisfied by all points in the plane of X^, O', and T't 
and the first of equations (2) is satisfied by the points in that plane lying on the curve (3), 
because the values of the first two coordinates of a point are evidently the same when 
referred to the axes (yx^, (y Y% and (yz as when referred to the axes OX, O Y, and OZ, 

The locus of (8) is a parabola (Rule, p. 107) whose vertex, in the plane 
« = 4, is the point (4, 0) for which p = 2. 
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The method employed in Ex. 1 enables us to state the 

Role to determine the nature of the curve in which a plane jpar- 
allel to one of the coordinate planes cuts a given surface. 

First step. Eliminate tlie variable occurring in the equ^ation of 
the plane from the equations of the plane and surface. The result 
is the equation of the curve referred to the lines in which the given 
plane cuts the other two coordinate planes a^ axes. 

Second step. Determine the nature of the curve obtained in the 
second step hy the methods of Plane Analytic Geometry. 

PROBLEMS 

1. Determine the nature of the following curves and construct their loci. 

(a) x» - 4y« = 8z, 2 = 8. (e) «« + 4y« + 92{» = 36, y = 1. 

(b) x2 + 9y« = 9««, « = 2. (f) x^ _ 4^2 + ^a = 26, x = - 3. 

(c) x«-4y2 = 42j, y = -2. (g) x^- y2-4a;2 + 6x = 0, x = 2. 

(d) x« + y2 + «* = 26, X = 3. (h) y^ + «« - 4x + 8 = 0, y = 4. 

S. Construct the curves in which each of the following surfaces intersect 
the coordinate planes. 

(a) x2 + 4y« + 162;« = 64. (d) x^ + 9y« = lOz. 

(b) x^ + 4 y« - 16z« = 64. (e) x« - 9y2 = 10 «. 

(c) xa - 4y« - 16z« = 64. (f) x* + 4y« - IQz^ = 0. 

8. Show that the curves of intersection of each of the surfaces in problem 
2 with a system of planes parallel to one of the coordinate planes are similar 
conies. In what cases must this statement be modified ? 

4. Determine the nature of the intersection of the surface x^+y'+42;^=64 
with the plane z = ft. How does the curve change as k increases from 
to 4 ? from — 4 to ? What idea of the appearance of the surface is thus 
obtained ? 

5. Determine the nature of the intersection of the surface 4x — 2y = 4 
with the plane y = fc ; with the plane z^k'. How does the intersection 
cliange MkoTk" changes ? What idea of the form of the surface is obtained ? 

151. Discussion of the equation of a surface. Third funda- 
mental problem. 

Theorem m. I7ie locus of an algebraic equation passes through 
the origin if there is no constant term in the equation. 

The proof is aiial<^i]8 to that of Theorem YI, p. 73. 
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Theorem IT. If the locus of an eqttation is unaffected by cliang- 
ing the sign of one variable throughout its equation, then the locus 
is symmetrical with respect to the coordinate plane from which that 
variable is measured. 

If the locus is unaffected by changing the signs of two variables 
throughout its equation, it is symmetrical with respect to the oitis 
along which the third variable is measured. 

If the locus is unaffected by changing the signs of all three variables 
throughout its equation^ it is symjnetrical with reject to the origin. 

The proof is analogous to that of Theorem IV, p. 72. 

Rule to find the intercepts of a surface on the axes of coordinaies. 
Set each pair of variables equal to zero and solve for real values 
of the third. 

The curves in which a surface intersects the co5rdinate planes 
are called its traces on the coordinate planes. From the first 
step of the Kule, p. 345, it is seen that 

The equations of the traces of a surface are obtained by succes- 
sively setting x = 0, y = 0, and z = in the equation of the surface. 

By these means we can determine some properties of the surface. 
The general appearance of a surface is determined by considering 
the curves in which it is cut by a system of planes parallel to each 
of the coordinate planes (Eule, p. 345). This also enables us to 

determine whether the sur- 
face is closed or recedes to 
infinity. 

Ex. 1. Discuss the locus of 
the equation ^ + z' = 4 z. 

Solution. 1. The surface 
passes through the origin since 
there is no constant term in 
its equation. 

2. The surface is sym- 
metrical with respect to the 
XF-plane, the ZX-plane, and 
the X-axis. 

For the locus of the given equation is unaffected by changing the sign of z, of y, or of 
both together. 
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3. It cuts the axes at the origin only. 

4. Its traces are respectively the point-circle y^ + z^ = and the parabolas 
«* = 4xandy2 = 4x. 

5. It intersects the plane x = kin the corye (Rule, p. 845) 

. y^ + g^ = 4k. 

This curve is a circle whose center is the origin, that is, is on th^ X-axis, 
and whose radius is 2 V^ if A; > 0, but there is no locus if k<0. Hence the 
surface lies entirely to the right of the FZ-plane. 

If k increases from zero to infinity, the radius of the circle increases from 
zero to infinity while the plane x = A; recedes from the FZ-plane. 

The intersection of a plane 2;=A: or ^= A:^, parallel to the XF- or ZX-plane, 
is seen (Rule, p. 345) to be a parabola whose equation is (compare Ex. 1, p. 344) 

ya = 4ic-Jfc2 or z^ = 4x-k^. 

These parabolas are found to have the same value of p, namely, p = 2, 
and their vertices recede from the TZ- or ZX-plane as A; or A:' increases 
numerically. 

PROBLEMS 

1. Discuss the loci of the following equations. 

(a) a;a + «2 = 4x. (f) x^ + ya - z« = 0. 

(b) xa + y« + 4z2 = 16. (g) x^ - y« - 2» = 9. 

(c) aJ2 + y2 - 4 z2 = 16. (h) x2 + y2 - 22 _|. 2xy = 0. 

(d) 6x + 4^ + 32 = 12. (i) x-^y-6z = e, 

(e) 3x + 2y + 2 = 12. (j) y^ + z^ = 25. 

8. Show that the locus of Ax + -By + Cz + D = is a plane by considering 
its traces on the coordinate planes and the sections made by a system of 
planes parallel to one of the coordinate planes. 

8. Find the equation of the locus of a point which is equally distant from 
the point (2, 0, 0) and the FZ-plane and discuss the locus. 

Ana. ya + 2*-4x + 4 = 0. 

4. Find the equation of the locus of a point whose distance from the 
point (0, 0, 3) is twice its distance from the XF-plane and discuss the locus. 

Ans. x2 + y3-32«-6z + = 0. 

6. Find the equation of the locus of a point whose distance from the point 
(0, 4, 0) is three fifths its distance from the ZX-plane and discuss the locus. 

An8, 25x« + 16y« + 26z»-200y + 400 = 0. 
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CHAPTER XVIII 

THE PLANE AND THE GENERAL EQUATION OF THE 
FIRST DEGREE IN THREE VARIABLES 

152. The normal form of the equation of the plane. Let 

ABC be any plane, and let ON be drawn from the origin per- 
pendicular to ABC at D. Let the positive direction an ON be 
from toward N, that is, from the origin toward the plane, and 




denote the directed length OD by p and the direction angles of 
ON (p. 330) by a, fi, and y. Then the position of any plane 
is determined by given positive values of p, a, p, and y. 

Conversely, a given plane determines a single set of positive values of p, a, p, 
and 7 unless p = 0. If p = 0, the positive direction on OX becomes meaningless. 
X^p = 0, we shall suppose that ON is directed upward, and hence cos 7 > since 

7 ^ X ' If the plane passes through OZ^ then ON lies in the XF-plane and 

It 
cos 7 = 0; in this case we shall suppose ON so directed that fi<-r and hence 

cos /3 > 0. Finally, if the plane coincides with the FZ-plane, the positive direction 
on ON shall be that on OX. 

S48 
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Theorem L Normal form. The equation of a plane is 

(I) socMa + ycMp + zcoBY^P — ^y 

where p is the perpendicular distance from the origin to the plane, 
and a, fi, and y are the direction cosines of thai perpendicular. 

Proof Let P{Xy y, z) be any point on the given plane ABC. 
Project OEFP and OP on the line ON. By Theorem II, p. 328, 

proj. of OE -f proj. of EF -h proj. of FP = proj. of OP. 

Then by Theorem I, p. 328, and by the definition, p. 29, 

X cos a-^-y cos )8 4- « cos y=p- 

Transposing, we obtain (I). q.b.d. 

Corollary. The equation of any plane is of the first degree in 
X, y, and z. 

153. The general equation of the first degree, Aay + By + Cz 

+ i> = o. 

Theorem XL (Converse of the Corollary.) The locus of the gen- 
eral equation of the first degree in x, y, and z, 

(II) Ax + By+Cz + n^Of 

m 

is a plane. 

Proof We shall prove the theorem by showing that (II) may 
be reduced to the form (I) by multiplying by a proper constant. 
To determine this constant, multiply (II) by k, which gives 

(1) kAx + kBy -f kCz -f A;Z) = 0. 

Equating cori^esponding coefficients of (1) and (I), we get 

(2) kA = cos or, kB = cos fi, kC — cos y, kD=i — p. 

Squaring the first three of equations (2) and adding, 

k^{A^ + 5^ -I- C^ = cos^a -f C0S»j8 + cos'y = 1. 

(by (III), p. 330) 

(3) /. k = . ^ 
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From the last of equations (2) we see that the sign of the 
radical must be opposite to that of D in order that p shall be 
positive. 

If i> = 0, thoD |> = 0; and from the third of eqaations (2) the sign of the radical 
mast be the smne as that of C, siuce when p = cos 7 > 0. If D = and C = 0, 
then p = and cos 7 = 0; and from the second of equations (2) the sign of the radical 
must be the aattie as that of B, since when p = and cos 7 = cos ^ > 0. 

Substituting from (3) in (2), we get 
cos oc = t cos p = 



(4) 



C -D 

cos r = — -7====== > p = 



We have thus determined values of a, fi, y, and p such that (I) 
and (II) have the same locus. Hence the locus of (II) is a 
plane. q.k.d. 

Corollary I. The direction cosines of a normal to the plane (II) 
are respectively A^ B, and C each divided by ± V^* -+- jB^ -|- C\ 
The sign of the radical is opposite to that of D, the same as that of 
C if D = Of the same as that of B if C = D =^ 0, or the same as 
that of A ifB = C = D = 0. 

Corollary U. To reduce the equation of a plane to the normal 
form divide its equation by ± '\A^ + iJ^ -f- C*, choosing the sign of 
the radical 03 in Corollary I. 

Corollary m. Two planes whose equations are 

Az-\-By'\-.Cz-\'D = 0, A'x -{- B'y -\- C'z -^ D' = 

are parallel when and only when the coefficients ofx, y, and z are 
proportional, that is, 

T'^^B'^ ~C'' 

For from Corollary I the direction cosines of a normal to (II) are proportional 
to Af Bf and C, and two planes are evidently parallel when and only when their 
normals are parallel (Corollary , p. 336). 

Corollary IV. Two planes are perpendicular when and only when 

AA'-hBB' ^ CC' = 0. 

This follows from Corollary I by the Corollary on p. 335, since two planes are 
perpendicular when and only when their normals are perpendicular. 
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Corollary V. A plane whose equation has the form 

Ax -^ By -{• D = is perpendicular to the XY-plane; 
By -{- Cz -{- D =z is perpendicular to t?te YZ-plane; 
Ax-\- Cz + D =^ is perpendicular to the ZX-plane. 

That is, if one variable is la^kiny, the plane is perpendicular to 
the coordinate plane corresponding to the two variables which occur 
in the equation. 

For these planes are respectiyely perpendicular to the planes je = 0, « = 0» and 
y = by Corollary IV. 

Corollary VI. A plane whose equation has the form 

Ax-^ D = is perpendicular to the axis ofx; 
By 4- ^ = is perpendicular to the axis of y; 
Cz -\- D == is perpendicular to the axis of z. 

That is, if two variables are lacking, the plane is perpendicular to 
the axis corresponding to the variable which occurs dn the equation. 

For by Corollary I two of the direction cosines of the normal to the plane are 
zero and hence the normal is parallel to one of the axes and the plane is therefore 
perpendicular to that axis. 

PROBLEMS 

1. Find the intercepts on the axes and the traces on the coordinate planes 
of each of the following planes and construct the figures. 

(a) 2x + 3y + 4« - 24 = 0. (e) 5x - 7y - 36 = 0. 

(b) Tx-Sy + z -21 = 0. (f) 4a; + 82 + 36 = 0. 

(c) Ox - 7y - 9« + 63 = a (g) 5y - 8« - 40 = 0. 

(d) 6x + 4y - « + 12 = 0. (h) 3x + 6« + 45 = 0. 

8. Find the equations of the planes and construct them by drawing their 
traces, for which 

(a) a = *,/3 = -i 7 = -» 1> = 6. Ana. V2x + y + 2 - 12 = 0. 

4 3 8 

(b) a=— ,/3 = — ,7 = -,p = 8. Ans. x + V2y - 2 + 16 = 0. 

3 4 8 

. . cos a cos/3 cos 7 . . . 0,0 00 /^ 

(c) = - = i,p = 4. Ans. 6x — 2y + 3« — 28 = 0, 

^'6-23 

... cos a C08/5 cos 7 rt . o . , o I fl A 

(d) = — - = ,0 = 2. Ans. 2x + y + 2« + 6 = 0. 

^ ' -2 -1 -2 
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3. FiDd the equation of the plane such that the foot of the perpendicular 
from the origin to the plane is the point 

(a) (- 8, 2, 6). Ans. 3x - 2y - 6z + 49 = 0. 

(b) (4, 3, - 12). Ans, 4x + 3y - 12z - 169 = 0. 

(c) (2,2,-1). Ans. 2x + 2y-«-9 = 0. 

4. Reduce the following equations to the normal form and find a, /S, 7, 
and p. 

(a) 6x-3y + 22-7 = 0. Ans. cos-if, cos-^- ?), cos-^f, 1. 

(b) x-V2y + « + 8 = 0. Ans. ?J!, ?, ?j^, 4. 

o 4 S 

(c) 2x-2y-2 + 12 = 0. Ans. co8-i(- }), cos-i}, coari J, 4. 

(d) y - 2 + 10 = 0. Ans. |, ?^, |, 6^2. 

(e) 8x + 2y-6« = 0. Ana. co8-i(- f), cos-i(-f), co8-»f, 0. 

5. Find the distance from the origin to the plane 12x — 4y + 3z — 39 = 0. 

Ans, 3. 

6. Find the distance between the. parallel planes 6x + 2y — 3z — 63 = 
and 6x + 2y - 32 + 49 = 0. Ans. 16. 

7. What may be said of the position of the plane (I) if 

(a) cos a = 0? (c) cos 7 = 0? (e) cos /9 = cos 7=0? 

(b) cos /3 = ? (d) cos a = co8/3 = 0? (f)cos7 = cosa = 0? 

8. What are the equations of the traces on the coordinate planes of the 
plane -4x + By + C2 + D = ? 

9. Show that the following pairs of planes are either parallel or perpen- 
dicular. 

r2x + 6y-62 + 8 = 0, r6 x-3y + 22-7=0, 

^*' \6x+16y-18z-5 = 0. ^^' t^x + 2y - 6« + 28 = 0. 

14x-7y-21z-60 = O, 
y-8« + 12 = 0. 



r8x-5y-42 + 7 = 0, ri4x 

^ ' \6x + 2y + 22-7 = 0. ^ ' \ 2x 



10. For what values of a, /3, 7, and p will the locus of (I) be parallel 
to the JTF-plane ? the YZ-plane ? the ZX-plane ? coincide with each of 
these planes? 

11. For what values of a, /3, 7, and p will the locus of (I) pass through 
the X-azis ? the F-axis ? the Z-axis ? 

18. Show that the co5rdinates of the point of intersection of three planes 
may be found by solving their equations simultaneously for x, y, and z. 
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18. Find the co5rdinate8 of the point of intersection of the planes 
a! + 2y + 2 = 0, x-2y~8 = 0, and x + y + z — 3 = 0. 

Aim. (2, - 8, 4). 

14. Show that the plane x + 2y — 2z — 9 = passes through the point 
of intersection of the planes x + y+z — 1 = 0, x — y — z — 1 = 0, and 
2x + 3y -8 = 0. 

15. Show that the four planes x + y + 2z — 2 = 0, x + y--2z + 2 = 0, 
X — y + 8 = 0, and 8x — y-2z + 18 = pass through the same point. 

16. Show that the planes 2x — y + z + 3 = 0, x — y + 4z = 0, 3x + y 
-2z + 8 = 0, 4x-2y + 2z-5 = 0, 0x + 3y-6z-7=O, and7x-7y 
+ 28 z — 6 = bound a parallelopiped. 

17. Show that the planes 6x-3y-f2z = 4, 3x + 2y-6z=10, 2x + 6y 
+ 3z = 9, 3x + 2y-6z = 0, 12x + 36y + 18z - 11 = 0, and 12x -6y 
+ 4 z ~ 17 = bound a rectangular parallelopiped. 

18. Show that the planes x+2y-z=0, y+7z— 2=0, x-2y— z— 4=0, 
2x + y — 8 = 0, and 3x + 3y — z — 8 = bound a quadrangular pyramid. 

19. Derive the conditions for parallelism of two planes from the fact that 
two planes are parallel if their traces are parallel lines. 

154. Planes determined by three conditions. If three of the 
coefficients of 

(1) Ax^By-{-Cz-\'D = 

are known in terms of the fourth, then the plane is completely 
determined, for if their values be substituted in (1), the equation 
may be divided by the fourth coefficient. Three conditions which 
the plane satisfies will lead to three equations in the coefficients 
which may be solved for three of the coefficients in terms of the 
fourth. Hence a plane is, in general, determined by three con- 
ditions. Its equation may be obtained by a Bule analogous to 
that on p. 93, using equation (1) in the first step. 

Thus to find the equation of a plane passing through three points we proceed 
as in Ex. 1, p. d3, using equation (1) in the first step. In the second step three 
equations involving A^B^ C, and D are obtained, which may be solved for three 
of these coefficients in terms of the fourth. 
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Ex. 1. Find the equation of the plane which passes through the point 
Pi (2, -7, I) and is parallel to the plane 21z- 12 2^ + 28z- 84 =0. 

Solutioru Let the equation of the required plane be 

(2) Ax-\'By + Cz + D = 0. 

Since Pi lies on (2), 

(3) 2^-75+ JC + 2) = 0, 

and since (2) is parallel to the given plane (Corollary III, p. 360), 

ABC 
21 ~ -12 "28* 



W 




Solving (3) and (4) for Ay B, and D in terms of C, we get 

A = \C, B^z-^C, V = -6C. 

Substituting in (2), we obtain 

J Cx - 5 Cy + Cz - 6 C = 0. 

Clearing of fractions and dividing by C, 

21x-12y + 282-168 = 0. 



PROBLEMS 

1. Find the equation of the plane which passes through the points 
(2, 3, 0), (- 2, - 3, 4), and (0, 6, 0). Ana. 3x + 2y + 6« - 12 = 0. 

2. Find the equation of the plane which passes through the points 
(1, 1, - 1), (- 2, - 2, 2), and (1, - 1, 2). Ans. x-3y-2« = 0. 

8. Find the equation of the plane which passes through the point 
(3, — 8, 2) and is parallel to the plane Sx — ^ + 2 — 6 = 0. 

Ana, 3x — y + « — 14 = 0. 
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4. Find the equation of the plane which paases through the points 
(0, 3, 0) and (4, 0, 0) and is perpendicular to the plane 4x — 6y — 2 = 12. 

Ans, 3x + 4y-12«-12=:0. 

5. Find the equation of the plane which passes through the point 
(0, 0, 4) and is perpendicular to each of the planes 2 z — 3 y = 6 and 
x--42; = 3. Ans. 12x + 8y + 3« - 12 = 0. 

6. Find the equation of the plane whose intercepts on the axes are 
3, 6, and 4. Am. 20x + 122^ + I62 -60 = 0. 

7. Find the equation of the plane which passes through the point 
(2, — 1, 6) and is parallel to the plane x — 2j/-3z + 4 = 0. 

A-M, x-2y-3« + 14 = 0. 

8. Find the equation of the plane which passes through the points 
(2, —1, 6) and(l, -2, 4) and is perpendicular to the plane x— 2 y —2 2+0=0. 

Ana, 2x + 4y-32 + 18 = 0. 

9. Find the equation of the plane whose intercepts are —1, —1, and 4. 

A-M. 4x + 4y-« + 4 = 0. 

10. Find the equation of the plane which passes through the point 
(4, —2, 0) and is perpendicular to the planes x-\-y—z—0 and 2 x— 4 y +2=6. 

Am. x + y4-22-2 = 0. 

11. Show that the four points (2, - 3, 4), (1, 0, 2), (2, - 1, 2), and 
(1, — 1, 3) lie in a plane. 

12. Show that the four points (1, 0, -1), (3, 4, -3), (8, -2, 6), and 
(2, 2, — 2) lie in a plane. 

18. Find the equation of the plane which is perpendicular to the line 
joining (3, 4, — 1) to (5, 2, 7) at its middle point. 

Ans. x-y + 4z — 13 = 0. 

14. Find the equations of the faces of the tetraedron whose vertices are 
the points (0, 3, 1), (2, - 7, 1), (0, 6, - 4), and (2, 0, 1). 

Ana. 26x + 6y + 22 = 17, 5x- 22 = 8, 2 = 1, 15x + lOy + 42 = 34. 

15. The equations of three faces of a parallelopiped are x — 4y = 3, 
2x — y + 2 = 3, and 3x + y — 22 = 0, and one vertex is the point (3, 7, — 2). 
What are the equations of the other three faces ? 

Ana. x-4y + 25 = 0, 2x-y + 2 + 3 = 0, 3x + y-22=20. 

16. Find the equation of the plane whose intercepts are a, 6, c. 

a h G 
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17. What are the equations of the traces of the plane in problem 16? 
How might these equations have been anticipated from Plane Analytic 
Geometry ? 

18. Find the equation of the plane which passes through the point 
-Pi (aJi» Vit 2i) and is parallel to the plane Aix + Biy + Ciz -f Di = 0. 

Ans. Ai {X - xi) -\-Bi(y - yi) + Ci (2 - «i) = 0. 

19. Find the equation of the plane which passes through the origin and 
-Pi (xi, Vii Zi) and is perpendicular to the plane AiX-\- Biy -f Ciz + Di = 0. 

Aia. (BiZi - Ciyi)x + (CiXi - Aiz{) y H- {Aiyi - BiXi) 2 = 0. 

155. The equation of a plane in terms of its intercepts. 

Theorem ni. If a, b^ and c are the intercepts of a plane an the 
X', Y-j and Z-axes respectively, then the equation of the plane is 

(III) 2 +1 + * = 1. 

^ ^ a b c 

Proof By Theorem II the equation of any plane has the form 
(1) ila; H- % -h C« -f i) = 0. 

By the Rule, p. 346, we get 



a 


■H^Z * 




b = 


D 


c 


— 


D 


A 


^ . 


D 
a 


B = 


D 


C 


= 


• D 
c 



whence 

Substituting in (1), dividing by — D, and transposing, we 
obtain (III). q.e.d. 

Equation (III) should be compared with (YI), p. 96. 

156. The distance from a plane to a point. The positive direc- 
tion on any line perpendicular to a plane is assumed to agree with 
that on the line drawn through the origin perpendicular to the 
plane (p. 348). Hence the distance from a plane to the point Pi 
is positive or negative according as Pi and the origin are on oppo- 
site sides of the plane or not. 

If the plane passes through the origin, the sign of the distance from the plane 
to Pi must be determined by the conventions for the special cases on p. 34S. 
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Theorem IV. The distance d from the plane 

X cos a -f y cos fi -\- z cos y —p = 
to the point Pi(xi, t/i, z^ is given by 
(IV) d = Xi cos a + 2^1 cos j9 + «i cos y — p. 

Proof, Projecting OP^ on ON, we evidently get jo -f d. 
Projecting OE, EF, and FP^ on ON, we get respectively (Theo- 
rem I, p. 328) Xi cos or, yi cos ^, and «i cos y. 




Then by Theorem II, p. 328, 

p -\- d^Xi cos a -\- yx cos )8 -f «i COS y. 
.•. d = Xi COS a 4- yi cos )3 + «i cos y — i?. 



Q.B.D. 



From Theorem IV we have at once the 

Rule to find the distance from a given plane to a given point. 

First step. Reduce the equation of tJie plane to the nx>rmalform 
{Corollary II, p. 350). 

. Second stej). Substitute the coordinates of the given point in the 
left-hand side of the equation. The result is the required distance. 

157. The angle between two planes. The plane angle of one 
pair of diedral angles formed by two intersecting planes is evi- 
dently equal to the angle between the positive directions of the 
normals to the planes. That angle is called the angle between the 
planes. 
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▼. The an^U $ between two planet 
u given by 

^A^ #if^itf o/^ /^ radUals being chosen as in Corollary I, p, S50. 

Proof, By definition the angle between the planes is the angle 

between their normals. 

By (4), p. 350, the direction cosines of the normals to the planes 

are 

^il A^ 

COS Yi = , y cos Vj = . 

By (V), p. 334, we have 

COS = cos «! cos or, -f cos )3i COS )8i + cos yi COS y^ 

Substituting the values of the direction cosines of the normals, 
we obtain (V). q.k.d. 

PROBLEMS 

1 . Find the distance from the plane 

(a) 6x - 8y + 2« - 10 = to the point(4, 2, 10). Ans, 4. 

(b) X + 2y - 2 z - 12 = to the point (1, - 2, 3). Am. - 7. 

(c) 4x + 8y + 12« + 6 = 0to thepoint (9, -1, 0), Ans. -3. 

(d) 2x - 62/ + 3« - 4 = to the point (- 2, 1, 7). Ans, ^ V38. 

8. Do the origin and the point (3, 5, — 2) lie on tlie same side of the 
plane 7x-y-3« + 6 = 0? Am. Yes. 

8. Find the distance from the plane Ax + By -\- Cz + D = to the pomt 
Pi («i» yi» «i). ^^ Axi -{■ Byi -^ Czi + D 
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4. Find the locus of points whicli are equally distant from the planes 
2a5-y-2z-3 = 0and6x- 3y + 2« + 4 = 0. 

Ara, 32x-16y-82-9 = 0. 

6. Find the length of the altitude of th|^ tetraedron whose vertices are 
(0, 8, 1), (2, - 7, 1) (0, 6, - 4), and (2, 0, 1) which is drawn from the first 
vertex. Am. iJV^. 

6. Find the volume of the tetraedron whose vertices are (3, 4, 0), 
(4, - 1, 0), (1, 2, 0), and (6,-1, 4). Am, 8. 

7. Find the angles between the following pairs of planes. 

(a) 2x + y-2« -9 = 0, x-2y + 22 = 0. Ans, cos->(-j). 

(b) x + y-4z = 0, 3y-3« + 7 = 0. Ana. cos-^J. 

(c) 4x + 2y + 4«-7 = 0, 3x-4y = 0. Ans. c08-1(-t3^). 

(d) 2x-y + 2 = 7, x + y + 22 = 11. ^^' Z' 

3 

8. Show that the angle given by (V) Lb that angle formed by the planes 
which does not contain the origin. 

9. Find the vertex and the diedral angles of that triedral angle formed by 
the planes x + y + 2 = 2, x — y — 22 = 4, and 2x + y — 2 = 2 in which the 

orlginlies. ^^ (4, - 4, 2), coe- 1 ^ v^, ^, cos-•C-l^^Y 

o S V 3 / 

10. Find the equation of the plane which passes through the points 

(0, —1, 0) and (0, 0,-1) and which makes an angle of — - with the plane 

y + 2 = 7. /- 

Ana, ± v6x + y + 2 + 1 = 0. 

11. Find the locus of a point which is 3 times as far from the plane 
3x — 6y — 22 = as from the plane 2x — y + 22 = 9. 

Ana, 17x-13y + 122-08 = 0. 

158. Systems of planes. The equation of a plane which satis- 
fies two conditions will, in general, contain an arbitrary constant, 
for it takes three conditions to determine a plane. Such an equa- 
tion therefore represents a system of planes. 

Systems of planes are used to find the equation of a plane 
satisfying three conditions in the same manner that systems of 
lines are used to find the equation of a line satisfying two condi- 
tions (Rule, p. 114). 
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Theorem YL The system of planes parallel to a given plane 

Ax-^-By-^-Cz-k-D — O 
is represented by 

(VI) ^a? + By + C» + * = O, 
where k is an arbitrary constant. 

Hint. Show that all of the planee (VI) are parallel to the given plane by Corollary m, 
p. 360, and that every plane parallel to the given plane 1b represented by (VI), by finding 
a value of k for which (VI) passes through a given point Pj. 

Theoxem VIL The system of planes passing through the line of, 
intersection of two given planes 

Axx -h Biy -f C^z f A = 0, A^x + B^y + C,^ + A = 

is represented by 

(VII) ^ix + Biy + Ci« + l>x + *^(^,a5 + B,y + C,« + l>i) =0, 
where k is an arbitrary constant. 

Hint. Show that (VII) passes through any point on the intersection of the given planes, 
and find a value of k for which (VII) passes throu^^ any point not on the intersection. 

Theorem VUL If the equations of the planes in Theorem VII are 
in normal form^ then — k is the ratio of the distances from those 
planes to any point in (VII), 

Hint, Let Pj {x^, y^, z^) be any point on the plane 

X cos Qx + y cos /3i + 2 cos y, - Pj + kix 008 a, + y cos fit + z oos yj - p^t^ 0. 
Then Xi cos a^ + j/i cos ^i + 2i cos yi- Pi + AtC-Ti cos a, + Vi cos fit + h. ^^ y»~ A)" O* 
Solve for k and interpret the result by Theorem IV, p. 357. 

Corollary. The eq%iations of the planes bisecting the angles formed 
by two given planes are found by reducing their equations to the 
normal form and adding and subtracting them. 

The plane (VII) will lie in the external or internal angles 
(p. 121) formed by the given planes according as A; is positive or 
negative. 

The equation of a system of planes which satisfy a single con- 
dition must contain two arbitrary constants. One of the most 
important systems of this sort is given in 
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Theorem IX. The system of planes passing through a given point 
^i (^i» yi) «i) is represented hy 

(IX) .i(x-xO + B(y-yO + C(«-«0 = 0. 

Proof. Equation (IX) is the equation of a plane which passes 
through Pj, for the coordinates of Pi satisfy (IX). 
If any plane whose equation is 

Ax-\- By -\- Cz-{- D=iO 

passes through Px, then 

Axx + Byx 4- C«i 4- 1> = 0. 

Subtracting, we get (IX). Hence (IX) represents all planes 
passing through Pj. q.e.d. 

Equation (IX) contains two arbitrary constants, namely, the ratio of any two 
ooefficients to the third. 

PROBLEMS 

1. Determine the value of k such that the plane x + ^ — 22 — = shall 

(a) pass through the point (5, — 4, — 6). Ans, 2. 

(b) be parallel to the plane Qx — 2y — I2z = 7. Ans. — |. 
. (c) be perpendicular to the plane 2 x — 4 ^ + z = 3. Ans, 0, 

(d) be 3 units from the origin. Ans, ± 2. 

(e) make an angle of — with the plane 2x — 2^ + 2 = 0. Ans, - f V35. 

2. Find the equation of the plane which passes through the point (8, 2, —1) 
and is parallel to the plane 7x — ^ + z = 14. 

Ans. 7x-y-f2-18 = 0. 

8. Find the equation of the plane which passes through the intersection 
of the planes 2x + y — 4 = and y + 2 z = and which (a) passes through 
the point (2, — 1, 1); -(b) is perpendicular to the plane 3x + 2y — 3z = 6. 

Ans. (a) x + y + 2 -2 = 0; (b) 2x + 3y + 4z - 4 = 0. 

4. Find the equations of the planes which bisect the angles formed by the 
planes 2x — y + 2z = and x + 2y~2z = 6. 

Ans, 8x + y-6 = 0, x-Sy-f 4z + e = 0. 

6. Find the equations of the planes passing through the intersection of the 
planes 2x + y — z = 4 and x — y + 2z = which are perpendicular to the 
co5rdinate planes. Ans, 5x + y = 8, 8x + z = 4, 3y — 6z=:4. 
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6. Find the equations of the planes which bisect the angles formed by the 
planes 6x .— 2 y — 3z = Oand 4x-\-Hy — lSz = 10, and verify by means of (V). 

7. Find the equation of the plane passing through the intersection of the 
planes AiX + Biy + Ciz + A = and A^z + BtV + Ci« + Di = which 
passes through the origin. 

An8. (AiD% - AtDi)x + (BiA - A2l>i)V + (CiDt - CiDi)z = 0. 

8. Find the equations of the planes which bisect the angles formed by the 
planes Aiz + Biy + CiZ + Di = and A^ + BiU + C^z + A = 0. 

9. Find the equations of the planes passing through the intersection of 
the planes Aix + Biy + CiZ -f Di = and A^ + Bay + C^z + Da = which 
are perpendicular to the coordinate planes. 

Ara. (AiB^ - A^Bi) y - {CiAt - C^Ai) z + Ailh - A^Ih = 0, 
{AiBt - A^Bi)x - (B,Cs - B2Ci)z -{BiD, - B^lh)=0, 
(CiAi - CaAi)x - {Bid - BjC^y + CiDt - dDi = 0. 

10. Find the equation of the plane which passes through Pi {xu Vu Zi) 
and is perpendicular to the planes 

Aix + Biy + Ciz + A = and A^x + Bjy + CgZ + Dj = 0. 

^iw. (BiCa-BaCi)(x-Xi)+(Ci^2-C8i4i)(y-yi) + (AiBs-^fBi)(«-2i)=a 



CHAPTER XIX 

THE STRAIGHT LINE IN SPACE 

159. General equations of the straight line. A straight line 
may be regarded as the intersection of any two planes which 
pass through it. The equations of the planes regarded as simul- 
taneous are the equations of the line of intersection, and hence 
(Corollary, p. 349) 

Theorem L The equations of the straight line are of the first 
degree in a:, y, and z. 

Conversely, the locus of two equations of the first degree is 
a straight line unless the planes which are the loci of the separate 
equations are parallel. Hence, by Corollary III, p. 350, we have 

Theorem n. The locus of two equations of the first degree, 

^ ^ \A^x-^B^7/^C^z+D^ = 0, 

is a straight line unless the coefficients ofx, y, and z are proportional. 

To plot a straight line we need to know only the coordinates of two points on 
the line. The easiest points to obtain are usually those lying in the coordinate 
planeSy which we get by setting one of the variables equal to zero and solving for 
the other two. If a line cuts but one of the coordinate planes, we get only one point 
in this way, and to plot the line we draw a line through that' point parallel to the 
axis which is perpendicular to that plane. 

The direction of a line is known when its direction cosines are 
known. The method of obtaining these is illustrated in 

Ex. 1. Find the direction cosines of the line whose equations are 

3a; + 2y-z- 1 = 0, 2x-y + 2z-3 = 0. 

Solution. Let the direction cosines of the line be cos or, cos/9, and cos 7. 
The direction cosines of the normals to the planes in which the line lies 
are respectively (Corollary I, p. 350) 

3 2 1 ^212 

and -1 — I - • 



Vii Vii Vii 333 

363 
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Since the intersection of the two planes is perpendicuUr to the normals to 
both, we have (Theorem VI, p. 336) 

3 2 1 2 12 

eosa H — — =cos/3 ;=:C087 = 0, -cosa — -co8/5 + -C0S7 = 0. 



Vii vn Vli 3 3 8 

Solving for cos j9 and cos 7 in terms of cos a, we get 

cos /S = — I COB a, cos 7 = — J cos or, 

3 cos 8 3 cos 7 
and hence cos a = = 

8 7 

Dividing by 3, the least common multiple of the numerators, we get 

cos a _ cos /3 _ cos 7 

3 ^^y^Tiy 

Then by the Corollary, p. 331, 

3 — 8 — 7 

cosa = ;^» cos/3 = ^ — f cos7 = 



± V122 ± V122 ± V122 

The line will be directed downward or upward according as the positive 
or negative sign of the radical is chosen. 

The method is general and may be formulated as the 

Rule to find the direction cosines of a line whose equations are given. 

First step. Find the direction cosines of the normals to the planes 
in which the line lies ( Corollary /, /?. 350), 

Second step. Find the conditions that the given line is perpen- 
dicular to the normals in the first step (^Theorem VI, p. 335) and 
solve for two of the direction cosines of the line in terms of the third. 

Third step. Express the results of the third step as a continued 
proportion and apply the Corollary, p, 331, 

Ex. 2. Find the direction cosines of the line whose equations are 
4x + 3«~10 = 0, 4x-2y 4-3a;-l = 0. 

SolvJtUm, First step. The direction cosines of the normals to the given 
planes are 

-I 0, - and 



fi 5 -v^ V29 V29 

Second step. If the direction cosines of the line are cos a, cos jS, and cos 7, 
then 

48 n4 2^3 

-COSa + -CO87 = 0, — — ^COSCr 7=C0S/S + — — :COS7 = 0, 

o 6 V29 v^ v^ 

and hence cos 7 = — J cos cr, cosjS = 0. 
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cos CC C06 *V 

Third step. From these equations — — = — j- 1 cos /5 = 0, and hence 
cos a, cos/3, and cosy are proportional to 3, 0, and — 4. Then (Corollary, 

P- ^^^' C08a = ±f, COS^ = 0, C0S7 = :f J. 

The line will be directed downward or upward according as the upper or 
lower signs are used. 

Theorem in. If a, p, and y are the direction cosines of the line 

(II), then 

cosa _ cosfi _ cosy 

This is proved by the above Rule without carrying out the last part of the third 
step. 

PROBLEMS 

1. Find the points in which the following lines pierce the codrdinate planes 
and construct the lines. 

(a) 2x + y-« = 2, x-y + 22 = 4. (c) x + 2y = 8, 2x-4y = 7. 

(b) 4x + 3y-6z = 12, 4x-3y = 2. (d) y + z = 4, x - y + 2z = 10. 

8. Find the direction cosines of the following lines. 

(a) 2x-y + 2z = 0, x+2y-2r=4. 

Am. ± ^Vq6, t A^ =F iV-v^. 

(b) x + y + 2; = 5, x-y + z = 3. Ans. ± i V2, 0, =F i V2. 

(c) 3x + 2y-z = 4, x-2y-2« = 6. Am. ± A'^* ^ i'^i ± A"^- 

(d) x + y-32 = 6, 2x-y + 3z = 8. Ans. 0, i^^^^iiA^- 

(e) X + y = 6, 2x - 3z = 5. Ana. ± A v^» T a'u V^, ± iV^^- 

(f) y + 3z =4, 3y-6z = l. Am. ±1,0,0. 

(g) 2x-3y + z = 0, 2x-3y-2z = 6. 

Am. ± ^^^Ts, ± A V18, 0. 
(h) 6x - 14z - 7 = 0, 2x + 7z = 19. Am. 0, ± 1, 0. 

8. Show that the following pairs of lines are parallel and construct the 
lines. 

(a) 2y + 2 = 0, 3y-4z = 7 and 5y- 2z = 8, 4y + llz = 44. 

(b) x + 2y-z = 7, y + z-2x = 6and3x + 6y-8z = 8, 2x-y-z=:0. 

(c) 3x + z = 4, y + 2z = 9 and 6x - y = 7, 3y + 6z = 1. 

4. Show that the following pairs of lines meet in a point and are 
perpendicular. 

(a) x + 2y = l, 2y — z = l and x — y = l,x — 2z = 3. 

(b) 4x + y - 3z + 24 = 0, z = 5 and x + y + 3 = 0, x + 2 = 0. 

(c) 8x + y — 2 = 1, 2x — z = 2 and 2x — y + 2z = 4, x — y + 2z = 8. 
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5. Find the angles between the following lines, assaming that they are 
directed upward or in front of the ZX-plane. 

(a) x.+ y — z = 0, y + z = and x — y = l, z-3y + « = 0. Ans. ^ • 

(b) x + 2y + 2z = l,x-22 = l and 4x + 3y - 2 + 1 =0, 2x + 3y = 0. 

An^. cos-^ if. 

(c) x-2y + z = 2, 2y-2 = 1 and x - 2y + z = 2, x - 2y + 2z = 4. 

Am. coff-i J. 

6. Find the equations of the planes through the line 

x + y-z = 0, 2x-y + 3z = 5 
which are perpendicular to the coordinate planes. 

Am. 3x + 2z = 5; 3y -6z + 6 = 0, 5x + 2y= 6. 

7. Show analytically that the intersections of the planes x — Zy — z^Z 
and 2x — 4y — 2z = 5 with the plane x + y — 3z = are parallel lines. 

8. Verify analytically that the intersections of any two parallel planes 
with a third plane are parallel lines. 

160. The projecting planes of a line. The three planes passing 
through a given line and perpendicular to the coordinate planes 
are called the projecting planes of the line. 

If the line is perpendicular to one of 
the coordinate planes, any plane con- 
taining the line is perpendicular to that 
plane. In this case we speak of but 
two projecting planes, namely, those 
drawn through the line perpendicular 
to the other codrdinate planes. 

If the line is parallel to one of the 
codrdinate planes, two of the projecting 
^ planes coincide. 

By Theorem VII, p. 360, the 
equation of any plane through 
the line 

(1) ^iZ-f-Biy-hCi^ 4-2)1 = 0, A^'^B^-\-C^ + D^ = 
has the form 

(2) (^1 -h kAi)x -f- (Bi 4- fcB^)y + (C^ -h A:C,)« +(A + kD^) = 0. 
If (2) is to be perpendicular to the -.Y F-plane, « = 0, then 

(Corollary IV, p. 350) Ci + AC, = 0, whence 7c = —-^' Substi- 
tuting in (2) and reducing, we get ' 

(3) (C,A^ - CiAj)x - (BiC, - B^C,)y + C.D^ - C^D^ = 0. 
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Similarly, if (2) is perpendicular to the I'Z- or ZX-plane, it 
becomes 

(4) (A^B^ - A^B^) y - (CiA, - C^A^ z + AJ)^ - AJ)^ = 0> 

(6) (AiBt - A^B^) X - (BiC, - 5,Ci) « - (BiDt - J5,Z)i) = 0. 




At 



Equations (3), (4), and (5) are the equations of the projecting 

planes of the line (1), and any two of 
them may be used as the equations 
of the line. 

If AiBt — A^Bi ^ 0, that is, if the 
^^ line is not parallel to the -XF-plane 
(Theorem III), equations (5) and (4) 
may be written in the forms 

X = mz -h a, y = n« 4- ^. 

If i4iB, — A^Bx = and B^C^ — B^Ci ^ 0, that is, if the line is 
parallel to the xy-plane but 
is not parallel to the y-axis, 
equations (5) and (3) may be 
written in the forms 

« = a, y = mx + h. 

If A^B^ — A^Bi = and 
BiCj — -BjCi = 0, that is, if the j^^ 
line is parallel to the F-axis, 
equations (4) and (3) may be 
written in the forms 

js = a, a; s= 5. 

Hence we have 

Theorem lY. The equations of a line which pierces the XY-plane, 
or which is parallel to the XY-plane but not to the Y-a^is, or 
which is parallel to the Y-axis^ may he put in the following forms 
respectively : 

= tnz + Oi 
nz '\-h. 




(IV) 



u = 



" ;s = a, ( z = a, 

y = mx + 6, \a5 = 6. 
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To find the equations of the projecting planes of a given line we may proceed 
as above by considering the system of planes which pass through the given line 
(Theorem VII, p. 360) and determining the parameter k so that the plane shall be 
perpendicular to each of the coordinate planes in turn. These equations may 
also be found by eliminating z, x, and y in turn from the equations of the line. 

To reduce the equations of a given line to one of the forms (IV) we solve them 
for X and y in terms of z. If there is no solution for z and y (Theorem IV, p. 90), 
we solve for y and z. Finally, if there is no solution for y and z, we solve them 
for z and x, 

PROBLEMS 

1. Find the eqaations of the projecting planes of the following linea. 

(a) 2x -f y - 2 = 0, X - y -f 2z = 8. 

Ans. 6x + y = 3, 3a! + « = 3, 3y- 5« + 6 =0. 

(b) «-fy + 2: = 6, x-y-2z = 2. 

An8. 3x + y = 14, 2x — z = 8, 2y + 3« = 4. 

(c) 2x + y — z = l, X — y-f« = 2. Ana. x = l, y — 2 + 1 = 0. 

(d) x + y-42 = l, 2x + 2y + 2 = 0. Ans. 9x + 9y = 1, 9z + 2 = 0. 

(e) 2y + 32 = 6, 2y -3z = 18. Ana. y = 6, z=-2. 

(f) 2x-y + 2 = 0, 4x + 3y + 2z = 6. Ana. 5y = 6, 10x + 5« = 0. 

(g) X + 2 = 1, X — 2 = 3. Ans. X = 2, 2 = — 1. 

8. Reduce the eqaations of the following lines to one of the forms (IV) 
and construct the lines. 

(a) x + y — 22 = 0, x-y + 2 = 4. Ana. x = } 2 + 2, y = | z — 2. 

(b) x + 2y-2^2, 2x + 4y + 22 = 5. Ana. 2 = J,y = -Jx+f. 
(c)x — 2y + 2 = 4, x + 2y — 2 = 6.. Ans. x=6, y = jz + J. 

(d) x + 32 = 6, 2x + 52 = 8. Ana. 2=4, x=- 6. 

(e) x + 2y — 22 = 2, 2x + y — 42 = 1. Ana. x = 2 z, y = 1. 

(f) X - y + 2 = 3, 3x - 3y + 2z = 6. Ana. z = 3, y = x. 

8. Interpret geometrically the meaning of the constants in each of equa- 
tions (IV) by determining numbers proportional to the direction cosines of 
each line and the point in which the first line cuts the JTF-plane, the second 
the FZ-plane, and the third the ZX-plane. 

4. Interpret the geometric significance of the constants in equations (IV) 
by considering the traces of the planes which are the loci of those equations 
taken separately. 

5. Show that a straight line in space is determined by four conditions, and 
formulate a rule by which to find its equations. 

6. Find the equations of the line passing through the points (—2, 2, 1) 
and (- 8, 6, - 2). Ana, x = 22-4, y = -« + 3. 
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7. Find the equations of the projection of the line x = 2 + 2, ^ = 22 — 4 
upon the plane z + y — z = 0. Ana, x = Jz + V>y = l*~V' 

8. Find the equations of the projection of the line z = 2, y = x — 2 upon 
the plane x — 2y — 3z = 4. Ana. x = — 5zH-4, y = — 4«. 

9. Show that the equations of a line may be written in one of the forms 

tz=nx+6, \z-my-\rh, ty = 6, 

according as it pierces the FZ-plane, is parallel to the FZ-plane, or is parallel 
to the Z-azis. 

10. Show that the condition that the line x = mz4-a, y = fi2; + & should 
intersect the line x = m'z + a^, y = n'z + b' is 



m — m' n — n' 



161. Various forms of the equations of a straight line. 

Theorem V. Parametric form. The coordinates of any point 
P(Xy y, z) on the line through a given point P\{xij yi, «i) whose 
direction angles are a, p, and y are given by 

(V) ic = iei + pcosa, y = Vi + /) cos j5, z = Zi + pcosyi 

where p denotes the variable directed length PiP. 

Proof, The projections of PiP on the axes are respectively 
(Corollary II, p. 329) 

or (Theorem I, p. 328) 

p cos a, p cos pf p cos y. 
Hence 

X — Xi = p cos a, y — yi = p cos ft « — «i = p cos y. 
Solving for x, y, and z, we obtain (V). q.b.d. 

Theorem VI. Symmetric form. The equations of the line passing 
through the point Pi (x^, yi, «i) whose directum angles are a, p, and 
y h^ve the form 

^ ^ cos a COB p cos Y 

Bint. Solve eaoh of equations (V) for p and equate the yalaea obtained. 
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^ 11 r^ cos or cos/3 cosy ., .,• . . ,. 

Corollary. If = — j~-- = ^> then the sj/mmetnc equations 

of the line may he vrritten in the form 

x — xi y — Vi z — Zi 
a b c 

Theorem VII. Two-point form. Tfie equations of the straight line 
passing through Pi(xi, yi, «i) and P2(a?s, ^sj ^s) ^''^ 
(VII) x-^^jy-j^^^-^ 

^ ^ «a-»i ys-l/i ««-»! 

Proof The line (VI) passes through Pj. If it also passes 
through Ps, then 

g» - gj _ ya - yi _ ^2 - gj 
cos a cos )8 cos y 

Dividing (VI) by this equation, we obtain (VII). q.e.d. 

Equations (YI) and (VII) each involve three equations, namely, those obtained 
by neglecting in turn each of the three ratios. These equations are, in difiFerent 
form, the equations of the projecting planes, since one variable is lacking in each 
(Corollary V, p. 351). Any two of the three equations are independent and may 
be used as the equations of the line, but all three are usually retained for the sake 
of their symmetry. 

PROBLEMS 

1. Find the equations of the lines which pass throagh the following pairs 
of points, reduce them to one of the forms (IV), p. 367, and construct the 
lines. 

(a) (3, 2, - 1), (2, - 3, 4). Am, i = ~ Jaj + Jy4, y = - « + 1. 

(b) (1, 6, 3), (3, 2, 3).* Ans, « = 3, y = -2x + 8. 

(c) (1, - 4, 2), (3, 0, 3). Ans. x = 2z -S, y = 4z -12, 

(d) (2, - 2, - 1), (3, 1, - 1). Ans. z=-l,y=3x-8. 

(e) (2, 3, 6), (2, - 7, 5). Ans. 2 = 5, x = 2. 

2. Show that the two-point form of the equations of a line become 

X — Xi t/ — ?/i 

= — — —i z = Zu if Zi = za. What do they become if yi = ya ? 

Xi — xi Vi — Vi 

if xi = xa ? 

• From (VII), ^^ = ^-^ « ^^ • The valueof the last ratio i« infinite unleas z -3 = 0. 
3-1 2-8 3-3 
If £ - 3 a 0, then the last ratio may have any value and may be equal to the first two. 

'V* — 1 4/ — A • 

Hence the equations of the line become = > z = 3. Qeometrically, it is evident 

that the two points lie in the plane z » 3, and hence the line joining them also lies in that 
plane. 
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8. What do the two-point equations of a line become if Xi = 23 and 
yi = y2? if yi = Vi and 21 = Zs ? if Zi = Zs and xi = Xa ? 
4. Do the following sets of points lie on straight lines ? 

(a) (3, 2, - 4), (6, 4, - 6), and (9, 8, - 10). Ana. Yes. 

(b) (3, 0, 1), (0, - 3, 2), and (6, 3, 0). Ans, Yes. 

(c) (2, 5, 7), {- 3, 8, 1), and (0, 0, 8). Ans. No. 

6. Show that the conditions that the three points Pi(xi, yi, Zi), P8(Xs, y2j ^s)* 

and Pg (Xs, vj, Zz) should lie on a straight line are = — — — = -? • 

X2 — Xi yj — yi Za — zi 

6. Find the equations of the line passing through the point (2, —1, — 3) 
whose direction cosines are proportional to 3, 2, and 7, and reduce them to 
the form (IV), p. 367. Am, z= ^z + »,^,y = fz - \, 

7. Find the equations of the line passing through the point (0, — 3, 2) 
which is i)arallel to the line joining the points (3, 4, 7) and (2, 7, 6). 

An,. ^ = y±l = '-S:l. 
1-8 2 

8. Show that the line. ill2 ^ ,^+2 ^ « ^^ «4a ^ y-5 ^ £+3 ^ 
parallel. 3-24-32-4 

9. Find the equations of the line through the point (— 2, 4, 0) which is 

parallel to the line - = =^-— — = j and reduce them to the form (IV), p. 367. 

^ ^ ~^ Ans. x = -42-2, y = -32 + 4. 

,*.ov .1...V1. « + 2 y-3 z-1 ,x-3 y 2 + 3 

10. Show that the Imes — ■ — = = and = ^ = ^ are 

,. , 6-32 263 

perpendicular. 

11. Find the angle between the lines = - = — — - and 

2 1-1 

= = - if both are directed upward. -4n«. — — . 

12 1 ^ S 

12. Find the parametric equations of the line passing through the point 
(2, — 3, 4) whose direction cosines are proportional to 1, — 2, and 2. 

Ana. x = 2 + ip, y=:-3-fp, z = 4 + f/». 

13. Construct the lines whose parametric equations are 

(a) X = 2 + f p, y = 4 - ip, z = 6 + l/D. 

(b) X = - 3 - f p, y = 6 - f p, z = 4 + Jp. 

14. Find the distance, measured along the line x = 2 — ^p, y = 4 + |}p, 
z = — 3 + T^p, from the point (2, 4, — 3) to the intersection of the line with 
the plane 4x — y — 2z = 6. ' Ans. 1|. 

15. Show that the symmetric equations of the straight line become 

^""^^ _ y-Vi ^ z = zi if C087 = 0. What do they become if cos a = ? 
cos a cos /3 

if cos/3 = 0? 
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16. Show that the symmetric equations of the straight line become z = 2i, 
% = Xi if C0S7 = cos a = 0. What do they become if cos a — cos/S = ? 
if cos^ = cos7 = 0? 

17. Reduce the equations of the following lines to the symmetric form. 

x-2 y +3 z 



(a) x-2y + « = 8, 2x-3y = 13. -Aw. 



3 2 1 



(b) 4x-5y + 321 = 3, 4x-6y + « + 9 = 0. -4iw. - = '^ 12 = 6. 

6 4 

(c) 2x + « + 6 = 0, X + 32 - 6 = 0. -4ns. 2 = 3, x = - 4. 

X— 3 _ y— 1 _ « 

2 *" -7 "2 



(d) « + 2y + 62 = 5, 3x-2y-102 = 7. Am, 



(e) 3x-y-22 = 0, 6x-3y-42 + 9 = 0. -4n«. — I^ = -,y = 9. 

2 8 

(f) 3x-4y = 7,x + 3y = 11. ^n«. x = 6, y = 2. 

(g) 2x + y + 22 = 7, x + 3y + 62 = 11. Am. ??-^- = — ,x = 2. 

(h) 2x-3y + 2 = 4,4x-6y-2 = 6. Am, ? = ??JI-,2 = 1. 

3 iS 

(i) 32 + y = l,42-3y = 10. Am, yz=-2,z = l. 

(i)x = mz + a,v = nz + b. ^„,. inf = «Ll6 = 5. 

. m n 1 

iRn/. Find the codrdlnates of a point on the line by assiiming a Talae of one Tmiiabto 
and solving the equations of the line for the other two variables. In the ansirers this 
point is the point in which the line pierces the X y-plane, or the point in which it pierces 
the FZ-plane if it is parallel to the X T-plane, or the point in which it pierces the ZX- 
plane if it is parallel to the y-4txis. 

Find the direction cosines of the line by the Rule, p. 364 (or numbers proportional to 
them by Theorem III, p. 365), and substitute in the symmetric equations of the line (or 
in the form given in the Corollary to Theorem VI). 

If one or two of the direction cosines are zero, the symmetric equations take the forma 
given in problems 15 and 16. 

18. Find the equations of the line passing through the point (2, 0, — 2) which 

J. 1 ^ , .,. ,. X — 3 y 2 + 1 ,x y + 1 2 + 2 

IS perpendicular to each of the lines = - = and - = = 

^^ 2 1 2. 3 -1 2. 

. x-2 y 2+2 
Am. — -— = ^ = -. 

4 2 -6 

19. Find the equations of the line passing through the point (3, — 1 , 2) which 

X 1/ 2 
is perpendicular to each of the lines x = 22 — 1, y = 2 + S, and - = -=-. 

2 3 4 

. x-3 y+1 2-2 

Am. = - — -- = — : — • 

1 -6 4 
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SO. Find the equations of the line through Pi (xi, yu Zi) parallel to 

x-xj y-y2 z-Zj . x-xi y-yi z-zi 

(a) — - — = = — ; — Ans. — - — = — -— = -— — 

a c a c 

(b) X = m« + o, y = n« + 6. An8, = - — — = "" ^ . 

m n . 1 

X — Xi y — yi 

(c) z = a,y = mz-\-b. Ans, — - — - = - — — , z = g^. 

1 m 

(d) Aix + Biy + Ci2 + Di = 0, A^ + Bzy + Ca« + Z)| = 0. 

X — Xi y — yi z — zi 



Ans, 



Bid - B^Ci CiAi - A2C1 AiBi - A2B1 

21. Find the equations of the line passing through Pi(Xi, yi, 21) which is 
perpendicular to each of the lines 

g-xa __ y-y2 _ z - Zj ^^^ x-Xs _ y-yz _ z-zz 
02 &2 Cs Oz hz c% 

An,. *-''^ - *'-'" - *-*» 



biPz — ^8^2 C2<*8 ~ C8<*2 ^2^ — <*8^ 

162. Relative positions of a line and plane. If the equations 
of a line have the general form (II), p. 363, then the line will lie 
in a given plane if a value of k in (VII), p. 360, may be found 
such that the locus of that equation is the given plane. 

If the equations of the line have the form (IV), we substitute 
the values of two of the variables given by (IV) in the equation 
of the plane and see whether the result is true for aU values of 
the third variable. If such is the case, the line lies in the plane. 

An analogous procedure may be followed if the equations of 
the line have the form (V), (VI), or (VII). 

Theorem Yill. A line wliose direction angles are a, p, and y and 
the plane Ax -f ^y -\- Cz .+ D = are 
(a) parallel when and only when 

^co8a + ^co6)9 + Cco8y = 0; 
(6) perpendicular when and only when 

ABC 
cos a "" cos ^ ~ cos y ' 

Proof » The direction cosines of the normal to the plane are 
(Corollary I, p. 350) 

A B C 
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The line and plane are parallel when and only when the line 
is perpendicular to the normal to the plane,* that is (Theorem YI, 
p. 335), when and only when 

A cos a -\- B cos P -{- C cos y _ ^ 

± V.4» 4- B" + C* "" 

Multiplying by the radical, we get the condition for parallelism. 

The line and plane are perpendicular when and only when 
the line is parallel to the normal to the plane, that is (Theorem YI, 
p. 335), when and only when 

cosa = — — =i> c6sp = 



c 

cos y = , 

Dividing these equations by A, B, and C respectively and 
inverting, we at once obtain the conditions for perpendicularity. 

Q.E.D. 

163. Geometric interpretation of the solution of three equa- 
tions of the first degree. The coordinates of a point which lies 
on each of three planes will satisfy the equations of the three 
planes, and hence to each point 'common to three planes there 
will correspond a solution of their equations. Hence we have 
the following correspondence between the relative positions of 
three planes and the number of solutions of their equations. 

Position of planes Number of solutions of equations 

Forming a triedral angle. One solution. 

Forming a prismatic surface, t No solution. 

Passing through the same line.t A singly infinite number.§ 

Three parallel planes, t No solution. 

Three coincident planes. A doubly infinite number. || 

* If the line Is perpendicnlar to the normfti to the plane, It may. in a special case, lie 
in the plane. 

t Two of the planes may be parallel in a special case. 
t Two of the planes may coincide in a special case. 
§ The solution contains one arbitrary constant. 
The solution contains ttoo arbitrary constants. 



THE STRAIGHT LINE IN SPACE 876 

If the three planes form a triedral angle, the point of intersection is found 
without difficulty by solv^ing their equations. 

U the three planes form a prismatic surface, their lines of Intersection are par- 
allel. Whether this is the case or not may be determined by Theorem UI, p. 365, 
and th& Corollary, p. 331. 

If the three planes pass through the same line, the intersection of two planes 
lies in the third. Whether this is the case or not may be determined by the 
method on p. 373. To solve their equations set one variable equal to k and solve 
two of the equations for the remaining variables. The results will be solutions 
for all values of k. 

Whether the three planes are parallel or not may be determined by Corollary III, 
p. 350. 

If the three planes coincide, all of their coefficients are proportional. To solve 
their equations set two of the variables equal to ki and k^, and solve one of the 
equations for the remaining variable. The results will be solutions for all values 
of ki and ki. 

PROBLEMS 

A» I Q A# i4 ^ 

1. Show that the line '- = = - is parallel to the plane 4x + 2y 

+ 2z = 9. 2 -7 8 

X 2/ 2 

2. Show that the line - = - = - is perpendicular to the plane Sx-^2y 
+ 7z = 8. 3 2 7 

8. Show that the line x = z-'4^y = 2z—S lies in the plane 2z — Sy 
+ 42-1 = 0. 

4. Show that the line x = -2 + Jp, y = — }p, z = 6 + Jp lies in the plane 
x-2y-6z4-38 = 0. 

5. Find the co5rdinate8 of the points of intersection of the following 
planes and determine the relative positions of the planes. 

(a) 2x-|-y — 22 = 11, X — y + z = 0, x + 2y — 2 = 7. 

Ana. (3, 1, — 2); planes form a triedral angle. 

(b) 2x + 4y + 22 = 3, 3x + 3y-l-2 = 0, 3x-6y-62 = 8. 

Ana. None; planes form a prismatic surface. 

(c) X — y — 32 = 1, x + y + 2 = 2, 3x-y-52 = 4. 

^718. (1 + ^1 i — ^ ^j ^) ; plaues pass through a line. 

(d) 3x-y + 52 = 0, 21 x-7y + 362 = 8, 2y- 102- 6x = 4. 

Ana. None ; planes are parallel. 

(e) 2x-3y + 42 = 3, 6y-4x-82 + 6 = 0, 6x-9y + 122 = 9. 

^715. [A:i, A:s, ^ (3 — 2 A;i + 3 k^)]; planes coincide. 

X — 2 2/ + 2 2 — 3 

6. Show that the line = = lies in the plane 2 x + 2 y 

-2 + 3 = 0. 3-14 
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7. Find the equations of the line passing through the point (3, 2,-0) 
which 18 perpendicular to the plane ix — y + Sz = 6. 

4-13 

8. Find the equations of the line passing through the point (4, — 6, 2) 

which is perpendicular to the plane x-\- 2y — Sz = S. 

. x-4 y+6 2—2 
Am. = 'LJ— = 

12-3 

9. Find the equations of the line passing through the point (—2, 3, 2) 

which is parallel to each of the planes Zx — y -\- z = and x — z = 0. 

. x+2 y-3 «- 2 

Ans. — — = = . 

14 1 

10. Find the equation of the plane passing through the point (1, 3, — 2) 

X "~ 3 t/ "^ 4 z 
which is perpendicular to the line = = • 

Ana. 2x + 6y — « = 19. 

11. Find the equation of the plane passing through the point (2, — 2, 0) 
which is perpendicular to the line z = 3, y = 2x — 4, Ans. x + 2y+2 = 0. 

12. Find the equation of the plane passing through the line x + 2 2 = 4, 

y — « = 8 which is parallel to the line ■ ~ = = ~ . 

, ^ 2 3 4 

Ans. x + 10y-8«-84 = 0. 
18. Find the equation of the plane i>as8ing through the point (3, 6, — 12) 

which is parallel to each of the lines — ^^ = "" = ■ and ~ 

z+2 3-132 

= — ^'^ = 3. Ans. 2x4-3y-« = 36. 

14. Find the equations of the line passing through the point (3, 1, — 2) 
which is perpendicular to the plane 2x — y — 52 = 0. 

Awi. x = -}2 + v,y = i« + J. 

15. Show that the Ihies ?-=^ = ^^ = _?_ and ^^ = ^^ = ? 

3 4-2 -13 2 

intersect, and find the equation of the plane determined hy them. 

Ans. 14 X - 4 y + 13 « = 32. 

X — 2 v I 3 

16. Find the equation of the plane determined by the line = 

= — ^ and the point (0, 3, - 4). Ans. x + 2y + 22; + 2 = 0. 



17. Find the equation of the plane determined by the parallel lines 

4-1 y-2 z ,x-3 yH-4 «-l 
-— = = - ana = = . 

3 2 13 2 1 Ans. 8x + y-26z + 6 = 0. 
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18. Find the equations of the line passing through Pi (xi, yi, zi) which is 
perpendicular to the plane Ax + By -\- Cz + D = 0. 

Ana. l:i^ = ?^Il?^i = izfi. 
ABC 

19. Find the equation of the plane passing through the point Pi (xi, yi, Zi) 

which is perpendicular to the line — = *^ "" *^' = 5-Zl??. 

a b e 

Ans, a(x-xi) + 6(y-yi) + c(2-zi) = 0. 

80. Find the angle 6 between the line ^ ~ ^^ = }Ll^ = z-Zi ^^ ^^ 

plane-4x + JBy + Cz + 2) = 0. a b e 

. . ^ Aa-hBb-\-Cc 
Ana. sm ^ = — — . 

Jfftn/. The angle between a line and a plane is the acute angle between the line and 
its projection on the plane. This angle equals ^ increased or decreased by the angle 
between the line and the normal to the plane. 

81. Find the equation of the plane passing through P8(X8, ^s* ^^s) which 

Is parallel to each of the lines ^^^ = ?^-:il^ == ?^1^^ and ?^=i^ = ??^^ 
^z-^zt ^1 6i ci at bt 

Ana, (6iCa - ftjCi) (x - Xj) + (ciOj - Oad) {y - ys) + (ai6a - d^) (z - «») = 0. 

88. Find the condition that the plane >! ix + Biy + C\z + Di = should 
be parallel to the line A^ + B^y + Cgz + A = 0, ^sx + B^y + Ciz +2>8 = 0. 
Ana, AiiBzCz -B^C2)-bBi(C2At- CiA2) + Ci(AiB9--AtB2)=Q. 

88. Find the equation of the plane determined by the point Pi (Xi, yi, Zi) 
and the line -4iX + Biy + Ciz +Di = 0, A^ -{-Biy-^ C%z +Dj = 0. 
Ana, (-4,Xi + Bayi + C3Z1 +D2) (-4ix + Biy + Ci« +i)i) 

= (^1X1 +Biyi + CiZi +i)i) (^jx +B2y + C,z +D,). 

84. Find the equation of the plane determined by the intersecting lines 

x-xi _ y-yi z-zx ^^^ x- Xi y - yi z-zi 
= — - — = and = ^ — = 

fll Ol Ci Of Os C2 

Ana. (6iC2 - ftjCi) (x - Xi) + (ciOa - c^ai) (y - y 1) + (a^bt - a^) (« - Zi) = 0. 

85. Find the equation of the plane determined by the parallel lines 

X -xi y - yi z-zi ^^^x-x^ y -Vi z-Zi 

= — 7 — = and = — — - = . 

a b c a b c 

Ana, [(yi - yi)c - (zi - ««)6]x + [(21 --Zs)a - (xi -X8)c]y 
+ [(«i - xa)6 - (yi - Viia] z + (yizt - y^i)a 
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S#. Pind the conditions that the Ihie x = MZ + a,y=«z+6 should lie in 
the pUne .dx + ^+ Cz + i> = 0. 

AnM, j4a + A +i> = 0,^111 + Br + C = O. 

f7. Plnd the eqnstion of the plsne pssdng throngh the line = 

=r ??-^^* = ?— 51 which is psialld to the line ?— ^ = ?-^^ = ?^-^ . 
6i ci Of ^ Cs 

^w. (&iC«-6!Ki)(x-«i)+(ciai-Ciai)(|f-ifi)+(ai6!i-as6i)(z-Zi)= O. 



CHAPTER XX 
SPECIAL SURFACES 

164. In this chapter we shall consider spheres, cylinders, and 
cones* (surfaces considered in Elementary Geometry) and sur- 
faces which may be generated by revolving a curve about one of 
the coordinate axes or by moving a straight line. 

165. The sphere. 

Theorem L The equation of the sphere whose center is the point 
(a, Py y) and whose radius is r is 

(I) a5« + y* + «« - 2 aa? - 2py - 2y« + a* +^ + y« - r* = 0. 

Proof, Let P(x, y, z) be any point on the sphere, and denote 
the center of the sphere by C. Then, by definition, PC = r. 
Substituting the value oi PC given by (IV), p. 331, and squar- 
ing, we obtain (I). q.b.d. 

Theorem IL TJie locus of an equation of the form 

(II) X* + y* + z* + Gx + Hy + Iz + K = 
is determined as follows: 

(a) When G^ -^ H^ -{- 1^ — 4: K > 0, the locus is a sphere whose 
center is I — —t — —> — o) and whose radium is 

(b) When G^-h H^ + 1^- 4K=: 0,the locus is the point^here^ 
( G H l\ 

(c) When G^ -f ^« + /* — 4 ^ < 0, there is no locus. 

* In Analytic Geometry the terms sphere, cylinder, and cone are usually used to 
denote the spherical surface, cylindrical surface, and conical surface of Elementary 
Geometry, and not the solids hounded wholly or in part hy such surfaces. 

* That is, a point or sphere of radius zero. 

379 
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Proof, Comparing (II) with (I), we obtain 
-2a=(7, -2/8=Zr, -2y = /, a« + ^ -h /- r* = JT, 
whence 

Hence, if (7* + /T* H- /* — 4 iO 0, the locus is a sphere. 

To determine the general appearance of the locus of (II) when 
G^ + H* + /* — 4iC?0, we consider the section formed by the 
plane z = k, whose equation is (Kule, p. 345) 

(1) flc« -f y* + G^x H- /Ty 4- A:» 4- /A: 4- ^ = 0. 

The discriminant of (1) is (p. 131) 

= G^4-^*-4A:»-4/A;-4/r 
= - 4 A:« - 4 /A; 4- Gf« 4- fl'* - 4^. 

The discriminant of this quadratic in k is (p. 2) 

A = 1 6 / « 4- 1 6 G^ 4- 1 6 /^ * - 64 a: 
= 16(G^ 4- ^^ + /* - 4 K). 

In discussing the locus of (1) three cases arise which depend 
upon the sign of (Theorem I, p. 131). 

(a) If (?^ 4- ^* 4- /* - 4 /£- > 0, is positive for values of it 
lying between the roots of (Theorem III, p. 11), and the 
section (1) formed by the plane ;;; = A; is a circle. Equation (II) 
has a locus, as we have seen. 

(b) If (?« 4- ^^ 4- /* - 4 ii: = 0, is negative for all real values 
of k (Theorem III, p. 11) except the roots, which are real and 
equal (Theorem II, p. 3), and for this single value of k the locus 
of (1) is a point-circle. As but one plane, z = k, intersects the 
locus of (II), and as this intersection is a point-circle, the locus 
is a point which may be regarded as a sphere of zero radius. 

(c) If G« 4- ^* 4- /* - 4 A' < 0, is negative for all real values 
of k (Theorem III, p. 11). Hence (1) has no locus whatever the 
value of k may be, and therefore (II) has no locus. q.e.d. 
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ThieOTem IIL The locus of the general equation of the second 
degree in three variables 

(III) Ax^-\-By^'{-Cz^'\-Dyz + Ezx -{-Fxy-^-Gx +Hy+Iz +K = 

is a sphere when and only when A =B = C, i> = -E = F = 0, and 

jl ts positive. 

ThiB is proyed by comparing (III) with (11). 

PROBLEMS 

1. Pind the equation of the sphere whose center is the point 

(a) (a, 0, 0) and whose radius is a. Ans. 3^ + y< + 2^ — 2ax = 0. 

(b) (0, ^, 0) and whose radius is /3. Ans. x« + y* + «* - 2/3y = 0. 

(c) (0, 0, 7) and whose radius is y, Ans, x^ + y^ -{- z^ — 2yz =0. 

2. Determine the nature of the loci of the following equations and find the 
center and radius if the locus is a sphere, or the codrdinates of the point- 
sphere if the locus is a point-sphere. 

(a) X* + y« + 2* - 6x + 42 = 0. (c) a:« + y« + 2« + 4x - « + 7 = 0.* 

(b) x« + y2 + 22 + 2x-4y-5 = 0. (d) «a + y« + 2» - 12x + 6y + 4« = 0. 

8. Where will the center of (II) lie if 

(a) G = 0? (c) 7=0? (e) J3' = I = 0? 

(b)ir = o? (d) G = ir=o? (f)i=c; = o? 

4. Show that a sphere is determined by four conditions and formulate a 
rule by which to find its equation. 

6. Find the equation of the sphere which 

(a) has the center (3, 0, — 2) and passes through (1, 6, — 6). 

Ans. x« + y* + 2*-6x + 42-30 = 0. 

(b) passes through the points (0, 0, 0), (0, 2, 0), (4, 0, 0), and (0, 0, - 6). 

Ans, x* + y* + 2*-4x-2y + 62 = 0. 

(c) has its center on the F-axis and passes through the points (0, 2, 2) and 
(4, 0, 0). Ans. xa + y* + 2« + 4y-16 = 0. 

(d) passes through the points (1, 1, 0), (0, 1, 1), and (1, 0, 1) and whose 
radius is 11. Ans, aJ»-|-y» + 2«-14x- 14y - 14« + 26 = 0. 

(e) has the line joining (4, - 6, 6) and (2, 0, 2) as a diameter. 

Ans. x» + ya + 2«-6x + dy-7z + 18 = a 
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6. Given two spheres 81 : ac* -f y' + «* + G4« + Sa/ + Iiz + Xi = O and 
iSs : x' + y^ + ^ + O^ + Hty -\- Uz -\- K% — Q \ show that the locus of 

5* : x« + y« + «« + Oix + Siy + hz + K^i 

+ Jk (x« + y« + «« + Gjx + JETjy + Ii« + IT,) = 

is a circle except when Xc = — 1. In this case the locus is a plane called the 
radical plane of 81 and 8%, 

7. The center of the sphere 8k in problem 6 lies on the line of centers of ^1 
and 8% and divides it into segments whose ratio is equal to k» 

8. The equation of the radical plane of Si and 8% (problem 6) is 

(Ci - Q^)x + (Hi " J5ra)y + (h - h)z + (K^ -Kt) = 0. 

9. The radical plane of two spheres is perpendicular to their line of 
centers. 

10. The radical planes of three spheres taken by pairs intersect in a line 
perpendicular to their plane of centers which is called the radical axis of the 
spheres. 

11. The radical planes of four spheres taken by pairs intersect in a point 
called the radical center of the spheres. 

12. When two spheres Si and 8^ (problem 6) intersect, the system 5jt con- 
sists of all spheres passing through their circle of intersection. 

18. When the spheres 81 and 8% (problem 6) are tangent, the system 8t 
consists of all spheres tangent to 81 and 8% at their point of tangency. 

14. The equation of the system 8k (problem 6) may be written in the form 

x2 + y* + 2^ + fc'x + JST = 0, 

where A:^ is an arbitrary constant, if the X>axis is chosen as the line of 
centers and the YZ-plane as the radical plane of 81 and iSs. 

16. The spheres of the system in problem 14 have their centers on the 
X-axis and 

(a) pass through the circle y^ + z'^ -\- K - (i, x - )i K<0. 

(b) are tangent to each other at the origin if JET = 0. 

(c) are orthogonal to the sphere x^ -f y* + 2* = jK^ if -K"> 0. 

16. The product of a secant of a sphere drawn from a fixed point and its 
external segment is constant. 

17. Find the square of the length of a tangent from a point Pi (xi, Vi, 21) 
to the sphere x» + y" + 2* + G'x + Hy + 1« + JT = 0. 

Ans. xi« + yi' + 2i* + toi + Hyi + Izi + K. 

18. Show that the equations of an inversion (p. 297) in space are 

x^ y^ tr 

x^-fy^ + JC^* ^ x^ + y^ + 2^' x^ + y^ + «^' 
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19. Show that the inveise of a plane is a sphere unless the plane passes 
through the origin,* and that in this case the plane is invariant 

80. Show that the inverse of a sphere is a sphere unless it passes through 
the origin, when the inverse is a plane. 

166. Cylinders. 

Ex. 1. Determine the nature of the locus of y> = 4«. 

SolutUm. The intersection of the surface with a plane parallel to the 
FZ-plane, z = k, are the lines (Rule, p. 846) 

(1) X = fc, y = ± 2 V*, 

which are parallel to the Z^azis 
(Theorem II, p. 342). Ifil;>0, 
the locus of equations (1) is a 
pair of lines ; if ik = 0, it is a 
single line (the Z-axis); and 
if ik < 0, equations (1) have no 
locus. 

Similarly, the intersection 
with a plane parallel to the 
ZX-plane, ]/ = ^, is a straight 
line whose equations are (Rule, 
p. 345) 

X = J A!*, y = ky 

and which is therefore parallel to the Z-axis. 

The intersection with a plane parallel to the XF-plane is the parabola 

2 = A, y* = 4x. 
For different values of k these parabolas are equal and placed one above 
another. 

It is therefore evident that the sur&ce is a cylinder whose elements are 
parallel > o the Z-axis and intersect the parabola In the XF-plane 

y2 = 4x, « = 0. 

It is evident from Ex. 1 that the locus of any equation which 
contains but two of the variables x, j/y and z will intersect planes 
parallel to two of the coordinate planes in one or more straight 
lines parallel to one of the axes and planes parallel to the third 
coordinate plane in equal curves. Such a surface is evidently a 
cylinder. Hence 

Theorem IV. The locus of an equation in which one variable is 
lacking is a cylinder whose elements are parallel to the axis along 
which that variable is measured. 
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167. The projecting cylinders of a curve. The cylinders whose 
elements intersect a given curve and are parallel to one of the 
coordinate axes are called the projecting cylinders of the curve. 
Their equations may be found by elimiuating in turn each of the 
variables x, y, and z from the equations of the curve; for if we 
eliminate Zy for example, the result is the equation of a cylinder 
(Theorem IV) which passes through the curve, since values of x, 
y, and z which satisfy each of two equations satisfy an equation 
obtained from them by eliminating one variable. 




'^j . . . , 



i=:t 




The equations of two of the projecting cylinders may be con- 
veniently used as the equations of the curve.* 

The figure shows the cnrve whose equations are 

2 y3 4. 22 + 4 a; = 4 2j, y2 + 3 z^ - 8 as = 12 z. 

Eliminating se, y, and z in turn, we obtain the equations of the projecting 
cylinders ^2^.2-2=42;, 2a-4a;=4z, y3 + 4« = 0. 

The figure shows the first and third of these cylinders. 

If the curve lies in a plane parallel to one of the coordinate 
planes, then two of these cylinders coincide with the plane of the 
curve, or part of it. 

* In general, the equations of a carve may be replaced by any two Independent equa- 
tions to which they are equivalent, that is, by two independent equation* which are 
satisfied by all values of or, y, and z satisfying the equations of the curve, and only by 
such values. 
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The projectit^ cylindets of a straight line are evidently planes. 
The equations of a line in terms of its projecting cylinders oi 
planes have already been given (Theorem IV, £. 367). 

168. Cones. 

Ex. 1. DetenniDethenstureofthelocusof theequationiez'+y^-z*=0. 

Solutitm. Let Fi(X|, ^i, Zi) be a point on ft curve C In whicli the locus 
iDtenecU any plane, for eziunple z = k. Then 
(1) 16a;i* + yi«-z,* = 0, zi = k. 

The origin O lies on the enrface (Theorem m, p. 345). We shaU show 
that the line OPi lies entirely on the Burface. 
The direction coaines of OPi are {Corollaries, 
pp. 882 and 881) ^, ^, and -', where 

W PI PI 

pi' = «!* + ti' + «i' = OPi'. Hence the coordi- 
nates of any point on OPi are (Theorem V, 



SnbsUtuUng these values of x, y, and z In 
the ^ven equation, ne obtain 

pr PI* PI* 
This la true for all values of p since it may 
be obtained from the first of equations (1) by 

multiplying by —■ Hence every point on 

Pi' 
OPi lies on the surface, that is, the entire 
line lies on the surface. Hence the surface 
is a cone whose veTt«z is the origin. 

The essential thing in the solution 
of Ex. 1 is that (2) may be obtained 

from the first of equations (1) by multiplying by a power of — ■ 
This may be done vheuever the equation of the surface is 
hrnnogeneous* in the variables x, y, and z. Hence 

Theorem V. The locus of an equation which tg homogeneous in 
the variables x, y, and z is a cone whose vertex it the origin. 

2 When all the temu In Ui« sanation an of 
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PROBLEMS 

1. Determine the nature of the following loci ; discuss and construct them. 

(a) x* + y« = 36.* (e) x« - y« + 36«« = 0. 

(b) x2 + y* = «». (0 y* - 16a:2 + 4z2 = 0. 

(c) y* + 4 a« = 0. (g) x« + 16y« - 4x = 0. 

(d) X* - za = 16. (h) x« + yz = 0. 

8. Find the equations of the cylinders whose directrices are the following 
curves and whose elements are parallel to one of the axes. 

(a) ya + z« - 4y = 0, X = 0. (c) If^x^ - a^^ = aV>^, z = 0. 

(b) «a + 2x = 8, y = 0. (d) y^ + 2pz = 0, x = 0. 

8. Find the equations of the projecting cylinders of the following carves 
and construct the curve as the intersection of two of these cylinders. 

(a) x2 + y« +z3 = 26, x^ + 4y» - z^ = o. 

(b) x« + 4ya - 2« = 16, 4x2 + y^ + «» = 16. 

(c) x" + y" = 42, x» - y* = Sz. 

(d) xa + 2y« + 4x2 = 32, x^ + 4y« = 4z. 

(e) y2 + 2X = 0, y« -f- 2x + y - z = 0. 



4. Discuss the following loci. 




(a) x2 + y2 = z2tan27. 


(d) xa + y2 = r«. 


(b) y3 + z« = x2tan2a. 


(6) y2 + 22 = »«. 


(c) z2 + x2 = y2 tan2/3. 


(!) 22 + x2 = r«. 



169. Surfaces of revolution. The surface generated by revolv- 
ing a curve about a line lying in its plane is called a surface of 
revolution. 

Ex. 1. Find the equation of the surface of revolution generated by reyolv- 
ing the ellipse x2 + 4 y2 - 12 x = 0, z = about the X-axis. 

Solution. Let P (x, y, f) be any point on the surface. Pass a plane through 
P and OX which cuts the surface along one position of the ellipse, and in this 

plane draw OY' perpendicular 
ZA^ to OX Referred to OX and 

OF' as axes, the equation of 
the ellipse is evidently 

(1) x2 + 4y'2-12x = 0. 

But from the right triangle 
PAB we get y^ = y2 + z2. 
Substituting in (1), we get 

(2) x« + 4y2 + 4z2-12x = 0. 
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This equation ezpreflses the relation which any point on the surface must 
satisfy, and it is easily shown that any point whose coordinates satisfy equa- 
tion (2) lies on the surface. It is therefore the equation of the surface. 

The method of the solution enables us to state the 

Rule to find the equation of the surface generated by revolving 
a curve in one of tJie coordinate planes about one of the axes in 
that plane. 

Substitute in the equation of the curve the square root of the sum 
of the sqttares of the two varieties not measured along the axis of 
revolution for that one of these two variables which occurs in ths 
equation of the curve* 

If the intersections of a surface with all planes parallel to one 
of the coordinate planes are circles, then the surface is evidently a 
surface of revolution whose axis is the coordinate axis perpen- 
dicular to the planes of the circular sections. This enables us to 
determine whether or not a given surface is a surface of revolu- 
tion whose axis is .one of the coordinate axes. 

170. Ruled surf aces. A surf ace generated by a moving straight 
line is called a ruled surface. If the equations of a straight line 
involve an arbitrary constant, then the equations represent a sys- 
tem of lines which form a ruled surface. If we eliminate the 
parameter from the equations of the line, the result will be the 
equation of the ruled surface. 

For if (zi, yi, zi) satisfy the given equations for some value of the parameter, 
they will satisfy the equation obtained by eliminating the parameter, that is, the 
coordinates of every point on every line of that system satisfy that equation. 

Cylinders and cones are the simplest ruled surfaces. 

Ex. 1. Find the equation of the surface generated by the line whose 

equations are ^ 

X + y = kz, z — y = -z, 

k 

Solution. We may eliminate k from these equations of the line by multi- 
plying them. This gives 

(1) xa - i/« = 2J«. 

This is the equation of a cone (Theorem V, p. 886) whose vertex is the origin. 
As the sections made by the planes x = Ac are circles, it is a cone of revolution 
whose axis is the X-axis. 
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We may verity that the given line lies on the surface (1) for all Tallies 
of X: as follows : 

Solving the equations of the line for z and y in terms of z, we get 



Substituting in (1), we obtain 



an equation which is true for all values of k and z, as is seen by remoTing 
the parentheses. Hence every point on any line of the system lies on (1), 
since its coordinates satisfy (1). 

Ex. 2. Determine the nature of the surface z* — 3zx + 8y = 0. 

Solution, The intersection of the surface with the plane z=:k ia the 
straight line (Rule, p. 346) 

ik«-3Aa + 8y = 0, z = k. 




Hence the surface is the ruled surface generated by this line as k varies. 
To construct the surface consider the intersections with the planes x = and 
X = 8 whose equations are respectively 

x = 0, 8y + «' = and x = 8, 8y-24z + «» = 0. 

Joining the points on these curves which have the same value of z gives 
the lines generating the surface. 
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PROBLEMS 

1. Find the equations of the snrfaces of revolution generated by revolving 
the following curves about the axes indicated, and construct the figures. 

(a) y« = 4x- 16, -T-axis. AnB. y^ + 2^ = 4x - 16. 

(b) x» + 4ya = 10, F-axis. Ans. aj« + 4y2 + «* = 16. 

(c) x^ = 4«, Z-axis. Ana. x« + y« = 4z. 

(d) x2 ^ y2 = le, r-axis. Ana. x« - y^ + 2« = 16. 

(e) xa - ya = 16, X-axis. Ana. x^ - y« - «« = 16. 

(f) y2 + «« = 25, Z-axis. Ana. x* + ys + «« = 26. 

(g) y^ = 2pz, Z-axis. Ana. A paraboloid of rtvolution, x^ + y> = 2pz. 

x^ y^ x^ v^ 2^ 

(h) -r + ^ = 1, X-axis. Ana. An ellipsoid of revolatioii, — + rr + — = 1. 

X* t/* 
<*> ^2 - ^ = 1' ^-»^*»- 

^ ^ x2 y« z« 

^ns. An hyperboloid of rovolntion of one sheet, —i^tz-\ — = 1* 

x« ya * ^ " 

* * x« y« z^ 

ilns. An hyperboloid of revolntion of two sheets, -^ — rr ~" 7i = !• 

a' o* 0* 

8. Show that the following loci are either surfaces of revolution or ruled 
surfaces whose generators are parallel to one of the coordinate planes. Con- 
struct and discuss the loci. 

(a) y3 + 2* = 4x. (e) 4x2 + 4y« - «« = 16. 

(b) x« - 4y« -H 2^ = 0. (f) x^-z^ = 0. 

(c) 2^ - 2X + y = 0. (g) x2 + 28 = 4. 

(d) x«y + a» = y. (h) (x^ + 2«)y = 4a2(2a - y). 

8. Verify analytically that a sphere is generated by revolving a circle 
about a diameter. 

4. Show that the systems of spheres in problem 15, p. 882, may be gen- 
erated by revolving the systems of circles in Theorem VIII, p. 144, about 
the X-axis. 

6. Find the equation of the surface of revolution generated by revolving 
the circle x^ + y^ — 2a'x4-cr2 — )^ = about the F-axis. Discuss the sur- 
face when <a:>r, nr = r, and a<r. 

Ana. (x« + y« + 28 + a« - r^)^ = 4 a«(x2 4- 2«). When a>r the surface 
is called an anchor ring or torus. 

6. Find the equations of the ruled surfaces whose generators are the 
following systems of lines, and discuss the surfaces. 

(a) X + y = ib, ib(x - y) = a^. Ana. x« - y* = a«. 

(b) 4x-2y = Jfc2, A;(4x + 2y) = 2. Ana. 16x«-4y« = 2«. 

(c) X - 2y = 4 A:2, k{x - 2y) = 4. Ana. x« - 4y9 = I62. 

(d) x + *y + 42 = 4A;, A!X-y-4A:2 = 4. Ana. x^ + y« - 162» = 16. 
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7. Find the equation of the cone whose vertex is the origin and whose 
elements cut the circle x? + y* = 10, z = 2. Am, x^ + y« - 4 25» = 0. 

8. Find the equations of the cones of revolution whose axes are the 
co5rdinate axes and whose elements make an angle of ^ with the axis of 
revolution. Ans. y* + «* = x* tan^^ ; z* + x* = y* tan>0 ; x* + 2/* = «* tan>0. 

9. Find the equations of the cylinders of revolution whose axes are the 
coordinate axes and whose radii equal r. 

Ans. y« + 2;« = r«; «» + aJ« = **; x^ + y» = ra. 
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TRANSFORMATION OF COORDINATES. DIFFERENT 
SYSTEMS OF COORDINATES 

171. Translation of the axes. 

Theorem L The equations for translating the aoces to a new 
origin 0\h, k, I) are 

(I) x = x*'\-h, y = y' + k, z = z' + l. 

Proof. Let the coordinates 
of any point before and after 
the translation of the axes be 
(aj, y, z) and («', y', z') respec- 
tively. Projecting OP and 
OO'P' on each' of the axes 
(Theorem II, p. 328), we get 
equations (I). q.b.d. 

172. Rotation of the axes. ^'' 

Theorem IL If ai, j8i, yi; aj, ft, 72 j ^""^ ^b9 Pzt y» (^re respec- 
tively the direction angles of three mutually perpendicuZar lines 
OX', OTf and 0Z\ then the equations for rotating the axes to the 
position 0-X'Y'Z' are 

'x=:aD^ cos Ox '\-y' cos a^+Z* COB CL^, 

(II) < y =ic' cos fix + y* cos pt + z* cos p^, 

z=zx' cosyi + y' cosYt + ^^ ^/^ Yr* 

* By Theorem m, p. 330, and Theorem VI, p. 336, we Bee that the dlreetion ootines of 
OX't 0T\ and OZ' satisfy the six equations 

oo«s a, + COS* /i| + oo«s y, » 1, COS a, oofl a, + cos 01 oos0, + oosyi oosys^O, 
cos^a^ + oos'/Ss-^cos'yss 1, cosa|OO8as + co8/3,oos08 + oosysOOSya«O, 
oossaa + cos>0g + oo0*y8- 1, oosasOoeat + eoB^sCoe^ + oosyBCOtyiMO. 

Henoe only three of the nine constants In (II) are independent. 

801 
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Proof. Let the coordinates of any point P before and after 

the rotation of the axes be respec- 
tively (aj, y, z) and {x\ y\ «'). Pro- 
jecting OP and OA^B'P on each of 
the axes OXj 01% and OZ, we get, by 
Corollary I, p. 328, and Theorems I 
and Ily p. 328, equations (II). q.b.d. 

Theorem UL Hie degree of an equa- 
tion is unchanged by a transforma- 
tion of coordinates. 

Hint. Show that any transfomiatioD of oodrdliuiftefl may be effected by applying 
Theorems I and II sacceniTely, then that the degree cannot be raised by changing to new 
oodrdinatesy and finally that it cannot be lowered. 




PROBLEMS 

1. Transform the equation x' + j^ — 42 + 2]^ — 4z + l = by trans- 
lating the origin to the point (2, — 1, — 1). An^ z^ + y* — 4 z = 0. 

2. Transform the equation 5x2 + 8y* + 5z* — 4y« + 8fflB4-4xy— 4x+2y 
+ 4 2 = by rotating the axes to a position in which their direction cosines 
are respectively f,f,i; i, -f, f; i,-i,-i. Am. 3x« + 3i^ = 22. 

8. Formulate a rule by which to simplify a given equation (a) by trans- 
lating the axes, (b) by rotating the axes. How many terms may, in general, 
be removed from a given equation by a general transformation of codrdinates ? 

4. Derive the equations for rotating the axes through an angle e about 



(a) the Z-axis, (b) the X-axis, (c) the F-axis. 

Ans. (a) 



X = x' cos tf — y' sin ^, 
y = 2fAikB-{-y' cos 0, 



5. Simplify the following equations by translating the axes or by rotating 
them about one of the co5rdinate axes. 

(a) xa + ya - z« - 6x - 8y + 102 = 0. An^ x« + y« - 1« = 0. 

(b) 8x2 - 8xy - 3ya - 62« + 5 = 0. Ans. x* - y« -I- 2« = 1. 

(c) y«-f-422«i6a;-6y-h 162 + 9 = 0. Am, y« + 42« = 16x. 

(d) 2xa-5y«-62«-6y2 = 0. Ans. xa-4y«-2« = 0. 

(e) 9x«-26y« + 162a-24zx-80x-602 = 0. Ans, x«-y« = 42. 

6. Show that -4x + By -f C2 -f D = may be reduced to the form x = 
by a transformation of coordinates. 

JBnt. RemoTe the constant term by translating the axes, then remove the a-term 
by rotating the axes about the r-azis, and finally remove the y-term by rotating about 
the Z-azls. 
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7. Show that the xy-term may always be remoyed from the equation 
Az^ + Bj/*+ Cz^ + Pxy -\-K = by a rotation of the axes. 

8. Show that the yz-term may always be remoyed from the equation 
Aix^ + By^ -\- Cafl + Dyz + K = by rotating the axes. 

9. What are the direction cosines of OX, OT, and OZ (Fig., p. 392) 
referred to 0X\ 0Y\ and OZ' ? What six equations do they satisfy ? 

10. Show that the six equations obtained in problem 9 are equiyalent to 
the six equations in the footnote, p. 801. 

11. If (x, y, z) and (x', y', zO ^^ respectiyely the coordinates of a point 
before and after a rotation of the axes, show that 

»^ + y* + «" = «^ + y^ + «^. 

173. Polar coordinates. The line OP drawn from the origin 
to any point P is called the radius vector of P. Any point P 
determines four numbers, its radius vector p and the direction 
angles of OPy namely, a, p, and y, which are called the polar 
coordinates of P. 

These nombers are not aU independent 
since a, fi, and y satisfy (III), p. 330. If two 
are known, the third may then be found, but 
aU three are retained for the sake of symmetry. 

Conversely, any set of values of 
p, a, /?, and y which satisfy (III), 
p. 330, determine a point whose polar 
coordinates are p, a, fiy and y. 

Projecting OP on each of the axes, 
we get, by Corollary I, p. 328, and Theorem I, p. 328, 

Theorem lY. The equatwns of transformation from rectangular 
to polar coordinates are 

(IV) x = />cosa, tf = />cosj9, « = />oo8y. 

From Theorem (IV), p. 331, we obtain 

(1) />' = «* + tf' + «", 

which expresses the radius vector in terms of x, y, and «. 
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174. Spherical coordinates. Any point P determines three 
numbers^ namely, its radius vector p, the angle between the 
radius vector and the Z-axis, and the angle <^ between the pro- 
jection of its radius vector on the 
JCy-plane and the ^-axis. These num- 
bers are called the spherical coordinates 
of P. 6 is called the oolatitude and ^ 
the longitude. 

^ Conversely, given values of p, 6, and ^ 

^ determine a point P whose spherical 
coordinates are (p, d, ^). 
Projecting OP on OA, we get 

OM = p sin $, 

and then projecting OP and OMP on each of the axes, we obtain 

Theorem V. The eqtiations of transformation from rectangular 
to spherical coordinates are 

(Y ) X = /> sin cos ^, |^ = /> sin sin ^, « = /> cos 0. 

The equations of transformation from spherical to rectangular 
coordinates may be obtained by solving (Y) for p, 0, and ^. 

175. Cylindrical coordinates. Any point P (x, y, z) determines 
three numbers, its distance z from the 
XF-plane and the polar co5rdinates (r, ^) 
of its projection (x, y, 0) on the -XF-plane. 
These three numbers are called the cylin- 
drical codrdinates of P. Conversely, three 
values of r, ^, and z determine a point 
whose cylindrical coordinates are (r, ^, z). 
From Theorem I, p. 166, we have at once ^> 

Theorem VI. The equations of transformation from rectangular 
to cylindrical coordinates are 

(VI) 09 = r cos ^, 1^ = r sin ^, » = ». 

The equations of transformation from cylindrical to rectangu- 
lar co5rdinates may be obtained by solving (VI) for r, ^, and iv. 
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PROBLEMS 

1. What is meant by the ** locus of an equation *' in the polar coordinates 
p, a, /9, and 7 ? in the spherical coordinates p, 6^ and ? in the cylindrical 
coordinates r, 0, and z ? 

2. Show that the locus of an equation in polar coordinates is symmet- 
rical with respect to the pole if only the form of the equation is changed 
when p is replaced by — p ; with respect to one of the coordinate planes 
if only the form of the equation is changed when a is replaced by ;r — a , 
/) by ;r — /3, or 7 by ir — 7. Under what conditions will it be symmetrical 
with respect to each of the rectangular axes ? 

8. Find rules by which to determine when the locus of an equation in 
spherical or cylindrical coordinates is symmetrical with respect to the origin, 
each of the rectangular axes, and each of the coordinate planes. 

4. How may the intercepts of a surface on the rectangular axes be found 
if its equation in polar coordinates is given? if its equation in spherical 
coordinates is given ? if its equation in cylindrical coordinates is given ? 

b. Transform the following equations into polar coordinates. 

(a) x« + ya + a:^ = 25. Am, p = 6. 

(b) a2 4. ys _ 2« - 0. Am, 7 = t* 

4 

(c) 2x»-y«-22 = 0. Am. a: = cos-ijV3. 

6. Transform the following equations into spherical coordinates. 

(a) x« + 2^ + 2^ = 16. Am, p = 4. 

(b)2x + 8y = 0. -4n«. = tan-i(-J[). 

(c) 3xs + 8y2 = 72«. Am, ^ = tan-4V21. 

7. Transform the following equations into cylindrical coordinates. 

(a)6x — y = 0. Am. = tan-i6. 

(b) X? + y* = 4. Am, r = 2. 

8. Find the equation in polar coordinates of 

(a) a sphere whose center is the pole. 

(b) a cone of revolution whose axis is one of the coordinate axes. 

Ans, (a) p = constant ; (b) a = constant, /3 = constant, or 7 = constant. 

9. Find the equation in spherical coordinates of 

(a) a sphere whose center is the origin. 

(b) a plane through the Z-axis. 

(c) a cone of revolution whose axis is the Z-axis. 

Am. (a) p = constant ; (b) = constant ; (c) s constant 
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10. Find the equation in cylindrical coordinates of 

(a) a plane parallel to the XY-plane. 

(b) a plane through the Z-azis. 

(c) a cylinder of revolution whose axis is the Z-axis. 

Ana. (a) z = constant ; (b) ^ = constant ; (c) r = constant. 

11. In rectangular coordinates a point is determined as the intersection 
of three mutually perpendicular planes (p. 826). Show that 

(a) in polar coordinates a point is regarded as the intersection of a sphere 
and three cones of revolution which have an element in common. 

(b) in spherical coordinates a point is regarded as the intersection of a 
sphere, a plane, and a cone of revolution which are mutually orthogonal. 

(c) in cylindrical coordinates a point is regarded as the intersection of 
two planes and a cylinder of revolution which are mutually orthogonaL 

19. Show that the square of the distance between two points whose polar 
coordinates are (^i, ai, fiu 7i) t^^ (pty ^si /^st 72) is 

r* = /)i* + p8* — 2 pip2(coa aiC06 a^ + cos/9iCos/3a + cos 71 cos 71). 

18. Find the general equation of a plane in polar coordinates. 

Ana. p (A cos a + Bcos p-\- C cos 7) + -D = 0. 

14. Find the general equation of a sphere in polar coordinates. 

Ana. ffl'\- p{Gco6a + Hcosp + Icosy)-\-K = 0, 



CHAPTER XXTI 

QUADRIC SURFACES ASD EQUATIONS OF THE SECOND 
DEGREE IN THREE VARIABLES 

176. Quadric surfaces. The locus of an equation of the second 
degree, of which the most general form is 

(1) Ax^ -\-By* + C«« +D1/Z '\-Ezx -fFxy + Gx '\-Hy -{-Iz +^ = 0, 

is called a quadric surface or conicoid. 

Theorem I. ITie intersection of a quadric taith any plane is a 
conic or a degenerate conic. 

Proof. By a transformation of coordinates any plane may be 
taken as the JCF-plane, « = 0, and referred to any axes the equa- 
tion of a quadric has the form (1) (Theorem III, p. 392). Then 
the equation of the curve of intersection referred to axes in its 
plane is (Eule, p. 345) 

Ax^ + Fxy -{-By^ + Gx-hHy-j-K^O, 

and the locus is therefore a conic or a degenerate conic (Theo- 
rem XIII, p. 196). Q.E.D. 

Corollary. The intersection of a cone of revolution unth a plane 
is an ellipse, hyperbola, or parabola according as the plane cuts all 
of the elements, is parallel to two elements (cutting some on one side 
of the vertex and some on the other), or is parallel to one element 
(cutting all the others on the sams side of the vertex). 

Theorem n. The intersections of a quadric with a system of par- 
allel planes are, in general, similar conies. 

Proof By a transformation of co5rdinates one of the planes 
of the system may be taken as the ^F-plane, and hence the equa- 
tion of the system is z = k, while that of the quadric has the 

897 
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form (1) (Theorem III, p. 392). Hence the equation of the curve 
in which the plane z:xk intersects the quadric is (Rule, p. 345) 

(2) Ax^+Fxy-\-By^'\-{Ek^G)x-\-{Dk'>tH)y-if-Ck^-\-Ik'^K = 0. 

For different values of k this equation represents a system of 
similar conies* (Corollary I, p. 296). q.b.d. 

177. Simplification of the general equation of the second degree 
in three variables. If equation (1) be transformed by rotating 
the axes (Theorem II, p. 391), it can be shown that the new axes 
may be chosen so that the terms in yz, zxy and xy drop out and 
hence (1) reduces to the form * 

A 'x^ + By + C'z^ -{- G'x -^ H'y -{- Vz + ii:' = 0. 

Transforming this equation by translating the axes (Theorem I, 
p. 391), it can be shown that the axes may be chosen so that the 
transformed equation has either the form 

(1) A "«« + B'Y + C V -f ^" = 
or the form 

(2) ^"a;« + 5V + ^"« = 0. 

If all of the coefficients in (1) and (2) are different from zero, 
(1) and (2) may, with a change in notation, be respectively written 
in the forms 

x^ v^ 

* If the inyariants of (2) (Theorem VIII, p. 275) for two different yalaes of k are respeo- 

tlTely A, H, e and A', H', e^ then in order that the conies he similar the ralue of k giren 

H" 1 H» 
hy — (- must be a recti number. 

e' A« e 

All the sections will belong to the same type because A will hare the same sign for all 
values of k. If the sections are ellipses, U and e have opposite signs (Theorem IX, p. 277) 
and K will be real. The same is true if the sections are parabolas (p. 279). If the sections 
are hyperbolas, then, in general, for values of k between certain limits the hyperbolas will 
be similar, and for the remaining values of Jt, exclusive of the limits, the sections wiU also 
be similar (compare problem 3, p. 296). 
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The purpose of the following sections is to discuss the loci of 
these equations,* which are called central and non-cential quadrics 
respectively. 

If one or more of the coefficients in (1) or (2) are zero, the locus 
is called a degenerate quadric. 

If K" = 0, the locus of (1) is a cone (Theorem V, p. 385) unless the signs of A^\ 
B'\ and C" are the same, in which case the locus is a point, namely, the origin. 

If one of the coefficients A'\ B", and C" is zero, the locus is a cylinder (Theo- 
rem IV , p. 383) whose elements are paraUel to one of the axes and whose directrix 
id a conic of the elliptic or hyperbolic type (p. 195). If K^' = 0, the locus will be a 
pair of intersecting planes or a line. 

If two of the coefficients A'\ B'\ and C" are zero, the locus is a pair of parallel 
\9lanes (coincident if K'' = 0) or there is no locus. 

If one of the coefficients in (2) is zero, the locus is a cylinder (Theorem IV, p. 383) 
whose directrix is a parabola or a degenerate central conic. 

If two at the coefficients are zero, the locus is a pair of coincident planes. 
{Af' and B'^ cannot be zero simultaneously, as the equation would cease to be of 
the second degree.) 

PROBLEMS 

1. Construct and discuss the loci of the following equations. 

(a) 9x2 _ 36y2 + 422= 0. (e) 4y8 - 25 = 0. 

(b) 16x2 - 4y2 - za = 0. (f) Sy* + Tz* = 0. 

(c) 4x2 + z2 - 16 = 0. (g) 8y2 + 26z = 0. 

(d) y2 - 9z2 + 36 = 0. (h) «» + 16 = 0. 

^2 yl ^2 

8. Discuss the locus of the equation ± -- ± 7- d: -r = (a) if all the 

a2 52 c2 

Higns agree ; (b) if two signs are positive. When will the locua be a cone of 
revolution about the X-axis ? the F-axis ? the Z-axis ? 

8. Show geometrically by means of Theorem I that the sections of a 
cylinder whose equation is of the second degree made by planes cutting all 
of the elements are conies of the same type. Show also that the orthogonal 
projection on a plane of an ellipse is an ellipse ; of an hyperbola is an hyper- 
bola ; and of a parabola is a parabola. 

4. Show how to find the equations of the projections of a curve upon the 
coordinate planes by means of their projecting cylinders. 

5. Prove the Corollary to Theorem I by determining the nature of the 
intersection of the cone x^ + ^ = tan2 7 . tfi with the plane x = tan /9 • z + 6. 

6. Prove the Corollary to Theorem I by transforming x* + y« = tan2 7 . z* 
)y rotating the axes about OY through an angle B and considering the seo 
ions formed by the plane z^ = A: if ^ = 7. 

* There is a looua unlees all of the coefflcienta of (3) are negative, when there is no loeuSb ■ 
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178. The eUipsoid ^ + |L + ^ = 1« If all of the coefficients i 

Or O €r 

(3), p. 398, are positive, the locus is called an ellipsoid. A discus 
sion of its equation gives us the foUowmg properties. 

1. The ellipsoid is symmetrical with respect to each of the 
coordinate planes and axes and the origin (Theorem lY, p. 346). 
These planes of symmetry are called the principal planes of the 
ellipsoid. 

2. Its intercepts on the axes are respectively (Kule, p. 346) 

of 



The lines AA' == 2 a, BB' = 2 b, CC' = 2e are called the 
the ellipsoid. 

3. Its traces on the principal planes are the ellipses ABA^B', 
BCB'C, and ACA^C, whose equations are (p. 346) 

-» "^ b^ ^ b^ c« ' a* c« 



a 



4. The equation of the curve in which a plane parallel to the 
XF-plane, z = k, intersects the ellipsoid is (Eule, p. 345) 



(1) g + g = i-7' 



or 



X' 



+ 



tr 



b^ 



T^if-^^ ^(c«-^«) 



= 1. 



The locus of this equa- 
tion is an ellipse, and for 
different values of k the 
ellipses are similar. If k 
.J — > increases from to c, or 
decreases from to — c, 
the plane recedes from the 
^F-plane, and the axes of 
the ellipse decrease from 
2 a and 2 b respectively 
to when the ellipse degenerates (p. 195). If A; > c. or A; < — c, 
there is no locus, and hence the ellipsoid lies entirely between 
the planes « = ± c. 
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In like manner the sections parallel to the YZ- and ZZ-planes 
are similar ellipses whose axes decrease as the planes recede, and 
the ellipsoid lies entirely between the planes a; = ± a and y = ±.b. 
Hence the ellipsoid is a closed surface. 

If a = 6, the section (1) is a circle for values of k such that 
— e<k<c^ and hence the ^ellipsoid is an ellipsoid of revolution 
whose axis is the Z-axis. If & = c or c = a, it is an ellipsoid of 
revolution whose axis is the X- or F-axis. 

If a = 6 = Cy the ellipsoid is a sphere, for its equation may be 
written in the form x^ -f- y' -f- «' = a\ 

179. The hyperboloid of one sheet ^ + p — ;5 = !• If two of 

the coefficients in (3), p. 398, are positive and one is negative, the 

locus is called an hyperboloid of one 

aheet Consider first the equation ^^ 



V) 



X 



y' 



z' 



a« ^ 6« c« 



A discussion of this equation gives 
as the following properties. 

1. The hyperboloid is symmetrical 
with respect to each of the coordinate 
planes and axes and the origin (Theo- 
rem IV, p. 346). 

2. Its intercepts on the X- and 
y-axes are respectively (Rule, p. 346) 

35 = ± a, y = ± 5, 

« 

but it does not meet the Z-axis. 

3. Its traces on the coordinate planes (p. 346) are the conies 

?!-i-i^ = i y! — ?* — 1 5!_?!_1 

^«-t-^2 h ja ^2 h ^2 ^a-l> 

of which the first is the ellipse whose axes are AA' =:2a and 
BB^ =2b, and the others are the hyperbolas whose transverse 
axes are BB* and A A' respectively. 
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4. The equation of the curve in which a plane parallel to the 
Xy-plane, z = k, intersects the hyperboloid is (Rule, p. 345) 

(2) -! + t! = i + ^'' or -r-^ — + 5;?-^^ — = 1- 

The locus of this equation is an ellipse. If k increases from 
to 00, or decreases from to — oo, the plane recedes from the 
^F-plane, and the axes of the ellipse increase indefinitely from 
2 a and 2 b respectively. Hence the surface recedes indefinitely 
from the A'F-plane and from the Z-axis. 

In like manner the sections formed by the planes x = k* and 
y = k" are seen to be hyperbolas. As k' and k" increase numer- 
ically the axes of the hyperbolas decrease, and when k' = ±a or 
A;" = ± ^, the hyperbolas degenerate into intersecting lines. As 
k' and k" increase beyond this point, the directions of the trans- 
verse and conjugate axes are interchanged, and the lengths of 
these axes increase indefinitely. 

If either system of hyperbolas is projected orthogonally on the coordinate 
plane to which the planes of the hyperbolas are parallel, the projected system 
will have the appearance of the system on p. 201. . 

The hyperboloid (1) is said to " lie along the Z-axis." 
The equations 

are the equations of hyperboloids of one sheet which lie along 
the Y- and X-axes respectively. 

If a = ft, the hyperboloid (1) is a surface of revolution whose 
axis is the Z-axis, because the section (2) becomes a circle. The 
hyperboloids (3) will be hyperboloids of revolution if a = c and 
b = c respectively. 

180. The hyperboloid of two sheets — — ^ — -5=1. If only 

one of the coefficients in (3), p. 398, is positive, the locus is 
called an hyperboloid of two sheets. Consider first the equation 
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1. The hyperboloid is symmetrical with respect to each of the 
coordinate planes and axes and the origin (Theorem IV, p. 346). 

2. Its intercepts on the JT-axis are x =±a, but it does not 
cut the Y' and Z-axes. 

3. Its traces on the XY- and XZ-planes (p. 346) are respec- 
tively the hyperbolas 






which have the same transverse axis ^^4'= 2a, but it does not 
cut the F-^-plane. 

4. The equation of the curve in which a plane parallel to 
the FZ-plane, x = k, intersects the hyperboloid of one sheet is 
(Rule, p. 345) 



y" 



k* 



7i + T5 = 7i-l> or 



y' 



h^ ' c^ a« 



+ 



= 1. 



ii(^"-«") r«(^-«") 



a 



a' 



This equation has no locus if — a < k < a. If A; = ± a, the 
locus is a degenerate ellipse, and as k increases from a to oo, or 
decreases from — a to — oo, the 
locus is an ellipse whose axes 
increase indefinitely. Hence the 
surface consists of two branches 
or sheets which recede indefi- 
nitely from the yZ-plane and 
from the X-axis. 

In like manner the sections formed by all planes parallel 
to the XY' and ZX-planes are hyperbolas whose axes increase 
indefinitely as their planes secede from the coordinate planes. 

The hyperboloid (1) is said to " lie along the -X-axis." 

The equations 




(2) 



y' 



y' 



— — 4-2-— — = 1 — — _2L4.r. — 1 



a' 



b^ 



a* 



b^ 



are the equations of hyperboloids of two sheets which lie along 
the Y- and Z-axes respectively. 
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If b =:e, c = a, or a = 5, the hyperboloids (1) and (2) are 
respectively hyperboloids of revolution. 

It shonld be noticed that the locus of (3), p. 398, i$ an eUipmnd if all the terms 
on the left are positive, an hyperboloid of one sheet if but one term is negative, 
and an hyperholoid of two sheets if two terms are negative. If all the terms on 
the left are negative, there is no locus. If the locus is an hyperholoid, it will lie 
along the axis corresponding to the term whose sign differs from that of the other 
two terms. 

PROBLEMS 

1. Discom and construct the loci of the following eqaatioDB. 

(a) 4x» + 9y« + 16z« = 144. (e) 9x« - i/» + Oa* = 36. 

(b) 4x8 4- Oy« - IGz* = 144. (f) 2» - 4x« - 4y« = 16. 

(c) 4x* - 9y« - 16z« = 144. (g) 16x« + y* + 162« = 64. 

(d) x« 4- 16y« 4- 2* = 64. (h) x« 4- y* - «« = 26. 

2. For what values of ik or ik' will the sections of the hyperboloid of one 

^S 2/^ gi 

sheet, — \-- = 1, formed by the planes x = k or y = k^ be similar 

hyperbolas ? the hyperboloid of two sheets — s — 7s + ~s=^^ 

a^ cp c* 

8. Show analytically that the intersection of an ellipsoid with any plane 
is a conic of the elliptic type. 

4. Show analytically that the section of an hyperboloid of (a) one sheet, 
(b) two sheets formed by a plane passing through the axis along which the 
hyperboloid lies, is an hyperbola. 

2^ j/i 2^ 

6. Show that -^ + ^r 4- — = {Ax -{■ By -\- Cz)* is the equation of the cone 

a^ Or c^ 

whose vertex is the origin which passes through the intexsection of the 

x'i i/i jfl 

ellipsoid — h tt 4- -r = 1 and the plane Ax 4- ^y 4- C« = 1. 
a" 0* c* 

e. Show that «»(i - i) + y2(l - 1) + ^(1 _ 1) = is the equa. 

tion of the cone whose vertex is the origin which passes through the 
intersection of the ellipsoid and the sphere x^ 4- V^ + ^^ = r<* 

7. If, in problem 0, a>&>c and r = 5, show that the cone degenerates 
into a pair of planes whose intersections with the ellipsoid are circles. What 
is the nature of the cone if r = a? ifr = c? 

8. Find the equations of the planes whose intersections with the ellipsoid 
9x3 ^ 25y> + 169za = 1 are circles. Ans, 4x =± 12z 4- k. 
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9. Find the equation of the cone whose vertex is the origin which paaaea 

x'i yi 2* 
through the intersection of (a) the hyi>erboloid of one sheet -^ + ^ — i ~ ^* 



(b) the hyperboloid of two sheets 



x^ 



iS 



6a 



- = 1 with the sphere «• + y* 



+ 2^ = f^. For what value of r will the cone degenerate into a i>air of planes 
whose intersections with the hyperboloid are circles ? 

^«*(a)*«(i-l) + y«(l-l)-*«(i + l) = 0;r=«if«>6. 

10. Find the equations of the two systems of planes whose intersections 
with (a) an ellipsoid, (b) an hyperboloid of one sheet, (c) an hyperboloid of 
two sheets, are circles. 

181. The elliptic paraboloid -^ + ^ = 2cz. If the coefficient 

a o 

of ^ in (4), p. 398, is positive, the locus is called an elliptic 
paraboloid. A discussion of its 
equation gives us the following 
properties. 

1. The elliptic paraboloid is 
symmetrical with respect to the 
YZ' and ZX-planes and the Z-axis 
(Theorem IV, p. 346). 

2. It passes through the origin 
(Theorem III, p. 345) but does not 
intersect the axes elsewhere (Rule, 
p. 346). 

3. Its traces on the co5rdinate planes (p. 346) are respectively 
the conies a • o « 

X IT X^ ^ 1/ 

-. + ^ = 0. .-a = 2«, f, = 2cz, 

of which the first is a degenerate ellipse (p. 195) and the others 
are parabolas. 

4. The equation of the curve in which a plane parallel to the 
Zy-plane, » = k, cuts the paraboloid is (Rule, p. 345) 




t^t= 



a 



i + ^2 



2cky or 



+ 



r 



2a^ck 2b^ek 



= 1. 
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The curve is an ellipse if c and k have the same sign, but there 
is no locus if c and k have opposite signs. Hence, if c is positive, 
the surface lies entirely above the XF-plane. If k increases 
from to 00, the plane recedes from the J^F-plane and the ajLes 
pf the ellipse increase indefinitely. Hence the surface recedes 
indefinitely from the -YF-plane and from the Z-axis. 

In like manner the sections parallel to the YZ- and Z.Y-planes 
are parabolas whose vertices recede from the ZF-plane as their 
planes recede from the coordinate planes. 

The loci of the equations 

(1) g + S = 2-. J+S = 2*y 

are elliptic paraboloids which lie along the X- and F-axes 
respectively. 

If a = b, the first surface considered is a paraboloid of revolu- 
tion whose axis is the Z-3,xis ; and if b = c and a = c, the parab- 
oloids (1) are surfaces of revolution whose axes are respectively 
the X' and F-axes. 

Ad elliptic paraboloid lies along the axis corresponding to the term of the first 
degree in its equation, and in the positive or negative direction of the axis 
according as that term is positive or negative. 

182. The hyperbolic paraboloid ^ — ^ = 2 c«. If the coefii- 

or 6' 

cient of y^ in (4), p. 398, is negative, the locus is called an hyperbolic 
paraboloid. 

1. The hyperbolic paraboloid is symmetrical with respect to 
the YZ' and ZX-planes and the Z-axis (Theorem IV, p. 346). 

2. It passes through the origin (Theorem III, p. 345) but does 
not cut the axes elsewhere (Rule, p. 346). 

3. Its traces on the coordinate planes (p. 346) are respectively 
the conies 

of which the first is a degenerate hyperbola (p. 195) and the 
others are parabolas. 
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4. The equation of the curve in which a plane parallel to the 
ZF-plane, z=ik, cuts the paraboloid is (Eule, p. 345) 






X^ 



-^=1. 




2 a^ck 2 b^ck 

The locus is an hyperbola. If c is positive, the transverse axis 
of the hyperbola is parallel to the 
X- or F-axis according as k is posi- 
tive or negative. If k increases 
from to 00, or decreases from 
to — 00, the plane recedes from the jfi 
A' F- plane and the axes of the 
hyperbolas increase indefinitely. 
Hence the surface recedes indefi- 
nitely from the XF-plane and the 
Z-axis. The surface has approximately the shape of a saddle. 

In like manner the sections parallel to the other coordinate 
planes are parabolas whose vertices recede from the Xy-plane as 
their planes recede from the coordinate planes. 

The loci of the equations 

are hyperbolic paraboloids lying along the Y- and Z-axes 
respectively. 

An hyperbolic paraboloid also lies along the axis which corresponds to the 
term of the .first degree in its equation. 



PROBLEMS 

1. Diflciun and construct the following loci. 

(a) y« + «2 = 4 X. (c) Oz* -- 4x« = 288 y. 

(b) ya - z« = 4x. (d) lOx^ + 2« = 64y. 

2. Prove that the parabolas of the systems obtained by cutting (a) an 
elliptic paraboloid, (b) an hyperbolic paraboloid by planes parallel to one 
of the coordinate planes, are all equal. 

8. Show analytically that any plane parallel to the axis along which 
(a) an elliptic paraboloid, (b) an hyperbolic paraboloid lies, intersects the 
surface in a parabola. 
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4. Show Analytically that any plane not parallel to the axis of an el 
paraboloid interaecte the AEorfaoe in an ellipse. 

6. Show analytically that any plane not parallel to the axis of an hyper- 
bolic paraboloid intenecte the sarface in an hyperbola. 



6. Find the equation of the cone whoee vertex a the origin which 

throngh the intersection of the paraboloid -i + ^ = ^<^ '^^ ^® sphere 
«* + ^ + 25» = 2rf. 



Ans. *^(^~^) + l^(^~<5)-c*« = 0. 



7. By means of problem 6 find the equations of two qrstems of planes 
whose intersections with the paraboloid are circles. 

183. Rectilinear generators. The equation of the hyperboloid 
of one sheet (p. 401) may be written in the form 

W ^ - ^ = 1 - ^• 

As this equation is the result of eliminating k from the equa- 
tions of the system of lines 

--h- = ik/^l + 2Y ^-5 = l/l-2V 
a c \ bj^ a c k\ bj* 

the hyperboloJd is a ruled surface (p. 387). Equation (1) is also 
the result of eliminating k from the equations of the system of 

a e \ bj' a e k\ bj^ 

and the hyperboloid may therefore be regarded in two ways as a 
ruled surface. 

In like manner the hyperbolic paraboloid contains the two 
systems of lines 

a b a b k 

J X , y . X y 2c 

and - + f = A;«, t = t— 

a b a b k 

These lines are called the rectilinear generators of these surfaces. 
Hence 

Theorem IIL The hyperboloid of one sheet and the hyperbolic 
paraboloid have two systems of rectilinear generators^ thai is^ they 
may be regarded in two ways as ruled surfaces. 




Elliptic Paraboloid 



Hyperbolic Paraboloid 



HyiMTljoloid ol one sheet Hyperbolic Paraboloid 

Ruled UiiADrticB 
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mSCELLANEOUS PROBLEMS 

1. Construct the following surfaces and shade that part of the first inter- 
cepted by the second. 

(a) 05? + 4y« + 9z« = 86, «« + y« + «» = 16. 

(b) x« + y« + 2« = 64, «« + y« - 8x = 0. 

(c) 4xa + y« - 4z = 0, x« + 4y« - «« = 0. 

2. Construct the solids bounded by the sur&ces (a) x^ + ^ = a^, z = mx, 
2 = 0; (b) x« + 3^ = a«, X? + y* = 2ax, « = 0. 

S. Show that two rectilinear generators of (a) an h3rperbolic paraboloid, 
(b) an hyperboloid of one sheet, pass through each point of the surface. 

4. If a plane passes through a rectilinear generator of a quadric, show 
that it will also pass through a second generator and that these generators do 
not belong to the same system. 

5. The equation of the hyperboloid of one sheet (p. 401) may be written 
in the form \- — - = 1 — -• By treating this equation as we treated equar 

tion (1), p. 408, we obtain the equations of two systems of lines on the sur- 
face. Show that these systems of lines are identical with those already 
obtained. 

6. Show that a quadric may, in general, be passed through any nine 
points. 

7. If a > & > c, what is the nature of the locus of 

x» ^ 2^ ^ ^ ^ J 



aa-x 62_x c2-X 
ifX>a«? ifa«>X>6s? if6a>X>c2? ifX<c«? 

8. Show that the traces of the system of quadrics in problem 7 are confocal 
conies. 

9. Show that every rectilinear generator of the h3rperbolic paraboloid 

x^ 1/^ X t/ 

-- — ?- = 2 c« is parallel to one of the planes - ± t = 0. 
o^ 6» a b 

10. Prove that the projections of the rectilinear generators of (a) the 
hyperboloid of one sheet, (b) the hyperbolic paraboloid, on the principal 
planes are tangent to the traces of the surface on those planes. 

11. A plane passed through the center and a generator of an hyperboloid 
of one sheet intersects the surface in a second generator which is parallel to 
the first. 

12. Show how to generate each of the central quadrics by moTing an 
ellipse whose axes are variable. 

18. Show how to generate each of the paraboloids by moving a parabola. 



CHAPTER XXm 

RELATIONS BETWEEN A LINE AND QUADRIC. APPUCA- 
TIONS OF THE THEORY OF QUADRATICS 

184. The equation in p. Relative positions of a line and qnadiic. Con- 
sider any equation of the second degree, whose locus is a quadric surface, 
degenerate or non-degenerate, and a line whose parametric equations are 
(Theorem V, p. 369) 

(1) X = Xi + p cos a, y = yi + p cos/9, « = 2i + p C0S7. 

If these values of x, y, and z satisfy the equation of the quadric, then the 
point P(x, y, z) on the line (1) will also lie on the quadric. Substituting 
from (1) in the equation of the quadric and arranging the result according 
to powers of p, the result is a quadratic 

(2) ^pS + Bp + C = 

whose roots are the directed distances from Pi (xi, yi, Zi) to the points of 
intersection of the line (1) and the quadric. The quadratic (2) is called 
the equation in p for the given quadric (compare § 94, p. 235). Hence we 
have the 

Rale to derive the equation in pfor any quadric. 

Substitute the values of x, y, and z given by (1) in the equation qf the quadric 
and arrange the result according to powers of p. 

Denoting the discriminant of (2), B^ — 4^C, by A, it is evident from 
Theorem II, p. 3, that 

(a) t?ie line is a secant of the quadric if A is positive, 

(6) t?ie line is tangent to the quadric if A is zero. 

(c) the line does not meet the quadric if A is negative, 

li Cs^O, one root of (2) is zero (Case I, p. 4), and hence P^ lies on the quadrle. 

If /? «B 0, the roots of (2) are numerically equal with opposite signs (Case II, p. 4) and P, 
is the middle point of the chord formed by (1). 

If ^ B 0, one root of (2) is infinite (Theorem IV, p. 15) and the line is said to intersect 
the quadric at infinity. 

If £ s C » 0, both roots are zero (Case III, p. 6) and the line is said to be tangent to the 
quadric at P|. 

It Arm B'^ Of both roots are infinite and the line is said to be tangent to the quadric at 
Infinity. 

If ^ B B <= C = 0, any number is a root of (2), and hence all points on the line lie on the 
quadric (compare p. 226). 

410 
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PROBLEMS 

1. Determine the relative positions of the following lines and quadrics. 

(a) » = - 6 + f P, y = 6 - }/», « = 8 - i/>, x« + ya + 4«2 = 16. 

Ans. Secant. 

(b) x=fp, y = 9 + fp, z = l — Jp, y* + 4z* = 8a5. Ans. Do not meet 

(c) X = 4 + Jp, y = - 2 + f p, 2 = 6 + J/», «« + ya + 22 = 36. 

An8, Tangent 

(d) X = 3 + J VSp, y = J + } V3p, « = - 2 - J VSp, x» - z« = 2 y. 

Ans. Line lies on quadric. 

(e) ??^ = - = ?-i^,xa + 4y»-2a-4x = 0. -4n«. Secant 
^ ' 2 3 6 

(f ) ?^ = I = ^ , x« + 4 y« - 9 2^ = 86. 

U o — o 

Ana. Secant with one point of intersection at infinity. 

8. Find the condition that the line x = 2+/>cosa, y = l4-pcos/^, 
2 = — 1 + p cos 7 should be tangent to the paraboloid x^ — y^ + 3 2 = 0. 

An8. 4co8£i: — 2C08/3 — 3co87 = 0. 

8. Find the condition that Pi (xi, yi, Zi) should be the middle point of the 
chord of the hyperboloid x* — y® + 4 2* = 16 formed by the line x = Xi + f p, 
y = yi — Jp, 2 = 2i — f p. Ans. 2xi + yi — 821 = 0. 

186. Tangent planes. Consider the elliptic paraboloid 

X* v^ 

(1) «« + P = 2c« 

and the line 

(2) X = xi + p cos a, y = yi + p cos /3, 2 = 21 + p cos 7. 

Substituting from (2) in (1), we obtain the equation in p (p. 410) 

Xi* 2/1* 

If Pi (xi, yu 2i) is to lie on (1), and (2) is to be tangent to (1) at Pi, both 
roots of (8) must be zero, and hence (Case III, p. 6) 

... Xicosa yiCOBB ^ Xi* . yi* « 

Solving (2) for the direction cosines, we get 

/rv X — Xi « y — yi 2 — «i 
(6) cosa=: -, cos/5 = ^^^ — —i 0067 = -• 
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Sabetituting from (6) in the first of equations (4), we get 

.g. gj (g - Xi) . v(v-yi) _ c (z - zi) 

^' a^P Ij^P p 

as the condition that P(2, y, z) should lie on a line tangent to (1) at Pi. 
Simplifying (6) by means of the second of equations (4), we obtain 

(7) f + ^ = <'(* + «»)- 

This is the equation of a plane (Theorem II, p. 849). Hence all of the 
lines tangent to (1) at Pi lie in a plane which is called the tangent plane. 
This method may be summed up in the 

Role to derive the equation of the plane which is tangent to a quadric at a 
given point Pi(xii Vu ^i)- 

First step. Derive the equation in p and set the coefficient qf p and the 
constant term equal to zero. 

Second step. Solve the parametric eqtuUions of the lin£ for its direction 
cosines and substitute in the first equation obtained in the first step. 

Third step. Simplify the equation obtained in the second step by means of 
the second equation obtained in the first step. The result is the required 
equation^ 

By means of this Rule we obtain 

Theorem I. T?ie equation of the plane which is tangent at Pi (xi, yi, Zi) to the 

x^ ifi iiCrOiy y±v 

non-central quadric — ±~ = 2c« is — V±^^• = <'(* + *l)• 
Theorem n. The equation of the plane which is tangent to any quadric at 
Pi (^u Vii ^i) ^ found by substituting XiX, yiy, and z^z for x^, y\ and z^; 
J (Vix + xiy), i {ziy + yiz), and \ (xi? + Zix) for xy, yz, and zx; and J (x + Xi), 
i (y + yi)i <^^ i (^ + ^i) f^ ^t Vi ^^ ^ ^^ ^^ equation cf the quadric. 

186. Polar planes. If Pi is a point on a quadric, the equation of the 
tangent plane at Pi may be found by Theorem II. If Pi is not on the quad- 
ric, the plane found by Theorem II is called the polar plane of Pi, and Pi is 
called the pole of that plane. 

In particular, the polar plane of a point on a quadric is the plane tangent 
to the quadric at that point, and the pole of a tangent plane is the point of 
tangency. 

187. Circamscribed cones. All of the lines passing through a point not 
on a given quadric which are tangent to the surface form a cone which is 
said to be circumscribed about the quadric. 
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Sz. 1. Find the eqaation of tbe cone drciunnnibed about ths ellipsoid 9^ + 3y* 

+ 3i"= S whose yerteiia the point P| (4, —2,4). 

Solution. The parametric Bqu&tions of any line through P| ate (Tbeorem V, 
p. 369) 
0) x=i + f>C0B.a, y = -2 + pcoaP, i = 4 + pcoa7. 

SnbgdtutiDg these values of z. y, and i in the equation of the ellipsoid, we obtain 
tlie equation Iq p 
(2) (coB»iT + 3CMi*^ + 3cos*7)p» + (8co8a'-12oos/» + 24coB7)/'-i-e7 = 0. 

U (t) IB tangent to the elllpaoid, then [(&), p. 410] 
^ (Soosa:-12coa|3-t-24co8T}*-4-6T<(!089a + 3<:oa3|3 + 3cos*7)=0. 



Solving (1) foi the direcUon eoaines, eal»titutingin(3),and mnltlpl;ing by pi, 

we get 

(4) [8(l-4)-12{v + 2) + 24<t-4)J«-268[(i-4)S+3(v + 2)* + 3(i-4)*| = 
as the condition that P(z, y, z) should lie on a line passing through P, which is 
tangent to the ellipsoid. Hence (4) is the equation of the required cone. 

That the locus of (4) is really a cone whose vertex is P[ is easily seen by moving 
the origin to Pi and applying Tbeorem V, p. 386, 

In constmctiiig the tlgnre, two divisions on each axis were taken tor the onlt. 

The reasoning employed in the solulion of Ex. 1 juHtiQes the 

Rule to find the equation of the cone ujhoie vertex is Pi (ii, y\, ii) wkick 
circuTTucrtbes a given quadric. 

First ftep. Derive the equation in p and tet iti diicriminant equal to zero. 

Second gtep. In the result of thejlTtt atep miimtitvie the values <if the direc- 
tion eotines of a line through Pi obtaijied from Hie parametrie equiilitm$ (iflAe 
line. The retult is the required equation. 
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PROBLEMS 

1. Prove that the plane of the two rectilinear generators which pass 
through any point on a ruled quadric is the tangent plane at that point. 

2. Prove that every plane which passes through a rectilinear generator of 
a ruled quadric is tangent to the quadric at some point of that generator. 

S. Prove analytically that every plane tangent to a cone passes through 
the vertex. 

4. Prove that the polar plane of any point in a given plane passes through 
the pole of that plane. 

5. Prove that the pole of any plane which passes through a given point 
lies in the polar plane of that point. 

6. Prove that the curve of contact of a cone circumscribed about a 
quadric lies in the polar plane of the vertex. 

7. Show how to construct (a) the polar plane of a point outside of a 
quadric, (b) the pole of a plane which cuts the quadric, (c) the polar plane of 
a point within a quadric, (d) the pole of a plane which does not meet the 
quadric. 

8. Show that the polar plane of a point Pi with respect to a sphere is 
perpendicular to the line drawn from the center to Pi. 

0. Show analytically that the polar pla^e of a point Pi with respect to a 
central quadric recedes from the center as Pi approaches the center, and 
conversely. 

10. Show that the distances from two points to the center of a sphere are 
proportional to the distances of each of these points from the polar plane of 
the other. 

11. Show how the ideas of ^* polar reciprocal curves" and ** polar recip- 
rocation** with respect to a conic may be generalized to ^^ polar reciprocal 
surfaces *' and ** polar reciprocation '* with respect to a quadric. 

18. What is the polar reciprocal of a cone or cylinder with respect to a 
sphere ? of a plane curve ? 

18. Generalize problem 7, p. 320, for polar reciprocation with respect to 
a quadric. 

14. Prove that the distance p from the origin to the plane which is tangent 

to the ellipsoid ?! + ^ + ^ = i at Pi is given by 1 = ?^ + ^ + ?^. 

a^ b^ c^ p^ ct^ b^ c^ 

16. Prove that the plane Ax-^ By + Cz + D = \b tangent to the ellipsoid 

X^ 1/2 zS 

-,+ ri + ^ = lif ^^a^ + 5862 + C2c2 = jDfl. 
a^ 6* c* 
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16. The locus of the point of Intersection of three mutually perpendicular 
tangent planes to an ellipsoid is a sphere whose radius is Va^ + 6^ + c*. 

Bint, From problem 15 we get the equations of three tangent planes. Square and 
add these equations, making use of the conditions that the planes shall be mutually 
perpendicular. 

17. Show that the plane Ax + By -\- Cz + D = 0'i8 tangent to the parabo- 
loid - ± ^ = 2cz if A^H ± JB^c = 2 CD. 

a* Or 

18. Show that the locus of the point of intersection of three mutually 
perpendicular tangent planes to a paraboloid is a plane. 

The line perpendicular to a plane which is tangent to a surface 
at the point of tangency is called the normal to the surface at 
that point. 

19. Find the equation of the normal to each of the quadrics at a point Pi. 

80. If the normal to an ellipsoid at Pi meets the principal planes in il, B, 
and C, then Pi^, Pi^i and PiC are in a constant ratio. 

21. Find the equation of the cone circumscribing a paraboloid whose 
vertex is Pi (xi, yi, Zi). 

22. Find the equation of the cylinder circumscribing an ellipsoid if the 
direction angles of the elements of the cylinder are cx^ /3, and 7. 

188. Asymptotic directions and cones. If the coefficient of p^ in the 
equation in p for any qtiadric is zero, one root is infinite (Theorem IV, p. 16), 
and the line meets the quadric in one point which is at an infinite distance 
from Pi. The direction of such a line is called an a83rmptotic direction. It is 
evident that a line Jiaving an asymptotic direction of a quadric meets the 
quadric in but one point in the finite part of space. 

It is easily proved that the coefficient of p^ is formed by substituting 
cos a, cos /3, and cos 7 for x, y, and z in the terms of the second degree in 
the equation of the quadric (compare the footnote, p. 236). Hence the 
direction cosines of the asymptotic directions of the non-degenerate quadrics 

respectively satisfy the equations 

cos^a cos*i3 COS27 cos' a cos'jS 
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By considering the number of sets of real numbers satisfying these 
equations for the various combinations of signs we obtain 

Theorem m T?ie hyperboloids and the hyperbolic paraboloid have an 
iffinite number of asymptotic directions, the dlipUc paraboloid has one^ catd 
the eUipsoid has none. 

The lines passing through a given point Pi (Zi, yi, Zi) which have the 
asymptotic directions of a quadric will, in general, form a cone. The 
equation of this cone for the hyperboloid of one sheet 

is found as follows. The direction cosines of an asymptotic direction 
satisfy the equation 

If the equations of a line through Pi are 

(4) X = Xi+pCOSa, y = yi + P cos/3, « = 2!i+pC0S7, 

then 

(6) cosa = =1 cosfl = ^^ — =^, cos 7 = -• 

P P P 

Substituting in (3) and multiplying by p>, we get 

/m (X - gi)a . (y - yQ^ (z-zi)^ _^ 
(6) — ^i— + --^ ^--^ 

as the condition that P(x, y, z) should lie on a line through Pi which has an 
asymptotic direction of (2). Hence (6) is the equation of the cone whose 
vertex is Pi and whose elements have the asymptotic directions of (2). 

That (6) is really the equation of a oone is verifled by translating the origin to P^. 

In general, we have the 

Role to find the equation of the cone of asymptotic directions of a quadric 
wfiose vertex is a given point. 

Set the co^cient of p^ in the equation in p equal to zero, and substitute the 
values of the direction cosines derived from tJie parametric equations of the 
line. 

If the coefficients of p^ and p in the equation in p are both zero, then both 
roots are infinite * (Theorem IV, p. 15) and the line is called an asymptotic 
line. 

* This assumes that the constant term is not sero. If the constant term is sero. 
Pi lies on the quadric, and when the coefficients of f>* and p are both aero, any number 
is a root and the line lies entirely on the quadric. 
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Let Pi be &ay point not on the byperboloid (2) and let va seek the condi- 
tiona that a, p, and y must satisfj it tbe line (J) is an aaymptoU. 
Tbe equation i:i p for the hyperboloid is 



If (4) Is an aiymplote, then, by definition, 
„ coa*a' co^/S co^7 „ aiicosa- , vicosfl 



These are therefore the conditions which a, fi, and y must satisfy. Equa- 
tions (7) con be solved for cosa and cosp 

In terms of coa y and there will be two 
solutions which ma; be real and unequal, 
real and equal, or imaginary, and from these 
we can determine two sets of numbers to 
which cos a, cos0, and cos 7 are propor- 
tional. Hence there will pass through Pi 
either two say mptotas, one, or none. 

But if Z| = V, = zi = 0, that is,.if Pi Is 
tbe center of tbe byperboloid, the second of 
equations (T) ts true for all v nlues of a, p, 
and y ; and as tbe first of equations (7) is 
identical with (3), we see that the elements 
of the cone of asymptotic directions whose 
vertex is the center (0, 0, 0) are all asymp- 
totic lines. From(0) the equation of this cone, which Is called tbe asynptotlc 



Hence we have 

Theonm IV. The eqaation of tAs a»i/mptotic cone of the hj/perboloid of 01 



<^ 6* c" a» ^ 6* «» 

Tbe figure shows the hyperboloid (2) in outline and its asymptotic cone 
which lies entirely within the surface. As the byperboloid recedes to infinity 
it approaches closer and closer to its asymptotic cone in the same way that 
an hyperbola approaches its asymptotes (Theorem IX, p. 190). 
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In like manner we may prove the following theorem. 





Theorem V . The equation of the asi/mptotic cone of the 

jpS «a jfl oc* y* a^ 
hyperboloid of two sJieete -^ — ~ — ^ = 1 *« ~i""r5 i = ^; 

hyperbolic paraboloid -s — 7s = 2c« i«— = — --5 = 0. 

The latler cone degenerates into a pair of intersecUng pUmes. 



PROBLEMS 

1. Show that a plane perpendicular to the axis of an hyperbolic parab- 
oloid intersects the surface in an hyperbola whose asymptotes form the 
intersection of the plane with the asymptotic cone. 

2. Show that a plane passing through the axis of an hyperboloid inter- 
sects the surface in an hyperbola whose asymptotes form the intersection of 
the plane with the asymptotic cone. 

Hint. Botate the &xes about the axis of the hyperboloid. 

8. Show that the asymptotic directions of any quadric are determined 
by the locus of the equation obtained by setting the terms of the second 
degree equal to zero. 

4. Show that a plane passing through the center and a generator of an 
hyperboloid of one sheet is tangent to the asymptotic cone. 

5. Show that any plane parallel to an element of the asymptotic cone of 
an hyperboloid intersects the hyperboloid in a parabola. 

6. Show that a plane tangent to the asymptotic cone of an hyperboloid 
cuts the hyperboloid in two parallel lines. 

7. Show that every asymptotic line of an hyperboloid is parallel to an 
element of the asymptotic cone and lies in the plane tangent to the cone 
along that element. 
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8. By means of problem 7 show how to construct the asymptotic lines 
of an hyperboloid which pass through any point Pi other than the center. 
Show that there will be two, one, of no asymptotic lines through Pi 
according as Pi is outside of, on, or inside of the asymptotic cone. 

9. Show that the hyperboloids --: — ?:: — r = 1 and H — H — = 1 

a^ 6« c2 a* 63 c* 

have the same asymptotic cone. How are they situated relative to this cone ? 

10. Show that two asymptotes of an hyperbolic paraboloid pass through 
every point not on the asymptotic cone, and that each of these lines is par- 
allel to one of the planes which form the cone. 

189. Centers. A point Pi(xi, y\, Zi) is a center of symmetry of a quadric 
if it is the middle point of every chord passing through it. In order that Pi 
shall be the middle point of a chord, the roots of the equation in p must be 
equal numerically with opposite signs, and hence (Case II, p. 4) the coefficient 
of p must be zero. The coefficient of p in the equation in p for the general 
equation ol the second degree is easily seen to be 

(2 Axi ■\-Fyi-\-Ezi-\-G) cos a 

+ {Fxx 4- 2^2/1 + l>zi + H)C06P + (JS^Xi + D^i + 2C«i + J)cos7. 

This is zero for all lines passing through Pi, that is, for all values of 
cos cr, cosj9, and cos 7, when and only when the three parentheses are zero. 
Setting these parentheses equal to zero and solving for Xi, vit <znd 21, we obtain 
the coordinates of the center. 

By means of the discussion in § 163, p. 874, we see that a quadric may 
have a single center, that there may be no center, or that all of the points 
of a line or of a plane may be centers. 

190. Diametral planes. The locus of the middle points of a system of 
parallel chords of a quadric is found to be a plane which is called a diametral 
piano. 

Consider the ellipsoid 

X* V* «* - 

(1) — + 5L4.1. = i 

and the system of parallel lines 

(2) X = Xi + p cos a, y = yi + p cos ^, z = zt-{- p cos y. 

Theee equations represent a system of parallel lines if a;,» yj, and z^ are arbitrary 
while a, fi, and y are constant. 

The equation in p for (1) is 

/ cosset coB*^ cos^v X fl g/ xicosg yiC08/3 zicos^ x 
^' \ a^ b^ c^ /^ \ a» 62 ca J^ 

/xi" yi« zi«_ X 
^ V ^a 6* ca / 
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If Pi is the middle point of the chord of (1) formed by the line (2), then 
the roots of (3) must be numerically equal with opposite signs ; and hence 
(Case II, p. 4) 

(4\ XiCOBa ViCOBp Z1COS7 _ 

^ ' cfl b^ c^ 

is the condition that Pi shall be the middle point of the chord. 
But (4) is the condition that Pi should lie in the plane 

X cos a ycos/3 , « cos 7 __ 

and this is therefore the equation of the locus of the middle points of all 
chords whose direction angles are a, /3, and 7. 

By proceeding in this manner with the other quadrics we obtain 

Theorem VI. The equation of the diametrcd plane hUecUng all chords loAose 
direction angles are a, /3, and y of the 

centralqwxdnc ±-±y-±^ = iis ±—— ±^—^±^^0; 

. , ^ . 35* y* „ accosa . ycosB 

nonrceniralquadnc — ± 7^ = 2 c« \s = — + ^ — 5-^ = c COS y. 

a* 0* a" 6' • 



PROBLEMS 

1. Determine geometrically the number of centers of each of the types of 
quadrics and degenerate quadrics. 

2. Find the equation of the diametral plane of the locus of the general 
equation of the second degree bisecting all chords whose direction angles are 
or, /9, 7. From the form of the equation prove that the plane passes through 
the center of the quadric if there is a center. 

8. Prove that every plane through the center of a central quadric or 
parallel to the axis of a paraboloid is a diametral plane, and find the direc- 
tion cosines of the chords which it bisects. 

4. The line of intersection of two diametral planes is called a diameter. 
Show that a central quadric has three diameters such that the plane of any 
two bisects all chords parallel to the third. Such lines are called coajogate 
diameters, and the plane of any two is said to be conjugate to the third. 

5. Find the equation of the plane which bisects all chords of (a) a cen- 
tral quadric, (b) a paraboloid, which are parallel to the diameter passing 
through a point Pi on the quadric. 

6. The planes tangent to a quadric at the extremities of a diameter mre 
parallel to the conjugate diametral plane. 
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7. The sum of the squares of the projections of three conjugate semi- 
diameters of an ellipsoid on each of the axes of the ellipsoid is constant. 

Bint, Let Pj, P^, and P, be the extremities of three conjugate diameten. fHnd the 
conditions that these points are on the ellipsoid and that any tvo are on the plane 
oonjogate to the diameter through the third. Then show that 

a b e a b c a b c 

are the direction cosines of three mutually perpendicular lines, and that if these lines 
be chosen as axes, then 

a a a b b b c c c 

are also the direction cosines of three lines. Then apply Theorem III, p. 830. 

8. By means of problem 7 show that the sum of the squares of three 
conjugate semi-diameters of jaii ellipsoid is equal to a^ + 6^ + c"* 
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Abscissa, 24 

Absolute invariant, 270 

Algebraic equation, 17 ; curve, 72 

Anchor ring, 389 

Arbitrary constant, 1 

Auxiliary circle, 206 



Euclidean transformation, 281 
External angle, 121 

Fixed point, 286 

Focal radii of conies, 198, 194 

Four-leaved rose, 263 



Cardioid, 158, 253, 302 

Center of similitude of circles, 296 

Central conic, 183 ; quadric, 399 

Cissoid of Diocles, 253, 263, 299 

Complete quadrilateral, 123 

Conchoid of Nicomedes, 251 

Condition for tangency, 230 

Confocal conies, 203 

Congruent figures, 281 

Conicoid, 397 

Conjugate diameters of quadrics, 420 

Cubical parabola, 72 

Curtate cycloid, 259 

Cycloid, 256 

Degenerate ellipse, 195; hyperbola, 
195; parabola, 196; quadric, 399 

Direction cosines of a line, 123, 330, 
364 

Director circle, 261 

Discriminant of the equation of a 
circle, 131 ; of the general equation 
of the second degree, 265; of a 
quadratic, 2 



Graph of an equation, 83 

nomothetic figures, 291 
Hyperbolic spiral, 249 
Hypocycloid, 259; of four cusps, 257 

Intercepts, 73 

Internal angle, 121 

Invariant, 270; line, 288; point, 285 

Involute of a circle, 259 

Latus rectum, 181 

Lemniscate of Bernoulli, 153, 248, 

262, 300 
Lima^on of Faacal, 253, 262, 302 
Limiting points of a system of circles, 

144 

Normal to a curve, 210; length of, 
214 ; to a surface, 415 

Ordinate, 24 

Orthogonal circles, 148; systems of 
circles, 308 



Epicycloid, 259 Parabolic spiral, 263 

Equations of a transformation, 281 Parameter, 1 
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Peaucellier^s Invbrsor, 309 
Point-circle, 131 

Polar reciprocal curves, 313, 317 
Prolate cycloid, 259 

Radian, 19 

Radical axis, 137, 382 

Reciprocal spiral, 249 

Self-conjugate triangles, 319 
Semicubical parabola, 209 
Spiral of Archimedes, 249 
Strophoid, 262, 203, 301 



Subnormal, 214 
Subtangent, 214 

Torus, 389 

Traces of a surface, 346 
Transcendental equation, 17 
Transformation, 281 
Trisectrix of Maclaurin, 303 

Vertex of a conic, 174, 175 

Witch of Agnesi, 250 
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NEW ANALYTIC GEOMETRY 

By Percey F. Smith, Professor of Mathematics, Sheffield Scien- 
tific School, Yale University, and Arthur Sullivan Gale, 
Professor of Mathematics, University of Rochester 



i2mo, cloth, 342 pages, illustrated 



'TT^HE " New Analytic Geometry " aims to meet the present- 
^ day demand for a text which will provide adequate and 
thorough preparation for the calculus and applied mathematics. 
The subject matter which it presents differs in many important 
respects from that included in the current textbooks on the 
subject. Some distinctive features are- the following : 

The simplicity and directness of the proofs. 
NThe numerous tables to assist in calculations. 

The large number of tested problems and the omission of answers 
to these when any useful purpose is served. 

The attention given to curve plotting, including applications to the 
I graphical solution of transcendental equations, to sketching sine curves, 
. motion curves, and other transcendental curves used in engineering. 

A chapter on the setting up and graphical study of functions arising 
from concrete problems. 

The concise treatment of the parabola, ellipse, and hyperbola, and 
the general equation of the second degree, and the description of the 
importance of these curves in the arts. 

The expression of the simpler formulas in determinant form. 

The variety of locus problems and the use of parametric equations 
in solving them and in curve plotting. 

The attention paid to the careful sketching of loci in space. 

A chapter on the derivation of empirical equations to fit observed 
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BOOKS IN 
HIGHER MATHEMATICS 



COURSE IN MATHEMATICAL ANALYSIS 

By £douard Goursat. Translated by E. R. Hbdrick, Univerrity of MoKRir^ 
and Otto Dunkbl, Washington University. Volume I, 548 pages; Volume II, 
Part I, 359 pages ; Volume if, Part II, 308 pages. 

A STANDARD Frcnch work well known to American mathematicians for its 
clear style, its wealth of material, and its thoroughness and rigor. Volume I 
covers the subjects of a second course in calculus. Parts I and II of Volume II 
treat respectively functions of a complex variable and differential equations. 

• 

PROJECTIVE GEOMETRY 

By. Oswald Vbblsn^ Princeton University, and J. W. Young, Dartmouth College. 

Volume I, 343 pages; Volume II, 523 pages. 

A THOROUGH expositk>n that takes into account modem concepts and methods. 
Volume II deals with important special branches of geometry obtained by 
adding further assumptions or by considering particular subgroups of the 
projective group. 

THE THEORY OF INVARIANTS 

By Oliver E. Glenn, University of Pennsylvania. 245 pages. 

Ten chapters giving an adequate introduction to the study of original memoiis. 
Both the symbolical and the nonsymbolical methods are employed. 



THE USE OF GENERALIZED COORDINATES IN 
MECHANICS AND PHYSICS 

By William E. Bybrly, Harvard University. 118 pages. 

A BRIEF, practical introduction with numerous illustrative examples. The 
Lagrangian and Hamiltonian equations of motion are obtained and applied. 

PROBLEMS IN THE CALCULUS 

By David D. Lbib, Yale University. 235 pages. 
Over two thousand carefully organized problems, covering the entire fidld 
of calculus. 



SOLID GEOMETRY 

By Sophia Foster Richardson, formerly of Vassar College. 209 pages. 
A COLLEGE course with emphasis on original work. The methods of conti- 
nental Europe receive consideration. 
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